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Abstract 
The objective of this work is the development and validation of methodologies for 
detecting and locating damage in structures by analyzing vibration measurements taken 
from various locations in the structure. The location and extend of damage is identified 
by updating parameterized classes of mathematical models used to represent the 
behavior of the structure at its undamaged and damaged state.  

The present work is divided into two parts. In the first part, the problem of updating 
parameterized mathematical models of a structure is studied. In the second part, the 
model updating methodologies are applied for damage detection and identification. 
Emphasis is given to the computational and experimental investigation of the 
sensitivity of the model updating and damage diagnosis to various factors (model and 
measurement errors, non-uniqueness, etc) that are known to significantly affect the 
reliability of the model updating and damage diagnosis methods. A methodology for 
optimally selecting the sensor configuration (number and location of sensors) in the 
structure is also proposed based on the information entropy measure. The 
methodologies developed are validated using simulated data from simple structures, 
simulated and experimental data from small-scale laboratory structures and field data 
from a full-scale bridge. 

Part A: Structural model updating is an inverse problem according to which the 
parameters of the theoretical model of a structure are adjusted so that either the model 
predicted modal properties or time histories best match the corresponding measured 
quantities. The structural parameter estimation problem based on measured data 
(modal properties or response time histories) is often formulated as a weighted least-
squares problem in which residuals measuring the fit between experimental and model 
predicted data are build up into a single weighted residuals metric using weighting 
factors. Standard optimization techniques are then used to find the optimal values of 
the structural parameters that minimize the weighted residuals metric. The results of 
the optimization are affected by the values assumed for the weighting factors. The 
choice of the weighting factors depends on the uncertainty in the available measured 
data and the model error that are not known apriori.  

In this work, the parameter estimation problem is first formulated as a multi-objective 
identification problem for which all Pareto optimal structural parameter values are 
obtained, corresponding to all possible values of the weights. A Bayesian statistical 
framework is then used to rationally select the optimal values of the weights based on 
the measured data. It is shown that the optimal weight value for a group of measured 
data (modal properties or response time histories) is asymptotically, for large number 
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of measured data, inversely proportional to the optimal value of the residuals of the 
corresponding group of data. A computationally efficient algorithm is proposed for 
simultaneously obtaining the optimal weight values and the corresponding optimal 
values of the structural parameter.  

The proposed framework is illustrated using simulated data from a multi-DOF spring-
mass chain structure. The methodology is then applied to update the class of models 
introduced for a three-story steel laboratory structure using experimental data. 
Measured data are collected for different states of the structure corresponding to 
undamaged and damaged conditions. The methodology is also applied for updating the 
finite element model of a four-span concrete bridge using modal data estimated from 
ambient vibration measurements. In particular, compared to conventional parameter 
estimation techniques that are based on pre-selected values of the weights, it is 
demonstrated that the optimal parameter values estimated by the proposed 
methodology are insensitive to large model errors or bad measured modal data. 

Part B: A Bayesian framework for structural model selection utilizing measured 
dynamic data is presented and applied to damage detection. The problem of selecting 
the best model class from a set of competing model classes as well as the problem of 
estimating the free parameters of a model class are addressed. The structural damage 
identification is accomplished by associating each model class to a damage pattern in 
the structure, indicative of the location of damage. Using the Bayesian model selection 
framework, the probable damage locations are ranked according to the posterior 
probabilities of the corresponding model classes. The severity of damage is then 
inferred from the posterior probability of the model parameters derived for the most 
probable model class. Asymptotic approximations, importance sampling, as well as 
Monte Carlo simulations are presented for estimating the multi-dimensional probability 
integrals arising in the formulation. For illustration purposes, the methodology is 
applied to the identification of location and severity of damage of a chain-like spring 
mass structure using measured modal data. The role of sensor configuration (number 
and location of sensors) on damage detectability is explored. The damage detection 
methodology is also applied in a small-scale four story steel frame structure, using also 
measured modal data. Results for six damage cases are presented in order to explore 
and validate the effectiveness of the proposed damage detection methodology. 

 

 



Contents 

ACKNOWLEDGEMENTS .......................................................................................... i 

ABSTRACT..................................................................................................................iii 

CONTENTS .................................................................................................................. v 

LIST OF FIGURES ..................................................................................................... ix 

LIST OF TABLES .....................................................................................................xiv 

1. INTRODUCTION 
1.1 HEALTH MONITORING AND DAMAGE DETECTION TECHNIQUES .......................... 1 
1.2 THE NEED FOR MODEL UPDATING ........................................................................ 3 
1.3 LOCAL AND GLOBAL METHODS IN STRUCTURAL INSPECTION ............................. 5 
1.4 OUTLINE OF THIS WORK........................................................................................ 7 

2. MODEL UPDATING TECHNIQUES 
2.1 INTRODUCTION .................................................................................................... 11 
2.2 STRUCTURAL MODEL CLASS............................................................................... 12 
2.3 SUBSTRUCTURING AND FE MODEL PARAMETERIZATION................................... 12 

2.3.1 Linear Relation Between Model Matrices and Parameters ..................... 13 
2.3.2 Non-Linear Relation Between Model Matrices and Parameters ............. 14 

2.4 MODEL UPDATING TECHNIQUES BASED ON MODAL PROPERTIES...................... 15 
2.4.1 Introduction .............................................................................................. 15 
2.4.2 Formulation.............................................................................................. 16 
2.4.3 Modal Grouping Schemes ........................................................................ 16 
2.4.4 Multi-Objective Identification .................................................................. 18 
2.4.5 Weighted Least-Squares Identification..................................................... 19 
2.4.6 Optimally Weighted Least-Squares Identification.................................... 20 

2.5 MODEL UPDATING TECHNIQUES BASED ON RESPONSE TIME HISTORIES........... 20 
2.5.1 Introduction .............................................................................................. 20 
2.5.2 Formulation.............................................................................................. 21 
2.5.3 Grouping Schemes.................................................................................... 22 

2.6 CONCLUSIONS...................................................................................................... 22 



Contents  vi 

 
3. A BAYESIAN APPROACH FOR STRUCTURAL PARAMETER 

ESTIMATION USING MODAL DATA 
3.1 INTRODUCTION .................................................................................................... 25 
3.2 BAYESIAN PARAMETER ESTIMATION UTILIZING MODAL DATA......................... 25 
3.3 FORMULATION FOR  USING THE GAUSSIAN PROBABILITY 

DISTRIBUTION FOR MODEL PREDICTION ERROR................................................. 27 
( | , )p D θ σ

3.4 OPTIMAL VALUE OF STRUCTURAL MODEL PARAMETER GIVEN THE 

PREDICTION ERROR PARAMETERS ...................................................................... 30 
3.5 RELATION BETWEEN WEIGHTING SET w  AND PREDICTION ERROR 

PARAMETER SET ............................................................................................. 30 σ
3.6 PROBABILITY DISTRIBUTION OF PREDICTION ERROR PARAMETER VALUES 

UTILIZING MODAL DATA..................................................................................... 31 
3.6.1 Algorithm I–Approximation for ............................................... 32 ( | )p Dσ
3.6.2 Algorithm II – Optimal Value of  or w ............................................... 34 σ

3.7 ESTIMATION OF MARGINAL  AND OPTIMAL VALUES OF STRUCTURAL 

MODEL PARAMETERS .......................................................................................... 37 
( | )p Dθ

3.7.1 Estimation of  by Solving an Optimization Problem ............................ 40 θ̂
3.7.2 Estimation of  by Applying Optimality Conditions ............................... 40 θ̂

3.8 NUMERICAL EXAMPLES ....................................................................................... 42 
3.8.1 Two DOF Model....................................................................................... 43 
3.8.2 Ten DOF Model........................................................................................ 47 

3.9 CONCLUSIONS...................................................................................................... 53 

4. A BAYESIAN APPROACH FOR STRUCTURAL PARAMETER 
ESTIMATION USING RESPONSE TIME HISTORIES 

4.1 INTRODUCTION .................................................................................................... 55 
4.2 BAYESIAN PARAMETER ESTIMATION UTILIZING RESPONSE TIME HISTORIES.... 56 
4.3 FORMULATION FOR  USING INDEPENDENCE OF THE MODEL 

PREDICTION ERROR ............................................................................................. 57 
( | , )p D θ σ

4.3.1 Special Case: ..................................................................... 60 j jσ σ= ∀
4.4 FORMULATION FOR  USING GAUSSIAN PROBABILITY 

DISTRIBUTION FOR MODEL PREDICTION ERROR................................................. 61 
( | , )p D θ σ

4.5 CALCULATION OF PROBABILITY DISTRIBUTION  OF PREDICTION 

ERROR PARAMETER VALUES............................................................................... 61 
( | )p Dσ

4.5.1 Algorithm I – Approximation for ............................................ 63 ( | )p Dσ
4.5.2 Algorithm II – Optimal Value of  or w ............................................... 64 σ

4.6 BAYESIAN PARAMETER ESTIMATION USING AR MODELS FOR THE MODEL 

PREDICTION ERROR ............................................................................................. 67 
4.6.1 Formulation for .............................................................. 68 ( | , , )p D θ α σ

 



Contents  vii 

 
4.6.2 Estimation of AR Model Parameters  and Variance ...................... 70 α σ

5. BAYESIAN METHODOLOGY FOR STRUCTURAL DAMAGE 
DETECTION AND IDENTIFICATION 

5.1 INTRODUCTION .................................................................................................... 75 
5.2 MODEL SELECTION AND UPDATING .................................................................... 76 
5.3 APPLICATION TO DAMAGE DETECTION............................................................... 79 
5.4 NUMERICAL ILLUSTRATION................................................................................. 80 
5.5 APPLICATION TO THE ASCE BENCHMARK PROBLEM ......................................... 83 

5.5.1 Description of the Benchmark Structure .................................................. 83 
5.5.2 Model Based Simulated Data ................................................................... 83 
5.5.3 Examined Damaged Scenarios................................................................. 84 
5.5.4 Modal Identification ................................................................................. 88 
5.5.5 Damage Detection and Assessment.......................................................... 95 

5.6 CONCLUSIONS.................................................................................................... 114 

6. OPTIMAL SENSOR LOCATION METHODOLOGY 
6.1 INTRODUCTION .................................................................................................. 115 
6.2 INFORMATION ENTROPY MEASURE OF PARAMETER UNCERTAINTY ................ 117 
6.3 ASYMPTOTIC APPROXIMATION OF INFORMATION ENTROPY ............................ 118 
6.4 DESIGN OF OPTIMAL SENSOR CONFIGURATION FOR A SINGLE MODEL CLASS 120 

6.4.1 Formulation............................................................................................ 120 
6.4.2 Computational Issues for Finding the Optimal Sensor Configuration... 121 

6.5 DESIGN OF OPTIMAL SENSOR CONFIGURATION FOR MULTIPLE MODEL 

CLASSES............................................................................................................. 123 
6.6 NUMERICAL EXAMPLE....................................................................................... 125 
6.7 CONCLUSIONS.................................................................................................... 129 

7. APPLICATION ON A THREE-STORY STEEL LABORATORY 
STRUCTURE 

7.1 INTRODUCTION .................................................................................................. 131 
7.2 DESCRIPTION OF THE LABORATORY THREE-STORY STEEL BUILDING.............. 131 
7.3 STRUCTURE EXCITATION AND SENSOR LOCATIONS ......................................... 133 
7.4 PARAMETERIZED MODEL CLASSES ................................................................... 134 

7.4.1 Parameterized 546 DOF Finite Element Model .................................... 135 
7.4.2 Parameterized 3-DOF Shear Model ...................................................... 137 

7.5 MODAL IDENTIFICATION ................................................................................... 138 
7.6 MODEL UPDATING BASED ON EQUALLY WEIGHTED MODAL RESIDUALS 

METHOD............................................................................................................. 143 
7.6.1 3-DOF Shear Model ............................................................................... 143 

 



Contents  viii 

 
7.6.2 Detailed Model ....................................................................................... 145 

7.7 MODEL UPDATING BASED ON MULTI OBJECTIVE MODEL IDENTIFICATION..... 146 
7.7.1 3-DOF Shear Model ............................................................................... 146 
7.7.2 Detailed Model ....................................................................................... 152 

7.8 MODEL UPDATING BASED ON OPTIMALLY WEIGHTED MODAL RESIDUALS 

METHOD............................................................................................................. 154 
7.8.1 3-DOF Shear Model ............................................................................... 154 
7.8.2 Detailed Model ....................................................................................... 157 

7.9 CONCLUSIONS.................................................................................................... 161 

8. APPLICATION ON A MULTI-SPAN BRIDGE STRUCTURE 
8.1 INTRODUCTION .................................................................................................. 163 
8.2 BRIDGE MONITORING ........................................................................................ 163 
8.3 BRIDGE DESCRIPTION ........................................................................................ 164 
8.4 MODAL IDENTIFICATION OF BRIDGE USING AMBIENT VIBRATION 

MEASUREMENTS................................................................................................ 166 
8.4.1 Field Measurements ............................................................................... 166 
8.4.2 Structural Identification Using Ambient Vibration Data ....................... 171 

8.5 FINITE ELEMENT MODEL OF BRIDGE................................................................. 180 
8.5.1 Parameterized Model Classes ................................................................ 181 

8.6 MODEL UPDATING ............................................................................................. 182 
8.6.1 Presence of Multiple Local Optima........................................................ 182 
8.6.2 Irregularities and Discontinuities of Pareto Front and Pareto Optimal 

Models ................................................................................................... 188 
8.6.3 Optimal Models Using Experimentally Obtained Modal Data                   

(2-Parameter Model Class)................................................................... 193 
8.6.4 Optimal Models Using Experimentally Obtained Modal Data                

(3-Parameter Model Class I)................................................................. 197 
8.6.5 Optimal Models Using Experimentally Obtained Modal Data                

(6-Parameter Model Class II) ............................................................... 201 
8.7 CONCLUSIONS.................................................................................................... 205 

9. CONCLUSIONS 
9.1 CONCLUSIONS.................................................................................................... 209 
9.2 FUTURE WORK................................................................................................... 215 

BIBLIOGRAPHY ..................................................................................................... 217 

 



List of Figures 
Figure 3.1. - DOF spring-mass model. .................................................................. 42 dN

Figure 3.2. The PDF ( | )p Dθ  of the model parameters for various values of 
2

 
( ).............................................................................................. 45 

ωε

1 2 1
0,  5%, 1%ω ω ωμ μ ε= = =

Figure 3.3. Pareto front and 1 2( , | )p Dσ σ  along the front, (a) 
2

 and 
(b) . .................................................................................................................. 46 

0.5%ωε =

2
3%ωε =

Figure 3.4. The PDF ( | )p Dθ  of the model parameters. .............................................. 49 

Figure 3.5. Contour plot of the ( | )p Dθ  of the model parameters. .............................. 49 

Figure 5.1. - DOF spring-mass model. ................................................................... 80 dN

Figure 5.2. (a) The benchmark structure (b) Close-up of beam-column connections.. 84 

Figure 5.3. The diagram of the benchmark structure. .................................................. 86 

Figure 5.4(a). Symmetrical damage pattern for case 1 (25% damage in each marked 
side) and case 2 (12.5% damage in each marked side) ................................................. 87 

Figure 5.4(b). Symmetrical damage pattern for case 3, 25% damage in each marked 
side of 1st floor, plus 12.5% damage in each marked side of 3rd floor .......................... 87 

Figure 5.4(c). Unsymmetrical damage pattern for case 4, 25% damage in the marked 
side of 1st floor, plus 12.5% damage in the marked side of 3rd floor. ........................... 87 

Figure 5.5. Excited and measured points of the benchmark structure. ........................ 88 

Figure 5.6(a). 1st identified modeshape for the undamaged structure along the y  
(weak) and x  (strong) direction. For comparison purposes, the FE model modeshapes 
are also presented.......................................................................................................... 90 

Figure 5.6(b). 2nd identified modeshape for the undamaged structure along the y  
(weak) and x  (strong) direction. For comparison purposes, the FE model modeshapes 
are also presented.......................................................................................................... 91 

Figure 5.6(c). 3rd identified modeshape for the undamaged structure along the y  
(weak) and x  (strong) direction. For comparison purposes, the FE model modeshapes 
are also presented.......................................................................................................... 92 

Figure 5.6(d). 4th identified modeshape for the undamaged structure along the y  
(weak) and x  (strong) direction. For comparison purposes, the FE model modeshapes 
are also presented.......................................................................................................... 93 



List of Figures x 

 
Figure 5.7. The two torsional modeshapes identified for the unsymmetrical damaged 
case 4............................................................................................................................. 94 

Figure 5.8. All possible models for parameterization scheme A. Each model has four 
parameters in the set . ................................................................................................ 96 θ

Figure 5.9. All possible models using parameterization scheme B. Each model has 
eight parameters . One parameter for each side of each of the two floors of the 
model. ......................................................................................................................... 100 

θ

Figure 5.10. Some of the 26 possible models using parameterization scheme C. Each 
model has two parameters . Two opposite sides of the same floor are parameterized 
with the same parameter. ............................................................................................ 106 

θ

Figure 5.11. Parameterization scheme D, using 16 parameters . ............................ 110 θ

Figure 6.1. - DOF spring-mass model. ................................................................ 125 dN

Figure 7.1. Side and front views of the shear-building model. .................................. 132 

Figure 7.2. Detailed plans of beams and columns used in structure. ......................... 132 

Figure 7.3. Diagonal wire rope used as structural component. .................................. 132 

Figure 7.4. Reference structure (D000) and the examined damaged patterns.............. 133 

Figure 7.5. Sensors location on laboratory structure.................................................. 133 

Figure 7.6. Measured and model predicted time histories from 2 to 5 sec for the 
reference structure, for sensors 1 (y -strong direction) and 6 (x -weak direction)..... 134 

Figure 7.7 The 546 DOF finite element model. ......................................................... 135 

Figure 7.8 Parameterization schemes (a) for no-diagonal wire ropes pattern (b) for 
diagonal wire ropes pattern. ........................................................................................ 136 

Figure 7.9 3-DOF shear model................................................................................... 137 

Figure 7.10a Identified and FE model-based modeshapes of the structure. .............. 140 

Figure 7.10b Identified and FE model-based modeshapes of the structure. .............. 141 

Figure 7.10c Identified and FE model-based modeshapes of the structure................ 142 

Figure 7.11. Pareto front for grouping scheme C in objective space for Ngen=100 
based on the 3-DOF model. ........................................................................................ 147 

Figure 7.12. Pareto front for grouping scheme C in objective space for Ngen=1000, 
based on the 3-DOF model. ........................................................................................ 148 

 



List of Figures xi 

 
Figure 7.13. Pareto optimal solutions for grouping scheme C in parameter space for (a) 
100 and (b) 1000 number of generations based on the 3-DOF model ( , 

). ..................................................................................................................... 149 
( ) 0.035iJ ≤x

1, 2, 3i=

Figure 7.14. Pareto front for grouping scheme B and the corresponding Pareto optimal 
solutions in the parameter space for the reference (undamaged) structure, for 100 and 
1000 number of generations based on 3-DOF model. ................................................ 150 

Figure 7.15. Pareto front for grouping scheme B and the corresponding Pareto optimal 
solutions in the parameter space for structural configuration D100, for 100 and 1000 
number of generations based on 3-DOF model. ......................................................... 151 

Figure 7.16. Pareto optimal solutions in the objective and the parameter spaces for 
structural configuration D111, based on the detailed model ( ).................. 152 100Ngen =

Figure 7.17 Pareto optimal solutions for grouping scheme B in the objective and the 
parameter spaces for the referenced (D000) structure based on the detailed model 
(Ngen=100)................................................................................................................. 153 

Figure 7.18 Pareto optimal solutions for grouping scheme B in the objective and the 
parameter spaces for structural configuration D100 based on the detailed model 
(Ngen=100)................................................................................................................. 153 

Figure 7.19 (a) Model class  and (b) Model class  for the 3-DOF model 
representing the D

1Μ 3Μ
111 structure. ................................................................................... 155 

Figure 7.20. Pareto front and Pareto optimal solutions points for the optimally and 
equally weighted modal residuals. .............................................................................. 156 

Figure 7.21 Identified modes taken into consideration. ............................................. 158 

Figure 7.22 (a) Model class  (b) Model class  for the D1Μ 3Μ 000 structure. ........ 158 

Figure 7.23. Pareto front and Pareto optimal solutions points for the optimally and 
equally weighted modal residuals. .............................................................................. 159 

Figure 7.24 Pareto optimal solutions for the two parameterization schemes along 
with the optimal solutions provided by the equally weighted and the optimally 
weighted modal residuals methods. ............................................................................ 161 

Figure 8.1. Second ravine bridge of Kavala by-pass. Total length of each branch is 180 
meters.......................................................................................................................... 165 

Figure 8.2. Detailed plans of beams and columns used in structure. ......................... 165 

Figure 8.3. Central recording unit of sensor system at Kavala ravine bridge. ........... 166 

Figure 8.4. Sensors location. U= sensors at the top of the pier, below the deck........ 168 

 



List of Figures xii 

 
Figure 8.5. Acceleration time histories in the vertical, longitudinal (at the top of the 
central pier and below the deck) and transverse directions, respectively. .................. 169 

Figure 8.6. Power spectra density for the acceleration time histories in Figure 8.5. . 170 

Figure 8.7. Signal of a sensor that is not taken into consideration due to a discontinuity 
at about 1080sec.......................................................................................................... 172 

Figure 8.8a. Identified and FE model-based modeshapes of the bridge. ................... 173 

Figure 8.8b. Identified and FE model-based modeshapes of the bridge.................... 174 

Figure 8.8c. Identified and FE model-based modeshapes of the bridge. ................... 175 

Figure 8.8d. Identified and FE model-based modeshapes of the bridge.................... 176 

Figure 8.8e. Identified and FE model-based modeshapes of the bridge. ................... 177  

Figure 8.8f. Identified and FE model-based modeshapes of the bridge..................... 178 

Figure 8.8g. Identified and FE model-based modeshapes of the bridge. ................... 179 

Figure 8.9. Bridge Model: (a) General view and (b) Model detail at the area of 
elastomeric bearings.................................................................................................... 180 

Figure 8.10. Parameterization of the finite element model (a) model class I (b) model 
class II. ........................................................................................................................ 181 

Figure 8.11. Contour plot of the objective function using simulated data, for (a) 
, (b)  and , (c)  and , (d) optimally 

weighted method......................................................................................................... 183 
1 2 1w w= = 1 1w = 2 0w = 1 0w = 2 1w =

Figure 8.12. Contour plot of the objective function using simulated data, for case (a) 
 excluding the bending modeshapes from the second modal group. ..... 184 1 2 1w w= =

Figure 8.13. Contour plot of the objective function using experimental data, for (a) 
, (b)  and , (c)  and , (d) optimally 

weighted method......................................................................................................... 185 
1 2 1w w= = 1 1w = 2 0w = 1 0w = 2 1w =

Figure 8.14. Contour plot of the objective function using experimental data, for case 
(a)  excluding the bending modeshapes from the second modal group.185 1 2 1w w= =

Figure 8.15. Detailed contour plot of the objective function in the regions near the two 
local optima A and B .................................................................................................. 186 

Figure 8.16. (a) Pareto solutions obtained for several values of , while =1 
in all cases, (b) the corresponding solutions in the parameter space .......................... 189 

2 (0, )w ∈ ∞ 1w

Figure 8.17. Pareto front and Pareto optimal solutions obtained by SPEA algorithm for 
100 and 1000 number of generations: (a) Objective space, (b) Parameter space. ...... 190 

 



List of Figures xiii 

 
Figure 8.18. Pareto solutions obtained by SPEA algorithm for 100 and 1000 number of 
generations and by varying the weighting factor : (a) Objective space, (b) 
Parameter space. ......................................................................................................... 191 

2 (0, )w ∈ ∞

Figure 8.19. (a) Pareto fronts obtained using an exhaustive search over the parameter 
space for two different step increment of the parameters, (b) a close up look of the area 
of interest. ................................................................................................................... 192 

Figure 8.20. Pareto solutions obtained using an exhaustive search over the parameter 
space with a very small step increment of the parameters: (a) objective space, and (b) 
parameter space........................................................................................................... 192 

Figure 8.21. Pareto solutions for all cases: (a) objective space, and (b) parameter 
space............................................................................................................................ 193 

Figure 8.22. Solutions for the four weight cases in the (a) objective space (b) 
parameter space........................................................................................................... 195 

Figure 8.23. Pareto solutions provided by SPEA algorithm for 100 and 1000 number 
of generations and the solutions for the four weight cases (a) –(d). ........................... 198 

Figure 8.24. (a) Pareto front provided by the SPEA algorithm for 2000 number of 
generations and the solutions for the two weight cases (a) and (d). (b) Zoom in the area 
of interest. ................................................................................................................... 204 

Figure 8.25. Pareto optimal solutions in parameter space for 2000 number of 
generations along with the optimal solutions for the two weight cases (a)( ) and 
(d)( ).......................................................................................................................... 204 

Figure 8.26. Pareto solutions provided by SPEA algorithm for the two model classes I 
and II with 6 and 3 parameters, respectively. ............................................................. 205 

 



List of Tables 
TABLE 3.1. Optimal structural parameter values with the corresponding residual 
errors. ............................................................................................................................ 44 

TABLE 3.2. Optimal parameter values and corresponding residual errors using 
Algorithm II for Model Classes  and ............................................................... 51 1Μ 2Μ

TABLE 3.3. Optimal parameter values and corresponding residual errors using 
Algorithm II for Model Classes ............................................................................. 52 3Μ

TABLE 5.1. Asymptotic (first row) and Monte Carlo or importance sampling (second 
row) estimates of the probability ratios  of the model class  and the model classes 
in S  that contain the damaged structure....................................................................... 81 

p̂ M̂

TABLE 5.2. Most probable value of model parameters for all model classes in S . ... 82 

TABLE 5.3. Properties of structural members............................................................. 83 

TABLE 5.4. Optimal modal frequencies values identified for each damaged case and 
their percentage difference from the undamaged case. All frequency values are in Hz.
...................................................................................................................................... 89 

TABLE 5.5. Optimal values  of the structural parameters  of each model class 
for the undamaged structure.......................................................................................... 96 
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1. Introduction 

1.1 Health Monitoring and Damage Detection Techniques 
The process of implementing a damage detection strategy is referred to as structural 
health monitoring, or SHM for short. Here damage is defined as changes to the 
material and/or geometric properties of these systems, including changes to the 
boundary conditions and system connectivity, which adversely affect the system’s 
performance. The SHM process involves the definition of potential damage scenarios 
for the system, the observation of the system over a period of time using periodically 
spaced measurements, the extraction of features from these measurements, and the 
analysis of these features to determine the current state of health of the system. The 
output of this process is periodically updated information regarding the ability of the 
system to continue to perform its desired function, in light of the inevitable aging and 
degradation resulting from the operational environments. The ultimate goal is to 
determine the existence, location, and degree of damage in a structure. Measurement 
data can be used for verification if the structure is loaded and behaves as designed, and 
for warning on excessive loads, unusual behavior or damage. 

Currently, acquisition of sensor information is not a crucial issue. Several recent 
workshops and symposia on SHM and Damage Detection (IDETC/CIE, IWSHM, 
ICOSSAR, EURODYN) have demonstrated significant developments in sensor 
technologies for a variety of monitoring purposes. However, these meetings also 
generated general agreement that the critical problem now is not only the acquisition of 
information, but rather the algorithms to process the vast wealth of information and 
provide useful and simple measures of a structure’s current health status. 

Health monitoring and damage detection techniques can be classified according to 
either their detection capabilities or based on the extent of prior knowledge required. In 
the first class belong the so-called global and local techniques. Global techniques 
merely infer the existence of damage, while local techniques assist in locating it. In the 
other class, belong the model and the non-model based techniques. Model-based 
techniques utilize explicit mathematical descriptions of the system dynamics, while 
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non-model-based techniques rely on signal processing of measured responses. Both 
model-based and non-model-based techniques (Fassois 2001, Petsounis. and Fassois 
2001) have been successfully demonstrated for damage detection in structural 
applications. Model-based approaches seek to identify parametric changes in linear, 
time-invariant models. Non-model-based alternatives include modal analysis, dynamic 
flexibility measurements, matrix update methods, and wavelet transform techniques. 
These methods typically seek to identify damage from changes in the temporal and 
frequency characteristics of the system response (response measurements, natural 
frequencies, mode shapes, etc.). Excellent surveys may be found in Refs (Doebling et 
al. 1996; Doebling et al. 1998; Noori et al. 2001; Doherty 1987). Health monitoring 
and damage detection methods have also been developed for other engineering systems 
such as leakage detection in pipe networks based on information from flow test data 
(Poulakis et al. 2003). 

According to Sikorsky (1999), SHM should be broadly defined as “the use of in-situ, 
non-destructive sensing and analysis of structural characteristics, including the 
structural response, for the purpose of identifying if damage has occurred (Level 1 of 
diagnostics), determining the location of damage (Level 2), estimating the severity of 
damage (Level 3) and evaluating the consequences of damage on structural 
serviceability, reliability and durability (Level 4)”. While there have been many works 
on SHM in relation to, for example, mechanical or aerospace structures addressing the 
aforementioned, various, stages of damage-related studies, monitoring of civil 
infrastructures is still at a preliminary phase. To the authors’ knowledge few 
researchers attempted to face the challenge of converting data from monitoring into a 
deep and profound knowledge of structural behaviour and condition. The reason for 
this can be the complexity and uniqueness of civil structures, their size, and exposure 
to various ambient inputs that are difficult to quantify. 

Health monitoring techniques based on processing vibration measurements basically 
handle two types of characteristics: the structural parameters (mass, stiffness, 
flexibility, damping) and the modal parameters (modal frequencies, and associated 
damping values and mode shapes). The basic premise of vibration-based damage 
detection is that damage will significantly alter the stiffness, mass or energy dissipation 
properties of a system, which, in turn, alter the measured dynamic response of that 
system. Although the basis for vibration-based damage detection appears intuitive, its 
actual application poses many significant technical challenges. The most fundamental 
challenge is the fact that damage is typically a local phenomenon and may not 
significantly influence the lower-frequency global response of structures that is 
normally measured during vibration tests. Stated another way, this fundamental 
challenge is similar to that in many engineering fields where the ability to capture the 
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system response on widely varying length scales has proven difficult. Another 
fundamental challenge is that in many situations vibration-based damage detection 
must be performed in an unsupervised learning mode. Here, the term unsupervised 
learning implies that data from damaged systems are not available. These challenges 
are supplemented by many practical issues associated with making accurate and 
repeatable vibration measurements at a limited number of locations on complex 
structures often operating in adverse environments. Finally, there are also challenges 
which include better utilization of the nonlinear response characteristics of the 
damaged system, development of methods to optimally define the number and location 
of the sensors, identification of the features sensitive to small damage levels, the ability 
to discriminate changes in features caused by damage from those caused by changing 
environmental and/or test conditions, the development of statistical methods to 
discriminate features from undamaged and damaged structures, and performance of 
comparative studies of different damage detection methods applied to common data 
sets. These topics are currently the focus of various research efforts by many industries 
including defense, civil infrastructure, automotive, and semiconductor manufacturing 
where multi-disciplinary approaches are being used to advance the current capabilities 
of vibration based damage detection. 

Model updating techniques are mainly implemented in structural health monitoring and 
damage detection strategies, which utilize dynamic response information to identify the 
existence, location, and magnitude of damage. 

1.2 The Need for Model Updating  
In modern analysis of structural dynamics, much effort is devoted to the derivation of 
accurate models of structures. Availability of an accurate dynamic finite element 
model of a structure is very important to design engineers as it allows them to improve 
the dynamic design of the structure at computer level resulting in an optimized design 
apart from savings in terms of money and time. The first step is the derivation of an 
analytical model, usually finite element model, based on the assumed equations of 
motion. But there may be some inaccuracies or uncertainties that may be associated 
with a finite element model. The discretisation error, arising due to approximation of a 
continuous structure by a finite number of individual elements, is inherent to the finite 
element technique. Other inaccuracies may be due to the assumptions and 
simplifications made by the analyst with regards to the choice of elements, modelling 
of boundary conditions, joints, etc. 

These assumptions and simplifications have as a result that when tests are performed to 
validate the analytical model, inevitably their results, notably natural frequencies and 
modeshapes, do not coincide with the expected results from the theoretic model. 
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Clearly one would like to have a better model, based on both the theoretical and the 
experimental results. In order to face the problems of inaccuracy in analytical models, 
researchers have turned their attention to the development of modelling methods based 
on experimental observation. This area, known as system identification, has been 
particularly vibrant in the control engineering community over the past 40 years. The 
model to be identified may be a parametric or a non-parametric model and, in addition, 
it may be non-linear. Once the model structure and model order have been chosen, the 
estimation of parameters follows. 

In structural dynamics, experimental modal analysis may be considered as a special 
area of system identification for the determination of modal data (natural frequencies, 
mode shapes, generalized masses and loss factors) from vibration tests. The modal 
testing and modal extraction methods (Ewins 2000, Mc Connnel 1995) are also well 
developed for obtaining a reliable estimate of the modal data. Given the availability of 
an accurate data acquisition and measuring equipment the measured test data, though 
may not be precise, is generally considered to be more accurate than analytical model 
predictions. This has formed the basis for adjustment or correction of a finite element 
model, in the light of measured test data, which is referred as model updating. The 
purpose of model updating is to modify the mass, stiffness and damping parameters of 
the numerical model in order to obtain better agreement between numerical results and 
test data. If the updated model is to be used predictively, for untested loading 
conditions or modified structural configurations, then it is important that the improved 
agreement in results is achieved by correcting the inaccurate modelling assumptions 
and not by making other (physically meaningless) alterations to the model. 
Comprehensive reviews of structural parameter identification methods can be found in 
(Mottershead and Friswell 1993; Doebling et al. 1996).  

Structural model updating is an inverse problem according to which a model of a 
structure, usually a finite element model, is adjusted so that either the calculated time 
histories, frequency response functions, or modal parameters best match the 
corresponding quantities measured or identified from the test data. This inverse process 
aims at providing updated models and their corresponding uncertainties based on the 
data. These updated models are expected to give more accurate response predictions to 
future loadings, as well as allow for an estimation of the uncertainties associated with 
such response predictions. In practice, the inverse problem of model updating is 
usually ill-conditioned due to insensitivity of the response to changes in the model 
parameters, and non-unique (Udwadia and Sharma 1978; Berman 1989; Katafygiotis 
and Beck 1998; Katafygiotis et al. 2000) because of insufficient available data relative 
to the large number of model parameter needed to describe the desired model 
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complexity. Additional difficulties and limitations to the robustness and reliability, 
associated with the development of an effective model updating methodology are:  

Model error present due to the fact that the chosen class of structural models is unable 
to exactly model the actual behavior of the structure. 

Measurement noise in the dynamic data, especially for higher modes. The dynamic 
data measurements always consist of bias errors (noise) at some extent, caused either 
by faulty instruments, changes in the environmental conditions during testing, or poor 
preprocessing of the initial data (bias from windowing of the data). The effect of noise 
on the modal approach is that it limits the number of modes that can be estimated 
reliably and especially the higher modes where there is a deterioration of the signal-to-
noise ratio. Thus, the modal parameters could be identified only for the dominant 
modes in the measurement records. 

Insufficient measurement data since the response of a structure is usually measured 
at only a small number of locations, due to limited number of sensors and/or the 
limited accessibility throughout the structure, which gives little information about the 
full modeshapes of the structure. In addition, sensors are not always placed at the 
optimal locations to give the best possible information for the excited system. 

Incomplete number of contributing modes due to limited bandwidth in the input and 
the dynamic response. The limited range of the exciting frequency band hides some of 
the system’s dynamic properties. From a testing standpoint it is more difficult to excite 
the higher frequency response of a structure, as more energy is required to produce 
measurable response at these higher frequencies than at the lower frequencies. 

Coupling of modes within the measured frequency range of response it is often 
difficult to identify all the modes contributing to the measured response because of 
coupling between the modes that are closely spaced in frequency. This difficulty is 
observed more commonly at the higher frequency portions of the spectrum where the 
modal density is typically greater. 

1.3 Local and Global Methods in Structural Inspection 
Regular inspection and condition assessment of civil, mechanical and aerospace 
engineering structures are necessary to allow early detection of any defect and to 
enable maintenance and repair works at the initial damage phase, such that the 
structural safety and reliability is guaranteed with minimum costs.  

Common health monitoring and damage detection practices involve systematic visual 
inspections by experienced engineers who determine the location and extent of 
damaged zones. But the increased size and complexity of today’s structures reduce its 
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efficiency and makes the practicality and reliability of such manual approaches 
questionable. Conventional visual inspection can be costly and time consuming, 
especially when disassembly is necessary to provide access to the area being inspected. 
Furthermore, this technique is inadequate for identifying damage, which is invisible to 
human eyes. 

Non-destructive damage detection techniques, such as acoustic or ultrasonic methods, 
magnetic field methods, radiograph, eddy-current methods and thermal field methods 
provide alternatives to detect occurrence of damage. But applying these procedures to 
any more than a few structural members will be quite difficult and expensive. Also, 
these approaches require an inspector to be present to conduct the investigation. This 
limits the frequency of inspection. However, these are also local approaches and they 
require a prior knowledge of the location of the affected area and its accessibility. 
Subjected to these limitations, such experimental methods can detect damage on or 
near the surface of the structure.  

Another set of local techniques, which do not require user interaction, have also been 
developed. Such methods address the problems of monitoring difficult-to-access parts 
of a structure and of increasing the rate of monitoring by placing sensors either directly 
on structural members or embedding them in the members and monitoring them 
remotely. Most of these approaches are based on using fiber optic sensors to sense 
strain or the presence of cracks in the members to which the sensors are attached 
(deVries et al. 1997; Maaskant et al. 1997; Fan 1995). 

All of these local techniques can give an indication of the location and possible degree 
of damage in the area to which they are applied. By exhaustive application to an entire 
structure, these local methods could provide a very complete picture of the current 
damage state of the structure. For small regular structures such as pressure vessels and 
wing boxes, this might be a reasonable application of these local approaches. For 
structures beyond a certain size and complexity, examination of every part of the 
structure is not feasible. These methods are therefore best used to monitor specific 
parts of a structure. 

On the other hand, the non-destructive detection methods that monitor the dynamic 
characteristics of the structure through measurement at only a few points are 
appropriate since they provide a quantitative ‘global’ way to assess the structural state. 
These methods are based on the fact that the occurrence of damage in a structural 
system leads to changes in its dynamic properties (eigenfrequencies, modeshapes, 
modal damping rates). The drawback is that localizing and determining the degree of 
damage becomes more difficult. The key step in these methods is the use of some type 
of framework to relate changes in the measurements at particular points to changes in 
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the overall structure. Different choices for the framework and the goals of the specific 
technique separate the various global methods. 

1.4 Outline of This Work 
In Chapter 2, the general parameterised class of structural models used to represent the 
behaviour of the structure is first introduced. The parameters of the model class are the 
free parameters to be identified by the experimental data. Substructuring techniques 
and parameterisation schemes based on finite element models are introduced. Next, a 
brief summary of selected model updating techniques is presented. Among them, the 
following techniques are elaborated: the multi-objective structural identification 
method (MOID) introduced recently by Haralampidis et al (2005) and the well-known 
weighted least-squares method. The MOID provides a set of acceptable Pareto optimal 
structural models that fit the available measured data. The weighted least-squares 
method provides an optimal model that depends on the value of the weights used. The 
similarities between those two methods are addressed. In particular, by varying the 
values of the weights, a set of alternatives Pareto optimal models are also obtained. 
This set is a subset of the set of optimal models provided by the MOID. An important 
issue that arises is how to select a single optimal model out of the infinitely many 
Pareto optimal models for further use in data-driven prediction studies. 

Chapter 3 addresses the problem of rationally estimating the most probable structural 
model among the Pareto optimal models, based on measured modal data. For this, a 
Bayesian statistical framework is used. Probability distributions are used to quantify 
the uncertainties in the model parameters and these distributions are updated based on 
probability models for the prediction errors defined as the difference between 
measured and model predicted modal quantities. Past studies assume that these 
predictions are Gaussian with known relations between the variances of each 
prediction error. The Bayesian formulation is extended in this work to estimate the 
prediction error variances utilizing the measured data. It is shown that the optimal 
weight value for a group of measured modal properties is asymptotically, for large 
number of measured data, inversely proportional to the optimal value of the residuals 
of the corresponding group of data. A computationally efficient algorithm is proposed 
for simultaneously obtaining the optimal weight values and the corresponding optimal 
values of the structural parameters. The proposed method is referred to as the optimally 
weighted residuals method. The proposed framework is illustrated using simulated data 
from a multi-DOF spring-mass chain structure. 

In Chapter 4, the analysis presented in Chapter 3 is extended for estimating the most 
probable structural model among the Pareto optimal structural models using measured 
response time histories. Thus, the identification is applicable to non-linear structural 
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models. Prediction errors, measuring the fit between the measured and the model 
predicted response time histories, are modeled by Gaussian distributions. Two cases 
are considered. In the first case, the prediction errors of the response time history at 
different time instants are assumed to be independent Gaussian variables with equal 
variances for all sampling data of the response time history. However, the variances of 
the prediction errors between different responses are assumed to be independent. In the 
second case, the prediction error of a response time history is quantified by an 
Autoregressive (AR) model. The Bayesian methodology is applied for identifying the 
optimal structural models and the parameters of the AR prediction error models, as 
well as their associated uncertainties. 

In Chapter 5, a methodology for selecting the best model class from a set of competing 
model classes and for estimating the free parameters of a model class is developed and 
used for structural damage identification. For this, each model class is associated to a 
damage pattern in the structure, indicative of the location of damage. Using the 
Bayesian model selection framework, the probable damage locations are ranked 
according to the posterior probabilities of the corresponding model classes. The 
severity of damage is then inferred from the posterior probability of the model 
parameters derived for the most probable model class. Asymptotic approximations as 
well as Monte Carlo and importance sampling simulations are presented for estimating 
the multi-dimensional probability integrals arising in the formulation. For illustration 
purposes, the methodology is applied to the identification of location and severity of 
damage of a chain-like spring mass structure using measured modal data. Moreover, 
the methodology is applied to predict damage location and severity in a benchmark 
small-scale structure consisting of a 2-bay by 2-bay, 4 story steel frame structure. 
Measurement data for several damage patterns of the structure are used to vaidate the 
proposed damage detection methodology. 

In Chapter 6, the importance of sensors configuration (location and number) for 
structural identification is addressed. Theoretical and computational issues arising in 
the selection of the optimal sensor configuration for structural identification in 
structural dynamics are reviewed. The information entropy, measuring the uncertainty 
in the system parameters, is used as the performance measure of a sensor 
configuration. A useful asymptotic approximation for the information entropy, valid 
for a large number of measured data, is derived. The asymptotic estimate is then used 
to rigorously justify that selections of the optimal sensor configuration can be based 
solely on a nominal structural model, ignoring the time history details of the measured 
data, which are not available in the experimental design stage. It is further shown that 
the lower and upper bounds of the information entropy are decreasing functions of the 
number of sensors. Based on this result, the sequential sensor placement algorithm is 
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proposed for constructing effective sensor configurations that are superior, in terms of 
computational efficiency and accuracy, to the sensor configurations provided by 
genetic algorithms. The theoretical developments and the effectiveness of the proposed 
algorithms are illustrated by designing the optimal configuration for a 10-degree of 
freedom chain-like spring-mass model. 

In Chapter 7, the effectiveness of the model updating methods (multi-objective, equally 
weighted modal residuals and optimally weighted modal residuals), introduced in 
Chapters 2 and 3 is demonstrated using experimental data from a scaled three-story 
steel structure, built and tested in the System Dynamics Laboratory of the University of 
Thessaly. The results obtained from each method are compared. Two parameterised 
model classes of the structure are illustrated. The first model class is a simple 3-DOF-
shear model, while the second one is a more detailed 546 DOF finite element model. 
Various structural configurations are considered and the proposed model updating 
methodologies are used to update, the models for these configurations. The 
effectiveness of each model updating method is explored in detailed. 

In Chapter 8, vibration data taken from a four-span concrete ravine bridge are used to 
update finite element model classes of a four-span concrete bridge. Issues related to the 
vibration experiment held in a four-span concrete ravine bridge are first discussed. A 
structural identification methodology based on ambient vibration data is used for 
estimating the structural modal characteristics (frequencies, damping ratios and 
modeshape components at the measured locations). Two parameterized model classes 
are employed for model updating and the results obtained for the model updating 
methods (multi-objective, equally weighted modal residuals and optimally weighted 
modal residuals), introduced in Chapters 2 and 3, are presented and discussed. Certain 
features and the difficulties associated with model updating are revealed, such as the 
presence of multiple local optima, the irregularities and discontinuities of the Pareto 
front and Pareto optimal models. The effectiveness of the Pareto Point proposed by the 
optimally weighted residuals method in relation to other Pareto points is explored. 

Finally, Chapter 9 summarizes the conclusions of this work and presents suggestions 
for future research on issues related to this thesis. 

 

 

 

 



 



2. Model Updating Techniques 

2.1 Introduction  
Structural design and analysis generally requires a mathematical model representing 
the physical behaviour of the structure. The finite element (FE) method is the most 
appropriate tool for such modeling in structural engineering today. However it is often 
observed that the initial FE model is a poor reflection of structure, particularly in the 
field of structural dynamics. Inaccuracies arise because of a number of simplifying 
assumptions and idealizations that have to be made in FE modeling. In the recent years 
various model updating methods have been developed to update the initial model using 
experimental data. These techniques are based on fitting the model predictions to either 
the measured response time histories or the modal properties for linear structural 
models.  

In this chapter, the general parameterised class of structural models used to represent 
the behaviour of the structure is first introduced. The parameters of the model class are 
the free parameters to be identified by the experimental data. Substructuring techniques 
and parameterisation schemes based on FE models are introduced. A brief summary of 
selected model updating techniques is presented. Among them, the following 
techniques are elaborated: the multi-objective structural identification method (MOID) 
introduced recently by Haralampidis et al (2005) and the well-known weighted least-
squares method. The MOID provides a set of acceptable Pareto optimal structural 
models that fit the available measured data. The weighted least-squares method 
provides an optimal model that depends on the value of the weights used. The 
similarities between those two methods are addressed. In particular, by varying the 
values of the weights, a set of alternatives Pareto optimal models are also obtained. 
This set is a subset of the set of optimal models provided by the MOID. An important 
issue that arises is how to select a single optimal model out of the infinitely many 
Pareto optimal models for further use in data-driven prediction studies. It is the 
purpose of the analysis presented in Chapter 3 and 4 to rationally estimate, based on 
the available measured data, the most probable optimal model from the acceptable set 
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tf

of Pareto optimal structural models estimated either by the multi-objective or the 
weighted least-squares identification methods. 

2.2 Structural Model Class 
Consider a parameterized class of linear structural models (e.g. a class of finite element 
models) used to model the dynamic behaviour of the structure. The structural model 
class, denoted by Μ , involves a set of model parameters . The equation of motion 
of such systems is  

θ

   (2.1) ( ) ( ) ( ) ( ) ( ) ( ) ( )M t C t K t+ + =θ θ θq q q

where  and  are the global model mass, damping and 
stiffness matrices respectively,  is the displacement vector of the model 
DOFs, 

( ), ( )M Cθ θ ( ) d dN NK ×∈θ
( ) dNt ∈q

( ) dNt ∈f  is the vector of forces at the model DOFs,  is the number of 
model DOFs. 

dN

The parameter set  is the set of free model parameters to be estimated using the 
measured data. The parameter set  is usually associated with geometrical, material, 
stiffness or mass properties and boundary conditions. Examples of finite element 
properties that can be included in the parameter set  are: modulus of elasticity, cross-
sectional area, thickness, moment of inertia and mass density of the finite elements 
comprising the model, as well as spring (translational or rotational) stiffnesses used to 
model fixity conditions at joints or boundaries. 

θ
θ

θ

In general, the mass matrix  can be assumed to be well-known from structural 
drawings and unchanging over time. Also, the mass matrix will be symmetric and, for 
the applications considered in this work, positive definite. Moreover, for the models of 
the considered model class, the damping is assumed to be of a form such that 

, which insures that the model possesses classical normal modes 
(Caughey and O’Kelly,1965). 

( )M θ

-1 -1CM K = KM C

2.3 Substructuring and FE Model Parameterization 
Using finite element model analysis, one derives the element stiffness and the mass 
matrices, the stiffness and the mass matrices of the substructures formed by a group of 
elements, and finally the global stiffness and the mass matrices. These matrices depend 
on the properties of the structure, like modulus of elasticity, mass density and the 
geometrical characteristics (e.g. cross-sectional area, thickness, length and moments of 
inertia). Usually, a subgroup of these properties is selected for updating. The properties 
that are updated are included in the parameter set . θ
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θ

iK iM

Specifically, let  and  be the stiffness and mass matrix of a single element, 
respectively. The following general form denotes the dependence of these matrices, for 
a single finite element, on the parameter set : 

eK eM

θ

   and  (2.2) ( )e eK K= θ ( )e eM M= θ

In finite element analysis, the contribution from a finite element to the global stiffness 
and mass matrices, based on the above formulation, take the following form 

   and  (2.3) 
1

( ) ( )A
eN

e
ii

K K
=

=θ θ
1

( ) ( )A
eN

e
ii

M M
=

=θ

where  is the number of elements in the model and  denotes the assembling 
operator which takes place in finite element analysis. Formulas in 

eN A
(2.3) form the 

mathematical expression of the fact that global stiffness and mass matrices are 
composed by the correspondence matrices of each element. 

In general, the global mass and stiffness matrices  and  are nonlinear 
function of the model parameters . However, a parameterization which oven arises 
in practical applications is the case for which both  and  are linear 
functions of . The cases of linear and nonlinear relationship between the system 
matrices  and  and the model parameters  are threaded separately in the 
following two subsections. 

( )M θ ( )K θ
θ

( )M θ ( )K θ
θ

( )M θ ( )K θ θ

2.3.1 Linear Relation Between Model Matrices and Parameters 

For the case of linear relation between the stiffness and mass matrices of the structural 
model and the parameters set  one has that θ

        and       (2.4) 0
1

( )
N

i i
i

K K K
θ

θ
=

= +∑θ 0
1

( )
N

i i
i

M M M
θ

θ
=

= +∑θ

with  

         and        (2.5) 
1

A
eN

e
i i
K

=
=

1
A
eN

e
i i
M

=
=

where  is the number of parameters used to parameterize the structural model,  
and  are assembled from element stiffness and mass matrices that do not depend on 

 and the  and  are assembled from element stiffness and mass matrices that 
depend linearly on . 

N θ 0K
0M

θ iK iM
θ

Matrices , ,  and  are constant matrices, independent from parameter set 
, and are built up from the corresponding element matrices , ,  and  

using the usual finite element assembly process. From 

0K iK 0M iM
θ 0

eK e
iK 0

eM 0
iM

(2.5) it is obvious that model 

 



2. Model Updating Techniques 14 

 

θ

θ

iM

parameterization is done in an element base and it is used in order to build the global 
matrices  and . Once the parameterization have been done and the 
matrices , ,  and  have been calculated and stored in computer’s 
memory, global stiffness and mass matrices are easily calculated for each value of the 
parameters  using the parameterization 

( )K θ ( )M θ
0K iK 0M iM

θ (2.4). That parameterization is 
computationally attractive since the model updating process requires the repeated 
computation of global matrices for different values of the parameters .  θ
A computationally efficient finite element model updating software has been 
developed in Matlab to handle arbitrary, user-defined, parameterisation schemes 
involving parameters associated with physical properties. 

2.3.2 Non-Linear Relation Between Model Matrices and Parameters  

In the general case where the relation between model stiffness and mass matrices, and 
the parameters set  is nonlinear, the global stiffness and mass matrices, the global 
parameters are given by the following expressions 

θ

   (2.6) 0
1

( ) ( )
N

e
i i nonl

i e

K K K K
θ

θ
=

= + +∑ ∑θ

   (2.7) 0
1

( ) ( )
N

e
i i nonl

i e

M M M M
θ

θ
=

= + +∑ ∑θ

with  

   and  (2.8) 
1

eN
e

i i
i

K K
=

=∑
1

eN
e

i
i

M
=

=∑
where  and  are the part of the global matrices that depend 
nonlinearly on the parameters . 

( )e
nonlK θ ( )e

nonlM θ
θ

For each value of the parameter set , the evaluation of the global matrices should be 
repeated in an element base, only for the elements that have non-linear relation 
between the element matrices and the parameters . Then these elemental matrices are 
composed in order to form the non-linear part of the global matrices. This 
parameterization scheme is computationally efficient, if there is only a small number of 
elements that have non-linear relation between the stiffness and mass matrices and the 
parameters . 

θ

θ

θ
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2.4 Model Updating Techniques Based on Modal Properties 

2.4.1 Introduction 

The problem of identifying the parameters of a structural model using dynamic data 
has received much attention because of its importance in structural model updating, 
structural health monitoring and structural control. The estimate of the parameter 
values involves uncertainties that are due to limitations of the mathematical models 
used to represent the behavior of the real structure, the presence of measurement error 
in the data, and insufficient excitation and response bandwidth. Structural 
identification and finite element model updating methodologies (e.g. Vanik et al. 2000; 
Bohle and Fritzen 2003; Hjelmstad and Shin 1996; Friswell and Mottershead 1995; 
Farhat and Hemez 1993; Alvin 1997) are often based on modal data since these data 
are readily obtained from well-established experimental structural dynamics techniques 
based on either forced (Ewins 2000; Mc Connnel 1995) or ambient vibration tests 
(Katafygiotis and Yuen 2001; Beck et al. 1994). Also, system identification and finite 
element model updating can be based on acceleration time histories (Werner et al. 
1987; Beck and Jennings 1980). The optimal structural models resulting from such 
methods can be used for response and reliability predictions, structural health 
monitoring and control. 

Parameter identification problems based on measured data are often formulated as 
least-squares problems in which objective functions measuring the fit between 
measured and model predicted data are build up into a single objective using weighting 
factors.  

   (2.9) ( )
1

( )
n

i i
i

J w J
=

=∑θ

The weights depend on the adequacy of the model class and the accuracy with which 
the measured data are obtained. More uncertain data should be given smaller weights. 
The results of the identification depend on the weights used. However, the choice of 
weights is arbitrary since the modeling error and the uncertainty in the measured data 
are usually not known apriori. Standard optimization techniques are then used to find 
the optimal values of the parameters that minimize the overall measure of fit. The 
single objective is computationally attractive since conventional minimization 
algorithms can be applied to solve the problem. The choice of optimal values of the 
weights is the main issue that will be addressed in this work. 

The parameter estimation problem is alternatively formulated as a multi-objective 
identification problem for which all Pareto optimal structural parameter values are 
obtained, corresponding to all possible values of the weights. The characteristics of the 
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Pareto solutions are that they cannot be improved in any objective without causing 
degradation in one other objective. The set of Pareto optimal solutions are obtained 
using evolutionary algorithms well suited to solve the multi-objective optimization 
problem. The multi-objective identification method and the weighted residual method 
are described in detail in the following subsections. 

2.4.2 Formulation 

Let 0( ) ( )ˆ{ˆ , ,  1, , ,  1, , }k k N
r r DD R r m kω= ∈ = =φ  be the measured modal 

data from a structure, consisting of modal frequencies  and modeshape 
components 

( )ˆ krω
( )ˆ k
rφ  at  measured DOFs, where  is the number of observed modes 

and 
0N m

DN  is the number of modal data sets available. 

Consider a parameterized class of linear structural models  used to model the 
dynamic behaviour of the structure and let  be the set of free structural model 
parameters to be identified using the measured modal data. Let also 

, where  is the number of model degrees of 
freedom (DOF), be the predictions of the modal frequencies and modeshapes obtained 
for a particular value of the parameter set  by solving the eigenvalue problem 
corresponding to the model mass and stiffness matrices  and , 
respectively, that is,  

Μ
NR θ∈θ

{ ( ),  ( ) , 1, , }dN
r r R r mω ∈ =θ φ θ dN

θ
( )M θ ( )K θ

   (2.10) 2[ ( ) ( ) ] ( )r rK Mω− = 0θ θ φ θ

The objective in a modal-based structural identification methodology is to estimate the 
values of the parameter set  so that the modal data { (  
predicted by the linear class of models best matches, in some sense, the experimentally 
obtained modal data in D . 

θ ),  ( ),  1, , }r r r mω =θ φ θ

For this, the measured modal properties are grouped into n  groups. Each group 
contains one or more modal properties. For the i th group, a norm  is introduced 
to measure the residuals of the difference between the measured values of the modal 
properties involved in the group and the corresponding modal values predicted from 
the model class for a particular value of the parameter set . This difference is due to 
modeling and measurement errors, always present in structural identification problems. 

( )iJ θ

θ

2.4.3 Modal Grouping Schemes 

The grouping of the modal properties { (  into n  groups 
and the selection of the measures of fit  are usually based on user 
preference. Specifically, let  

),  ( ),  1, , }r r r mω =θ φ θ
1( ), , ( )nJ Jθ θ
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( ) 2

( ) 2
1

1 [ ( ) ˆ( )
[ ˆ ]

D

r

N k
r r

k
kD r

J
Nω

ω ω
ω=

−= ∑ θθ ]
 (2.11) 

and 

  

2( ) ( )
0

2( )1

ˆ( )1( )
ˆ

D

r

k kN
r r r

kkD r

L
J

N

β

=

−
= ∑φ

φ θ φ
θ

φ
 (2.12) 

1, ,r = m

z

, be the measures of fit (residuals) between the  measured set of 
modal data and the model predicted modal data for the -th modal frequency and 
modeshape components, respectively, where  is the usual Euclidian norm 
and 

DN
r

2 T|| || =z z
2( ) ( )

0 0
ˆ /k k T

r r r rL Lβ = φ φ φ  is a normalization constant that guaranties that the 
measured modeshape ( )ˆ k

rφ  at the measured DOFs is closest to the model modeshape 
( )

0 ( )k
r rLβ φ θ  predicted by the particular value of . The matrix  is an 

observation matrix comprised of zeros and ones that maps the  model DOFs to the 
 observed DOFs.  

θ 0
0

dN NL R ×∈
dN

0N

The number and type of modal properties involved in the i th group as well as the 
particular form of  may depend on the modal characteristics (mode type, modal 
frequencies and/or modeshapes), their expected uncertainties, and their significance of 
each modal property on the model identification. The modal properties assigned to 
each group are selected by the user according to their type and the purpose of the 
analysis. Among the various grouping schemes available, the following are considered 
for illustration purposes. 

( )iJ θ

A grouping scheme, referred to as grouping scheme A, is defined so that each group 
contains one modal property, the modal frequency or the modeshape for each mode. In 
this case, there are  measures of fit given by  and 

, . This grouping scheme, allows one to estimate all 
optimal models that trade-off the fit in various modal frequencies and modeshapes. A 
special case of grouping is to consider only the first m  groups measuring the fit 
between the modal frequencies, ignoring the fit in the modeshapes. 

2n = m θ
m

( ) ( )
iiJ Jω=θ

( ) ( )
im iJ J+ = φθ θ 1, ,i = …

A second grouping scheme B may be defined by grouping the modal properties into 
two groups as follows. The first group contains all modal frequencies with the measure 
of fit  selected to represent the difference between the measured and the model 
predicted frequencies for all modes, while the second group contains the modeshape 
components for all modes with the measure of fit 

( )1J θ

( )2J θ  selected to represents the 
difference between the measured and the model predicted modeshape components for 
all modes. Specifically, the two measures of fit are given by 
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  1
1

1( ) ( )
r

m

r
J J

m ω
=

= ∑θ θ   (2.13) 

and 

  2
1

1( ) ( )
r

m

r
J J

m =

= ∑θ φ θ  (2.14) 

This selection allows one to estimate models that trade-off the overall fit in modal 
frequencies with the overall fit in the modeshapes. 

A third grouping scheme, C, may be selected so that a group contains the modal 
frequency and all modeshape components at the measured DOFs for a particular 
observed mode. In this case the number of groups equals the number of observed 
modes (n ). The i th measure of fit  accounts for the mismatch between 
the measured and the model predicted frequencies and modeshape components for the 

th measured mode. Specifically,  can be given in the form 

m= ( )J i θ

i ( )J i θ

  
( ) ( )

( ) ,     1, ,
2

i i

i

J J
J

ω +
=

φθ θ
θ i m=

)θ

θ

 (2.15) 

This grouping scheme is appropriate when the objective of the identification is to 
estimate all optimal models that trade-off the fit between different modes. 

2.4.4 Multi-Objective Identification 

The problem of identifying the model parameter values that give the best fit in all 
groups of modal properties can be formulated as a multi-objective optimization 
problem stated as follows (Haralampidis et al. 2005). Find the values of the structural 
parameter set  that simultaneously minimizes the objectives  θ

   (2.16) ( ) ( ) ( )( 1 2( ) , , , nJ J J…y = J =θ θ θ

where  is the parameter vector, Θ  is the parameter space, 
 is the objective vector and Y  is the objective space. For 

conflicting objectives , there is no single optimal solution, but rather 
a set of alternative solutions, known as Pareto optimal solutions, that are optimal in the 
sense that no other solutions in the parameter space are superior to them when all 
objectives are considered.  

( )1, , Nθθ θ ∈ Θ……θ =
1( , , )ny y Y= ∈y

( ) ( )1 , , nJ J…θ

Such alternative solutions trade-off the fit in different modal properties. Specifically, 
using the grouping scheme A, all optimal models that trade-off the fit in various modal 
frequencies and modeshapes are obtained. Using the grouping scheme B, all optimal 
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models that trade-off the overall fit in modal frequencies with the overall fit in the 
modeshapes are estimated. Using the grouping scheme C, the optimal models that 
trade-off the fit in modal properties between different modes are obtained. 

Using multi-objective terminology (Fonseca and Fleming 1995; Srinivas and Deb 
1994), the Pareto optimal solutions are the non-dominating vectors in the parameter 
space , defined mathematically as follows. A vector  is said to be non-
dominated regarding the set Θ  if and only if there is no vector in Θ  which dominates 

. A vector  is said to dominate a vector  if and only if  

Θ ∈ Θθ

θ θ 'θ

( ) ( ')   {1, , }i iJ J i≤ ∀ ∈θ θ  and   {1, , } :  ( ) ( ')j jj n J J∃ ∈ <θ θ

J θ

 (2.17) 

The set of objective vectors  corresponding to the set of Pareto optimal 
solutions  is called Pareto optimal front. The characteristics of the Pareto solutions 
are that the modal residuals cannot be improved in any modal group without 
deteriorating the modal residuals in at least one other modal group.  

( )y = J θ
θ

The set of Pareto optimal solutions can be obtained using evolutionary algorithms 
(Zitzler and Thiele, 1999) well-suited to solve the multi-objective optimization 
problem. In the case of one or two parameters, the Pareto set can readily be obtained 
using an exhaustive search over a desired region in the parameter space Θ  and then 
finding the non-dominating vectors  among the whole set of vectors in Θ  that 
satisfy 

θ
(2.17). 

Formulating the parameter identification problem as a multi-objective minimization 
problem, the need for using arbitrary weighting factors for weighting the relative 
importance of the residuals  of a modal group to an overall weighted residuals 
metric is eliminated. An advantage of the multi-objective identification methodology is 
that all admissible solutions in the parameter space are obtained. However, this is a 
time consuming task, it requires that multi-objective optimization algorithms are 
available and that the number of objectives remain small in order to limit the number 
of solutions required to fully represent the multi-dimensional Pareto front. 

( )iJ θ

2.4.5 Weighted Least-Squares Identification 

The parameter identification problem based on measured data is traditionally 
formulated as a least-squares problem in which objective functions measuring the fit 
between measured and model predicted data are build up into a single objective using 
weighting factors. This problem is solved by constructing a single objective from the 
multiple objectives, as follows 

   (2.18) ( )
1

( ; )
n

i i
i

J w
=

=∑wθ
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nusing some weighting factors , . The results of the identification depend 

on the weight values used. The weight values depend on the adequacy of the model 
class used to represent structural behaviour and the accuracy with which the measured 
modal data are obtained. However, the choice of weight values is arbitrary since the 
modelling error and the uncertainty in the measured data are usually not known apriori. 

iw 1, ,i =

The single objective is computationally attractive since conventional minimization 
algorithms can be applied to solve the problem. In this thesis, an iterative algorithm for 
unconstrained minimization of nonlinear functions available in MATLAB, which is 
based on Quasi-Newton algorithm, is used. 

It can be readily shown that the optimal solution to the problem (2.18) is one of the 
Pareto optimal solutions. Thus, solving a series of single objective optimization 
problems of the type (2.18) and varying the values of the weights  from 0 to 1, the 
Pareto optimal solutions are alternatively obtained. However, it should be made clear 
that, in general, not all Pareto optimal solutions correspond to weight values w . For 
the case of one or two parameters in , the exhaustive search method described in 
section 2.4.4 is computationally much more effective in obtaining the Pareto optimal 
solutions.  

iw

θ

2.4.6 Optimally Weighted Least-Squares Identification 

One of the objective of this thesis is to address the problem of rationally estimating the 
optimal value of the weighting parameter set  or, equivalently, 
estimating the most probable structural model among the Pareto optimal models, 
utilizing the measured data. In Chapter 3, a Bayesian approach for structural 
identification (Beck and Katafygiotis, 1998) is extended to simultaneously estimate the 
optimal values of the weighting set w  and the corresponding optimal values of the 
structural model parameter set . It is shown that the optimal weight values for each 
group of data within a data set are asymptotically, for large number of data, inversely 
proportional to the optimal prediction errors of the corresponding data group. Efficient 
algorithms for computing the most probable structural model corresponding to the 
most probable weights will be proposed. 

1( , , )nw w=w

θ

2.5 Model Updating Techniques Based on Response Time 
Histories 

2.5.1 Introduction 

The parameter identification framework can readily be extended to identify the 
structural model parameter set  of a class of nonlinear models of structures such as, 
for example, hysteretic models with various degrees of modeling sophistication (e.g. 

θ
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x k t R j N k NΔ ∈ = = dN

D

N

elastoplastic, bilinear, degrading, etc). In this case modal analysis is no longer 
applicable and the identification must be based on the experimentally obtained 
response time histories (e.g. accelerations, velocities, displacements) (Metallidis et al. 
2003, Giagopoulos, and Natsiavas 2005, Giagopoulos et al. 2005). 

2.5.2 Formulation 

Let  be the measured response 
time histories data from a structure, consisting of response data at  measured DOFs, 
where  is the number of the acquired samples using a sampling period . 

0
0ˆ{ ( ) ,  1, , ,  1, , }N

j DD x k t R j N k N= Δ ∈ = =
0N

DN tΔ

Consider a parameterized class of linear structural models  used to model the 
dynamic behaviour of the structure and let  be the set of free structural model 
parameters to be identified using the measured response time histories. Let also 

, where  is the number of model 
degrees of freedom (DOF), be the predictions of the response time histories obtained 
from a model corresponding to a particular value of the parameter set . This is done 
by solving the equation of motion described in equation 

Μ
NR θ∈θ

{ ( ) ,  1, , ,  1, , }Nd
j d D

θ
(2.1) corresponding to the 

model mass, damping and stiffness matrices ,  and , respectively. ( )M θ ( )C θ ( )K θ
The objective of the structural identification methodology is to estimate the values of 
the parameter set  so that the response time histories 

 predicted by the linear class of 
models best matches, in some sense, the experimentally obtained time histories in . 

θ
{ ( ) ,  1, , ,  1, , }Nd
j dx k t R j N k NΔ ∈ = =

D

Equivalently with the previous case where modal data were the measured quantities, 
the measured response time histories data are grouped into n  groups. Each group may 
contain the response time history of each sensor. For the i th group, a norm , 

, is introduced to measure the residuals of the difference between the 
measured response time histories involved in the group and the corresponding response 
time histories predicted from the model class for a particular value of the parameter set 

. This difference is due to modeling and measurement errors, always present in 
structural identification problems. Specifically, the measure of fit  is given by 

( )iJ θ
01,...,i =

θ
( )iJ θ

  2
0

1

1 ˆ( ) [ ( ) ( ; )] ,     1, ,
DN

i i i
kD

J x k x k i
N =

= − =∑θ θ N , (2.19) 

The problem of identifying the model parameters values based on measured response 
time histories can also be formulated as multi-objective identification problem, in case 
of multiple groups, or as weighted least squares problem, where the multiple objectives 
are built up in a single objective using weighting factors. In Chapter 4, a Bayesian 
statistical methodology for estimating the optimal values of the weighting factors will 
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θ

n

be applied in the case where response time histories are available. The estimation of 
 involved in the measure ( ; )ix k θ (2.19) requires the solution of the non-linear set of 

differential equations governing the response of the non-linear structures. 

2.5.3 Grouping Schemes 

The selection of the response time histories that are involved in a group is based on 
user preference and may depend on the number, location and type (e.g. displacement, 
velocity or acceleration) of measurements, as well as the information contained in the 
measurements about the structural model parameters  to be identified. The user 
according to the purpose of the analysis selects the sensors assigned to each group. For 
example, responses that contain significant information about the local non-linear 
properties of the structure could be included in the same group. In this way the fit of 
the responses in this group can be traded-off with the fit in another group containing 
information for another set of local or global properties of the structure. 

θ

Among the various grouping schemes available, the following are considered for 
illustration purposes. A grouping scheme, referred to as grouping scheme A, is defined 
so that each group contains the response time history of each sensor. In this case, there 
are  measures of fit, where  is the number of sensors. The objective 

, measuring the fit between the i th measured response time history and the 
corresponding response time history predicted by a particular model , is given by 

0n N= 0N
( )iJ θ

θ
(2.19). This grouping scheme, allows one to estimate all optimal models that trade-off 
the fit in the response time histories at the measured DOFs. 

A second grouping scheme B may be defined by grouping the response time histories 
in such a way that each group contains data measured along the same direction. This 
case may contain three objectives: 

   (2.20) ( ) ( ) ( )( )( ) , ,vertical longitudinal lateralJ J JJ =θ θ θ

This grouping scheme is appropriate when the objective of the identification is to 
estimate all optimal models that trade-off the fit between the different measured 
directions. 

Obviously, the model updating techniques based on measured response time histories 
differ from the model updating techniques based on modal data only on the way the 
objective functions , , are determined. ( )iJ θ 1,...,i =

2.6 Conclusions 
This Chapter reviews the widely used weighted residuals (least-squares) method for 
structural model updating and presents the multi-objective identification method 
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recently proposed in the work by Haralampidis et al. (2005). The similarities between 
those two methods were addressed. The optimal structural model proposed by the 
weighted residuals method depends on the values of the weights used. The multi-
objective identification provides a set of acceptable Pareto optimal structural models. 
The set of all optimal models obtained by varying the values of the weights constitute, 
in general, a subset of Pareto optimal models obtained by the multi-objective 
identification. However, there may be extra Pareto optimal models that do not 
correspond to particular values of the weights. Haralampidis et al. (2005) has 
demonstrated that the variability in the set of Pareto optimal models results in 
significant variability in the prediction of the response and reliability from the Pareto 
optimal models. An important issue that arises is how to select a single optimal model 
out of the infinitely many Pareto optimal models for further use in data-driven 
prediction studies. 

Appropriate software was developed in order to automatically select structural model 
parameterization scheme as well to solve the optimization problem arising in model 
updating. Hybrid optimization methods, combining evolution strategies and gradient-
based methods were integrated into the software in order to improve the computational 
capabilities of the model updating method for reliably estimating the global optimal 
model from multiple local/global ones. 

 

 

 



 



3. A Bayesian Approach for 
Structural Parameter Estimation 

Using Modal Data 

3.1 Introduction 
A Bayesian statistical framework is used to address the problem of rationally 
estimating the optimal values of the weights in the weighted modal residuals method 
developed in Chapter 2, as well as estimating the corresponding optimal structural 
model, based on the measured modal data. The model class used to represent the 
structural behavior is considered to be linear. According to the Bayesian methodology, 
the uncertainty in the parameter values is quantified by probability distributions 
measuring the plausibility of each possible model in the model class introduced to 
represent structural behavior. Prediction errors, measuring the fit between the 
measured and the model predicted modal properties, are modeled by Gaussian 
distributions. Applying Bayesian statistical identification, it is shown that the optimal 
weight value for a group of modal properties is asymptotically, for large number of 
measured data, inversely proportional to the optimal value of the residuals of the modal 
group. A computationally efficient algorithm is proposed for simultaneously obtaining 
the optimal weight values and the corresponding optimal values of the structural 
parameters. The proposed method is referred to as the optimally weighted residuals 
method. The proposed framework is illustrated using simulated data from a multi-DOF 
spring-mass chain structure.  

3.2 Bayesian Parameter Estimation Utilizing Modal Data 
Let 0( ) ( )ˆ{ˆ , , 1, , , 1, , }k k N

r r DD R r m kω= ∈ = = Nφ  be the measured modal 
data from a structure, consisting of modal frequencies  and modeshape 
components 

( )ˆ krω
( )ˆ k
rφ  at  measured DOFs, where m  is the number of observed modes 

and  is the number of modal data sets available. Consider a parameterized class of 
linear structural models used to model the dynamic behavior of the structure and let 

0N
DN
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}

NR θ∈θ  be the set of free structural model parameters to be identified using the 
measured modal data. Let also , where  is 
the number of model degrees of freedom (DOF), be the predictions of the modal 
frequencies and modeshapes obtained for a particular value of the parameter set  by 
solving the eigenvalue problem corresponding to the model mass and stiffness matrices 

and , respectively. 

( ) ( ){ , , 1, ,dN
r r R r mω ∈ =θ φ θ dN

θ

( )M θ ( )K θ
The Bayesian approach to structural identification (Beck 1989; Beck and Katafygiotis 
1998) uses probability distributions to quantify the plausibility of each possible value 
of the model parameters . Using Bayes’ theorem, the updated (posterior) probability 
distribution  of the model parameters  based on the inclusion of the 
measured data D , the modeling assumptions Μ  and the value of a parameter set , 
is obtained as follows: 

θ
( | , , )p D Μθ σ θ

σ

  ( | , , )  ( | , , ) ( | , )p D c p D p=Μ Μ Mθ σ θ σ θ σ  (3.1) 

where  is the probability of observing the data from a model 
corresponding to a particular value of the parameter set  conditioned on the 
modeling assumptions Μ  and the value of , 

( | , , )p D θ σ Μ
θ

σ ( | , )p θ σ M  is the initial (prior) 
probability distribution of a model, and c  is a normalizing constant selected such that 
the PDF  integrates to one. Herein, the modeling assumptions  refer 
to the structural modeling assumptions as well as those used to derive the probability 
distributions  and the prior 

( | , , )p Dθ σ Μ Μ

( | , , )p D θ σ Μ ( | , )p θ σ M . The parameter set  
contains all parameters that need to be defined in order to completely specify the 
modeling assumptions Μ . The inclusion of this parameter set  in the analysis will 
become clear in the following paragraph. Measured data are accounted for in the 
updated estimates through the term , while any available prior 
information is reflected in the term 

σ

σ

( | , , )p D θ σ Μ
( | , )p θ σ M . From the experience is usually 

assumed ( | , ) π( )p constant= =θ σ θM . In order to simplify the notation, the 
dependence of the probability distributions on  is dropped in the analysis that 
follows. 

Μ

The form of  is derived by using a probability model 
for the prediction error vector , , defined as the 
difference between the measured modal quantities involved in D  for all  
modes and the corresponding modal quantities predicted from a model that 
corresponds to a particular value of the parameter set . Specifically, the prediction 
error  is given separately for the modal frequencies and the 
modeshapes by the prediction error equations: 

( | , , ) ( | , )p D p D≡Μθ σ θ σ
( ) ( ) ( )

1[ , ,k k
me e=e ]k N

]ke

r m

1, , Dk =
1, ,r m=

θ
( ) ( ) ( )[  k k
r r r

eω φ=e

   (3.2) ( ) ( )ˆ ( ), 1, ,
r

k k
r reω ω ω= − = …θ
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r m…                        (3.3) ( ) ( )
0

ˆ ( ), 1, , , 1, ,
jr

k k
jr jre j Nφ φ φ= − = =…θ

where  and ( )
r

keω
( )
jr

keφ  are respectively the prediction errors for the modal frequency and 
modeshape components of the r -th mode, ,  is the number of 
identified modes and  is the number of sensors. 

1, , Dk N= m

m

0N

In order to simplify the notation, equation (3.3) can be rewritten in the vector form 

  ( ) ( ) ( )
0

ˆ ( ) 1, ,k k k
r r rr

L rβ= − = …eφ φ φ θ  (3.4) 

where ( ) ( )ˆ /k k T T
r r r rβ = rφ φ φ φ  is a normalization constant that accounts for the 

different scaling between the measured and the predicted modeshape for given 
parameter set  and  is a  matrix (  is the total number of the model 
degrees of freedom) of ones and zeros that maps the model DOFs to the measured 
degrees of freedom. 

θ 0L 0 dN N× dN

Following the Bayesian methodology (Beck and Katafygiotis 1998, Katafygiotis et al. 
2000) the predictions errors are modeled by zero-mean Gaussian vector variables. 
Specifically, the prediction error  for the r -th modal frequency is assumed to be a 
zero mean Gaussian variable, 

r
e N , with standard deviation . 

The prediction error parameter 
r

 represents the fractional difference between the 
measured and the model predicted frequency of the r -th mode. The prediction error 
for the r -th truncated modeshape vector 

r
e  is also assumed to be zero mean 

Gaussian vector, 
r

e , with covariance matrix , where 

( )
r

keω
( ) 2 ( )2~ (0, ˆ )k k

rrω ωσ ω

R∈φ
k kN C0φ φ

N

( )ˆ krrω
σ ω

ωσ

( ) 0k N

( ) ( )~ ( , )
r

( ) 0 0k N N
r

C R ×∈φ
( , )Σμ  denotes the multidimensional normal distribution with mean μ  and 

covariance matrix Σ . In the analysis that follows, a diagonal covariance matrix 

0r r N
 is assumed, where 

2( ) 2 ( )ˆk
rC σ=φ φ φ k 2 2ˆ ˆ /k k

r r N=φ φ( ) ( )
00N
, ⋅  is the usual 

Euclidian norm and I  is the identity matrix. The prediction error parameter 
r

σφ  
represents the difference between the measured and the model predicted component of 
the -th modeshape relative to an average value r

0N
 of the modeshape 

components. The parameters 
r
 and 

r
σ

( )ˆ k
rφ

ωσ φ , represent the prediction error estimates of 
the measured modal frequencies and modeshapes involved in . D

3.3 Formulation for  Using the Gaussian Probability 
Distribution for Model Prediction Error 

( | ,p D θ σ )

In the analysis that follows, the parameter set  is taken to contain the parameters 

r
 and 

r

σ
ωσ σφ , . Given the values of the parameter set , assuming 

independence of the prediction errors  and using the Gaussian choice for the 
probability distribution of the prediction errors  and 

1, ,r = … m σ
( )k
re

( )
r

keω
( )k
r
eφ , the probability 

 of observing the data from a model within the class of models  is 
estimated as follow (Papadimitriou and Katafygiotis 2004): 
( | , )p D θ σ Μ
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( ) ( ) ( ) ( ) ( ) ( )
1 1

1 1 1

ˆ ˆ ˆ( | , ) (ˆ , , ˆ , , , | , ) (ˆ | , ) ( | , )
DN m m

k k k k k k
r m r r

k r r

p D p p pω ω ω
= = =

⎡ ⎤= = ⋅⎢ ⎥
⎢ ⎥⎣ ⎦

∏ ∏ ∏… …θ σ φ φ θ σ θ σ φ θ σ (3.5) 

Since  in equation ( )rω θ (3.2) is a deterministic quantity and the predictions errors 
 are modeled by zero-mean Gaussian scalar variables so that 

r r
, the measured modal frequencies  are also implied to be 

Gaussian variables, that is,  with mean  and 
variance 

r
. Therefore, the probability density function (PDF) of  involved 

in 

( )
r

keω
( ) 2 ( )2(0, ˆ )k k

re Nω ωσ ω∼
ˆr

k
rωσ ω

( )ˆ krω
( )( ) 2 ( )2ˆ ( ),

r

k k
r rN ωω ω σ ω∼ θ ( )rω θ

2 ( )2ˆ ( )ˆ krω
(3.5) given the values of  and , is given by θ σ

  ( )
( )( )2( )

( )
( ) 2 ( )2

ˆ1 1ˆ | , exp
2 ˆ 2 ˆ

k
r rk

r k
r rr r

p
ω ω

ω ω
ω

π σ ω σ ω

⎧ ⎫⎪ ⎪−⎪ ⎪⎪ ⎪= −⎨ ⎬⎪ ⎪⎪ ⎪⎪ ⎪⎩ ⎭

θθ σ k  (3.6) 

Equivalently, since ( )rφ θ  in equation (3.4) is a deterministic vector and the 
predictions errors ( )k

r
eφ  are modeled by zero-mean Gaussian vector variables so that 

r r
, the measured modeshape components ( ) ( )( , )k kN C0∼eφ φ

( )ˆ k
rφ  are also implied to be 

Gaussian vector variables, that is, 
r

(( ) ( )ˆ ( ), )k k
r rN C∼ φφ φ θ  with mean ( )rφ θ  and 

covariance matrix 
r

C ( )k
φ . In that case, the probability density function (PDF) of ( )ˆ k

rφ  
involved in (3.5) given the values of  and , is given by θ σ

  ( )
( ) 0

2( ) ( )
0( )

1 ( )2( )

ˆ ( )1 1ˆ | , exp
22 r

r

k k
r r rk

r N kk

L
p

CC

β

π

⎧ ⎫⎪ ⎪−⎪ ⎪⎪ ⎪= −⎨ ⎬⎪ ⎪⎪ ⎪⎪ ⎪⎩ ⎭φφ

φ φ θ
φ θ σ  (3.7) 

Using the diagonal covariance matrix ( )
r

kCφ  with diagonal elements 
0

22 ( )ˆ
r

k
r N

σφ φ  and 
substituting into (3.7), one has 

( )
( ) ( ) ( ) 000

00

2( ) ( )
0( )
22 ( )( )

ˆ ( )1 1ˆ | , exp
2 ˆˆ2 r

r

k k
r r rk

r NNN kk
rr NN

L
p

β
σπ σ

⎧ ⎫⎪ ⎪⎪ ⎪−⎪ ⎪= −⎨ ⎬⎪ ⎪⎪ ⎪⎪ ⎪⎩ ⎭φφ

φ φ θφ θ σ
φφ

 (3.8) 

By substituting equations (3.6) and (3.8) into equation (3.5), one derives that 
( )( )2( )

( ) 2 ( )2
1 1

ˆ1 1( | , ) exp
2 ˆ 2 ˆ

D

r r

kN m
r r

k k
k r r r

p D
ω ω

ω ω
π σ ω σ ω= =

⎧ ⎫⎪ ⎪−⎪ ⎪⎪ ⎪= − ×⎨ ⎬⎪ ⎪⎪ ⎪⎪ ⎪⎩ ⎭
∏∏ θθ σ

 

    
( ) ( ) ( ) 000

00

2( ) ( )
0

22 ( )( )1 1

ˆ ( )1 1exp
2 ˆˆ2

D

r
r

k kN m
r r r

NNN kkk r rr NN

Lβ
σπ σ= =

⎧ ⎫⎪ ⎪⎪ ⎪−⎪ ⎪× −⎨ ⎬⎪ ⎪⎪ ⎪⎪ ⎪⎩ ⎭
∏∏

φφ

φ φ θ
φφ

 (3.9) 

which successively simplifies to 
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( ) ( )
( )( )2( )

2 ( )2
( ) 1 1

1 1 1

ˆ1 1 1( | , ) exp
2 ˆ2 ˆ

D

D
DD

r
r

kNm
r r

N m m kNmN k r k r
r

k r r

p D
ω

ω

ω ω
σ ωπ ω σ = =

= = =

⎧ ⎫⎪ ⎪−⎪ ⎪⎪ ⎪= − ×⎨ ⎬⎪ ⎪⎪ ⎪⎪ ⎪⎩ ⎭
∑ ∑

∏∏ ∏
θθ σ  

( ) ( ) ( )0 00

0
0

2( )
0
22 ( )( ) 1 1

1 1 1

ˆ ( )1 1 1exp
2 ˆˆ2

D

D
DD

r
r

kNm
r r r

N m mN kN NmN N k r k r Nr N
k r r

Lβ
σπ σ = =

= = =

⎧ ⎫⎪ ⎪⎪ ⎪−⎪ ⎪× −⎨ ⎬⎪ ⎪⎪ ⎪⎪ ⎪⎩ ⎭
∑ ∑

∏∏ ∏ φ
φ

φ φ θ
φφ

 

and  

( ) ( ) ( )00
0

0

( 1) ( ) ( )

1 1 1

1( | , )
ˆ2 ˆ

D
D

D D

r r

N m mNm N N k k N N N
r r N

k r r

p D

ωπ ω σ σ
+

= = =

= ×
∏∏ ∏ φ

θ σ
φ

 

       
( )( )

0

22( ) ( )
0
22 ( )2 2 ( )

1 1 1

ˆˆ ( )1 1 1exp
2 ˆ ˆ

D D

r r

k kN Nm
r r r r r

k k
r k kr r N

L

ω

ω ω β
σ ω σ= = =

⎧ ⎫⎪ ⎪⎪ ⎪− −⎪ ⎪× − +⎨ ⎬⎪ ⎪⎪ ⎪⎪ ⎪⎩ ⎭
∑ ∑ ∑

φ

θ φ φ θ
φ

 (3.10) 

Equation (3.10) can be rewritten in the form 

  
( ) {1( | , ) exp ( ; )

22 ( )D

D
DNN

NNp D J
b π ρ
= −θ σ θ σ

σ }  (3.11) 

where   2
1

( ; ) ( )
n

i
D

i i

J α
σ=

=∑θ σ θiJ

m

)
n

iα =∑

 (3.12) 

with , , , , represents the 
weighted measure of fit between the measured modal data and modal data predicted by 
a particular model within the selected model class,  and  are defined in  
(2.11) and (2.12), respectively, 

( ) ( )
iiJ Jω=θ θ ( ) ( )

im iJ J+ = φθ θ 1,...,i m= 2n =

( )
i
Jω θ ( )

i
Jφ θ

   (3.13) ( )
1

( ) i D
n

NN
i

i

αρ σ
=

=∏σ

is a function of the prediction error parameters ,  is the number of 
measured data per modal set, and , , 
satisfying 

1i =
, represent the number of data contained in each modal group in 

relation to the total number  of data, and 

σ ( 0 1N m N= +
1/r Nα = 0/m r N Nα + = 1, ,r m= …

1
N

  ( )0
0

( ) ( )

1 1

ˆˆ
DN m Nk k

r r N
k r

b cω
= =

= = =∏∏ φ constant  (3.14) 
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m
N m

N

m N

In grouping scheme B is assumed that the prediction error parameters , 
, are the same for all the modal frequencies for each data set 
 and that , , are the same for all modeshapes for 

each data set . In this case, , the prediction error parameters are 
, the two measures of fit are given by (2.12) and (2.13), respectively, and 

the exponents  appearing in 

1rω
σ σ=

1, ,r = …
1, , Dk = 2r

σ σ=φ 1, ,r = …
1, , Dk = 2n=

1 2( , )σ σ=σ
iα (3.13) are given by  and . 1 /m Nα = 2 0/mN Nα =

Similarly, in grouping scheme C is assumed that the prediction error parameter of the 
modal frequency and the modeshape for the r -th mode are the same, i.e. 

r r
,  for each data set .. In this case, n , the 

prediction error parameters are , the measures of fit are given by 
(2.14), and the exponents  appearing in 

rωσ σ σ= =φ 1, ,r = … 1, , Dk = m=
1( , , )mσ σ= …σ

iα (3.13) are given by . 0( 1)/i N Nα = +

3.4 Optimal Value of Structural Model Parameter given the 
Prediction Error Parameters 

Given the values of the prediction error parameters , the optimal value of the model 
parameter set  corresponds to the most probable model maximizing the updated PDF 

 given in 

σ
θ

( | , , )p Dθ σ Μ (3.1). In particular, using (3.11) and assuming a non-
informative prior distribution ( | , ) ( )p constantπ= = ∀ ∈θ σ θ θM Θ , where  
is the domain of definition of , the optimal values  of the model parameters  are 
equivalently obtained by minimizing the measure of fit  defined in 

Θ
θ θ̂ θ

( ; )DJ θ σ (3.12), i.e. 

   (3.15) (̂ ) argmin ( ; )DJ=
θ

θ σ θ σ

The notation  is used to show that the optimal value  depends on the values of 
the prediction error parameter set . 

(̂ )θ σ θ̂
σ

3.5 Relation Between Weighting Set w  and Prediction Error 
Parameter set  σ

It should be noted that the overall measure of fit  between the experimental 
and model predicted modal data is constructed as a weighted sum of the individual 
measures of fit for each group of modal properties involved in the data set D , with the 
weights to be inversely proportional to the squares of the prediction error parameters. 

( ; )DJ θ σ

Comparing  and  given in ( ; )DJ θ σ ( ; )J θ w (3.12) and (2.18), it is clear that they are 
exactly the same, provided that the weights  are chosen to be inversely proportional 
to the prediction error parameters , i.e. 

iw
2
iσ

  2
i

i
i

w α
σ

=      and      (3.16) 2( ; / ) ( ; )DJ J=θ α σ θ σ
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2where the vector notation  was introduced in 2 2

1 1/ ( / ,..., / )n nα σ α σ=α σ (3.16) for 
convenience. Thus, the problem of estimating the weight values in the weighted 
residuals metric defined in (2.18) is equivalent to the problem of estimating the 
prediction error parameters in the Bayesian formulation. 

3.6 Probability Distribution of Prediction Error Parameter Values 
Utilizing Modal Data 

In previous studies, the values of the prediction error parameters  
have either been assumed or estimated by analyzing the statistics of multiple sets of 
measured data (Vanik et al. 2000). However, the latter approach, although it considers 
measurement error, it does not take into account modeling error in the selection of the 
values of the prediction error parameters. In addition it requires that multiple sets of 
measured data are available which is not always the case in structural identification. 
The Bayesian framework is next extended to rationally estimate the optimal values of 
the prediction error parameters  and the weights w  from the available measured 
data D , taking into account modeling error and measurement noise. 

1( , , )nσ σ= …σ

σ

According to Bayes’ theorem, the posterior probability distribution  of the 
prediction error parameters , based on the inclusion of the measured data D , is given 
by the following equation 

( | )p Dσ
σ

  
( | ) ( )

( | )
( )

p D p
p D

p D
=

σ σ
σ  (3.17) 

where 

( | )p D σ  is the probability of observing the data from the model class , 
corresponding to a particular value of the prediction error parameters . 

Μ
σ

( )p σ   is the initial (prior) probability distribution of the prediction error 
parameters  based on engineering judgment before the collection of data 
and it is usually assumed uniform. In this analysis . Any 
available prior information is reflected in this term. 

σ
( ) ( )p π=σ σ

( )p D   is a normalizing constant given by ( ) ( ) ( )p D d p D | dπ= = ∫ σ σ σ  so 
that the probability density function  integrates to one. ( | )p Dσ

Considering the properties derived for three events a ,  and c , by the total 
probability theorem 

b

   (3.18) ( | ) ( , | ) d ( | , ) ( | ) dp a c p a b c b p a b c p b c b= =∫ ∫
the factor  is given by ( | )p D σ
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θ   (3.19) ( | ) ( , | ) d ( | , ) ( | ) dp D p D p D p
Θ Θ

= =∫ ∫σ θ σ θ θ σ θ σ

where, assuming that the prior probability distribution  is 
independent of , one has 

( | ) ( )p π=θ σ θ
σ

  ( | ) ( | , ) ( ) dp D p D π
Θ

= ∫σ θ σ θ θ  (3.20) 

By replacing  in ( | , )p D θ σ (3.20) by the expression given in (3.11), one has 

 
( ) { }1( | ) exp ( ; ) ( ) d

22 ( )D

D
DNN

NNp D J
b

π
π ρΘ

= −∫σ θ
σ

σ θ θ  (3.21) 

and then by substituting (3.21) into (3.17), the  simplifies to ( | )p Dσ

 
( ) { }( )( | ) ( ) exp 0.5 ( ; ) d

2 ( )D D DNNp D NN J
d b

π π
π ρ Θ

= −∫σσ θ
σ

θ σ θ  (3.22) 

The optimal value  of the prediction error parameter set  given the data D  is the 
one that maximizes the function . However, in order to compute the value of 
the function  for given , one needs to estimate a multi-dimensional 
integral over the parameter space . This makes the approach computationally very 
demanding and in most cases inefficient.  

σ̂ σ
( | )p Dσ

( | )p Dσ σ
Θ

In the following sections, two approaches for estimating the optimal parameter set  
are presented. Firstly, asymptotic approximations are introduced to approximate 
analytically the integral in 

σ̂

(3.22) and, thus, provide a more efficient algorithm for 
finding the PDF  and the optimal value  of the parameter set . 
Secondly, optimality conditions in 

( | )p Dσ σ̂ σ
(3.22) are applied with respect to the elements of  

and so the conditions that the optimal  should satisfy can be derived. The 
multidimensional integrals resulted by this analysis, are also calculated using 
asymptotic approximations. 

σ
σ̂

3.6.1 Algorithm I–Approximation for  ( | )p Dσ
An asymptotic approximation valid for large number of data ( )  is 
introduced to give a useful estimate of the integral in 

DN N→∞
(3.22). Specifically, for a twice-

differentiable function  and a continuous function , the following 
asymptotic approximation for the Laplace type integral (Bleistein and Handelsman 
1986; Papadimitriou et al. 1997; Papadimitriou 2004) holds: 

( )f θ ( )g θ
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2

2
ˆ ˆ( ) exp ( )

( ) exp ( ) d (2 )
ˆ( )

N
g f

g f
H

θ
β

β π
⎡ ⎤−⎢ ⎥⎣ ⎦⎡ ⎤−⎣ ⎦∫ ∼

θ θ
θ θ θ

θ
    as β  (3.23) → ∞

where  is the value of  that globally minimizes , that is 
θ

, 
 is the Hessian of the function  and 
θ̂ θ ( )f θ ˆ argmin ( )f=θ θ

( )H θ 2 ( )fβ− θ ( )H θ  denotes the determinant of 
the matrix , for which  ( )H θ

  
2 2

2 2

ˆ ˆ

( )ˆ( ) ( )ij
i j i j

fH fβ β
θ θ θ θ

= =

∂ ∂⎡ ⎤= + = +⎣ ⎦∂ ∂ ∂ ∂
θ θ θ θ

θθ θ  (3.24) 

The integral in (3.22) is of the Laplace type (3.23) with , 
 and . Therefore, as , i.e. for large 

number of data, the asymptotic approximation 

( ) ( )g π=θ θ
( ) ( ; )Df J=θ θ σ 2 0.5 DNNβ = DNN → ∞

(3.23) can be applied for the integral in 
(3.22) to yield 

 
( ) ( ){ }

( )
0

ˆ ˆ( )exp 0.5 ( ;( )( | ) (2 )
( ) ˆ( ; )

D DN

D

NN J
p D c

H
θ

πππ
ρ

−
∼

θ σ θ σ σσσ
σ θ σ σ

)

)

 (3.25) 

where  is the value that minimizes the function  with respect to  for 
given value of , that is,  is given by 

( )θ̂ σ ( ; )DJ θ σ θ
σ ( )θ̂ σ (3.15). Also, is the 

Hessian of the function  evaluated at , and 
( )ˆ( ;DH θ σ σ

0.5 ( ; )D DNN J θ σ ( )θ̂ σ
( )1

0 2 Dc d b π− =
NN

. 

Assuming that the prior distributions  and  are non-informative uniform 
distributions over the domain of variation of the structural parameter set  and the 
prediction error parameter set , respectively, one may set  and 

 in 

( )π θ ( )π σ
θ

σ ( ) c constantπ = =θθ
( ) c constantπ = =σσ (3.25). The optimal value  of the prediction error parameter 

set  is the one that maximizes  in 
σ̂

σ ( | )p Dσ (3.25) or, equivalently, the one that 
minimizes the function 

  ( ) ln ( | )DG p D κ= − +σ σ

              ( ) ( )
1ˆ ˆ( ; ) ln ( ) ln ( ;

2 2
D

D D
NN J Hρ= + +θ σ σ σ θ σ σ )

π

 (3.26) 

where  is a constant that does not affect the selection of 
the optimal value  of the prediction error parameters. The optimization can readily 
be carried out numerically using any available algorithm for optimizing a nonlinear 
function of several variables. It should be noted that in evaluating the objective 

0ln( ) ln(2 )c c c N θκ = +θ σ
σ̂
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function  for given value of , an internal minimization problem is involved 
for finding  from 

( )DG σ σ
( )θ̂ σ (3.15). 

3.6.2 Algorithm II – Optimal Value of  or w  σ
Alternatively, applying the optimality conditions in (3.17) with respect to the elements 
of , one can derive the conditions that the optimal  should satisfy. Specifically, 
the optimality conditions for  yield the following system of equations for  
which are satisfied for the optimal : 

σ σ̂
( | )p Dσ σ

σ̂

  
ˆ

( | ) 0
i

p D
σ

∂ =
∂ σ=σ

σ
 (3.27) 

for . By substituting  in equation 1, ,i = … n ( | )p D σ (3.17) with the expression 
given in (3.19), assuming a prior probability distribution  that is 
independent of , a non-informative constant prior distribution , equation 

( | ) ( )p π=θ σ θ
σ ( ) cσπ =σ

(3.27) takes the form 

  
ˆ

( | ) ( )
0

i

p D

d

π
σ

⎡ ⎤∂ ⎢ =⎢∂ ⎢ ⎥
⎥
⎥

⎣ ⎦σ=σ

σ σ
 (3.28) 

which gives 

  
ˆ

( | , ) ( | ) d ( )
0

i

p D p

d

π

σ
Θ∂ =

∂

∫
σ=σ

θ σ θ σ θ σ
 (3.29) 

or, equivalently, 

  
ˆ

( | , ) ( )d 0
i

p D π
σΘ

⎡ ⎤∂⎢ =
⎢ ⎥∂⎣ ⎦
∫

σ=σ

θ σ θ θ ⎥

n

 (3.30) 

Substituting  in the over mentioned expression with the one defined in ( | , )p D θ σ
(3.11), differentiating  with respect to  and using that the scalar variable 
in 

( | , )p D θ σ iσ
(3.13)  has the properties  ( )

1

( ) i DNN
i

i

αρ σ
=

=∏σ

  
( )d 1 1

d ( ) ( )
i D

j j

NNα
σ ρ ρ σ

⎡ ⎤ −⎢ ⎥ =⎢ ⎥⎣ ⎦σ σ
 (3.31) 

one has at   ˆ=σ σ
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( ) { }
( )

( ) { }4

1 exp ( ; )
2

1 1 2 exp ( ; ) 0
2 2

D
D

i

i i D D
i D

i

NN J d

NN NNJ J

σ ρ

σ α
ρ σ

Θ

Θ

⎡ ⎤∂ ⎢ ⎥ − −⎢ ⎥∂ ⎣ ⎦
⎛ ⎞− ⎟⎜ ⎟− − =⎜ ⎟⎜ ⎟⎜⎝ ⎠

∫

∫

θ σ θ
σ

θ θ σ
σ

dθ
 (3.32) 

or equivalently,  

( ) { }
( ) { }3

1 exp ( ; )
2

1 ( )exp ( ; ) 0
2

i D D
D

i

i D D
i D

i

NN NN J d

NN NNJ J

α
ρ σ

α
ρ σ

Θ

Θ

− − +

+ ⋅ − =

∫

∫

θ σ θ
σ

θ θ σ
σ

dθ
 (3.33) 

Simplifying and by rearranging the terms, the following result for the optimal  is 
obtained 

σ̂

{ } { }2

1 ˆexp ( ; ) ( )exp ( ; )
2 2
D D
D i D

i

NN NNJ d J J
σΘ Θ

− = −∫ ∫θ σ θ θ θ σ dθ      at  (3.34) ˆ=σ σ

σ

For easy handling of equation (3.34) the first integral is called  and the second . 
Both integrals are Laplace-type integrals. The first one is a Laplace-type integral of the 
form 

1I 2I

(3.23) with ,  and ( ) 1g =θ ( ) ( ; )Df J=θ θ 2 2DNNβ = . Applying the 
asymptotic approximation valid for large number of data, , it takes the 
form 

DNN → ∞

  ( )
( ){ }

( )
1

ˆexp ( );
22

(̂ );

D
DN

D

NN J
I

H

θπ
−

∼
θ σ σ

θ σ σ
 (3.35) 

The second one is a Laplace-type integral with , , ( ) ( )jg J=θ θ ( ) ( ; )Df J=θ θ σ
2 2DNNβ = . Applying an asymptotic approximation valid for large number of data, 

, it takes the form DNN → ∞

  ( )
( ) ( ){ }

( )
2

ˆ ˆ( ) exp ( );
22
(̂ );

D
j DN

D

NNJ J
I

H

θπ
−

∼
θ σ θ σ σ

θ σ σ
 (3.36) 

where for both approximations   

   (3.37) (̂ ) argmin ( ; )DJ=
θ

θ σ θ σ
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and 

  
2 ( ; )( ; )

2
D D

ij
i j

NN JH
θ θ

∂=
∂ ∂

θ σθ σ  (3.38) 

Substituting the asymptotic approximations (3.35) and (3.36) for the integrals  and 
 in equation 

1I
2I (3.34), one readily derives that the optimal values  of the parameter 

set  satisfies the set of nonlinear algebraic equations 
σ̂

σ

   (3.39) ( )2 (̂ ) , 1,...,2i iJ iσ = =θ σ m

)ˆ

σ

where  is given by (̂ )θ σ (3.15). The result (3.39) indicates that the optimal value 
 of the prediction error variance  for the i -th modal group 

involved in the data is the optimal residual value between the data involved in the i -th 
group and the prediction from the optimal model corresponding to the value 

. 

(2 ˆˆ ( )i iJσ = θ σ 2
iσ

( )ˆ ˆ ˆopt ≡θ θ
Using (3.16) and (3.39) the optimal weights in (2.18) are given by  

  
( )

ˆ , 1,...
ˆ
i

i

i opt

w i
J

α= =
θ

,2m

θ w

 (3.40) 

while the optimal value  which minimizes , also minimizes the 
optimally weighted residuals  in (2.18), that is,  where 

( )ˆ ˆ ˆopt ≡θ θ σ ˆ( ; )DJ θ σ
ˆ( ; )DJ θ w ( )ˆ ˆ ˆopt ≡θ θ w

   (3.41) (̂ ) argmin ( ; )DJ=
θ

θ w

It should be noted that the optimal values  and  are obtained by 
simultaneously solving 

σ̂ ( )ˆ ˆ ˆopt ≡θ θ σ
(3.39) and (3.15) with respect to  and . Equivalently, the 

optimal values  and  are obtained by simultaneously solving 
σ θ

ŵ ( )ˆ ˆ ˆopt ≡θ θ w

  
( )( )

ˆ , 1,...,2
ˆ
i

i
i

w i
J

α= =
θ w

m

J θ

θ

 (3.42) 

and equation (3.41) with respect to w  and . It can be shown that both problems are 
equivalent to the problem of finding  that minimizes the objective function 

θ
ôptθ

   (3.43) 
1

( ) ln ( )
n

i i
i

I α
=

= ∑θ

i.e 

   (3.44) ˆ argmin ( )I=
θ

θ
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)t
with respect the parameter set  and then computing the optimal  from 

 or the optimal  from . This can be readily 
verified by noting that the optimality conditions 

θ σ̂
2 ˆˆ (i i opJσ = θ ŵ ˆˆ / ( )i i i optw Jα= θ

( ) 0
optθ , for the objective 

function , where  is the gradient with respect to , are exactly the same as 
the optimality conditions 

I∇ =θ =θθ
( )I θ ∇θ θ

ˆ( )
( ; ) 0DJ∇ =θ θ=θ σθ σ  for (3.15) with  replaced by the 

optimal . 

2σ
2 ˆˆ ( )i i opJσ = θ t

i

D

Summarizing, the aforementioned analysis states that the optimal values  obtained 
by minimizing (2.18) using the optimal weight values  or by 

ôptθ
2ˆ ˆ/i iw α σ= (3.15) using 

the optimal prediction error parameter values , can equivalently be obtained by 
minimizing the objective function 

2
îσ

(3.43) which does not require information from the 
weights w  or the prediction error parameters . σ
The optimization of  with respect to  can readily be carried out numerically 
using any available algorithm for optimizing a nonlinear function of several variables. 
Comparing the computational time involved in Algorithms I and II, it is worth noting 
that for Algorithm I, each function evaluation involved in the optimization of the 
objective  with respect to the prediction error parameters  requires the 
solution of an inner optimization problem 

( )I θ θ

( )DG σ σ
(3.15) for minimizing the measure of fit 

 with respect to the parameter set  given the current value of . However, 
Algorithm II involves a single optimization of  and thus, it is computationally 
much more efficient than Algorithm I. It will be demonstrated in the numerical 
examples that for sufficiently large number of data, the two algorithms converge to the 
same value. 

( ; )DJ θ σ θ σ
( )I θ

3.7 Estimation of Marginal  and Optimal Values of 
Structural Model Parameters 

( | )p Dθ

Using Bayes’ theorem, the posterior probability distribution of  and  given the 
data D  is 

θ σ

   (3.45) 1( , | ) ( | , ) ( , )p D c p D π=θ σ θ σ θ σ

where  is the prior joint probability distribution of  and . Substituting 
 from 

( , )π θ σ θ σ
( | , )p D θ σ (3.11) and assuming that  and  are independent prior to the 

collection of the data i.e. , the joint posterior probability 
distribution  of the structural model parameter  and the prediction error 
parameters  is given by 

θ σ
( , ) ( ) ( )θ σπ π π=θ σ θ σ

( , | )p θ σ θ
σ

  { }2
1( , | ) exp ( ; ) ( ) ( )
( ) 2

D
D

NNp D c J θ σπ π
ρ

= −θ σ θ σ θ σ
σ

 (3.46) 
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D

σ

D

The marginal distribution  of the structural model parameters , taking into 
account the uncertainty in , is obtained by integrating  over the 
parameters  as follows 

( | )p Dθ θ
σ ( , | )p θ σ

σ

   (3.47) ( | ) ( , | ) dp D p D
Σ

= ∫θ θ σ

where is the domain of definition of the parameter set  with . Σ σ [0, )iσ ∈ ∞

Substituting  from ( , | )p θ σ (3.46) results in  

  { }2
( )( | ) exp ( ; ) ( )
( ) 2

D
D

NNp D c J dσ
θ

π π
ρΣ

= −∫ σθ θ
σ

σ σ θ

n

σ ]constant cπ σ σ= ∀ ∈ 1i=

 (3.48) 

Next it is assumed that the elements of  are independent prior to the collection of 
data and  is a non-informative prior distribution for the parameter set , with 

 and  when α . 

σ
( )π σ σ

1
Substituting  and  from 

( ) ( )i
i

π π
=

=∏σ [( ) 0,i i i

( ; )DJ θ σ ( )ρ σ (3.12) and (3.13) respectively and rearranging 
terms in equation (3.48), one has 

  2 201

1( | ) exp ( ) ( )
2i D

n
i D

i iNN
i i i

NNp D c J d θα
α σ π

σ σ
∞

=

⎧ ⎫⎪ ⎪⎪ ⎪= −⎨ ⎬⎪ ⎪⎪ ⎪⎩ ⎭
∏∫θ θ θ  (3.49) 

Note that the integrals can be evaluated analytically using the following expressions: 

  
1

2
20

1 1exp
2 2

d
α

α βσ σ β
σ

−∞ −− ⎡ ⎤ ⎛ − ⎞⎟⎜− = Γ⎢ ⎥ ⎟⎜ ⎟⎝⎢ ⎥⎣ ⎦∫ α
⎠        for  (3.50) 1α>

and 

  1
2 20

1exp 0,
2

g

incd
c

β βσ σ
σ

− ⎡ ⎤ ⎛ ⎟⎜− = Γ⎢ ⎥ ⎟⎜ ⎟⎜⎝⎢ ⎥⎣ ⎦∫ ⎞
⎠

dt

D

                for  (3.51) 1α=

where 

           and               (3.52) ( ) 1, a t
inc

z

a z t e dt
∞

− −Γ = ∫ ( ) 10, t
inc

z

z t e
∞

− −Γ = ∫
and g  is large number. 

Two cases, depending on the value of , are next considered separately. For 
, equation 

iNNα
1i DNNα > (3.49) takes the form 
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  [ ] ( )
1

2
3

1

( | ) ( )
i DNN

n

i
i

p D c J
α

θπ
⎛ ⎞− ⎟⎜− ⎟⎜ ⎟⎜⎝ ⎠

=
= ∏θ θ θ  (3.53) 

where  is a normalizing constant selected such that the  integrates to one. 3c ( | )p Dθ
For , equation 1i DNN iα = ∀ (3.49) takes the form 

  3 2
1

( )( | ) 0,
2

n
i

inc
i i

Jp D c
g=

⎛ ⎞⎟⎜ ⎟= Γ ⎜ ⎟⎜ ⎟⎜⎝ ⎠∏ θθ  (3.54) 

where  is a large number. ig

For any value of , including  one can write that  0i DNNα > 1,i DNNα =

   (3.55) [3
1

( | ) ( )
n

i
i

p D c F
=

= ∏θ ]θ

where 

  [ ]
1

2( ) ( )
i DNN

i iF J
α −−=θ θ                for  (3.56) 1i DNNα >

and 

  2

( )( ) 0,
2
i

i inc
i

JF
g

⎛ ⎞⎟⎜= Γ ⎟⎜ ⎟⎟⎜⎝ ⎠
θθ               for  (3.57) 1i DNNα =

Introducing the index sets  and  such that for any  and for 
any , equation 

1S 2S 1 1i Di S NNα∈ ⇒ >

2 1i Di S NNα∈ ⇒ = (3.55) can be written in the general form: 

  ( )

1 2

0.5 1
3 2

( )( | ) ( ) 0,
2

i DNN i
i inc

i S i S i

Jp D c J
g

α− −

∈ ∈

⎛ ⎞⎟⎜= Γ ⎟⎜ ⎟⎟⎜⎝ ⎠∏ ∏ θθ θ  (3.58) 

Asymptotically for large number of data so that   in 0.5( 1)i DNNα − → 0.5 iNNα D

(3.58),  is an empty set and the relation between  and , given in 2S ( | )p Dθ ( )I θ
(3.43) is 

  ( )
0( | ) exp 0.5 Dp D c NN I⎡ ⎤−⎢ ⎥⎣ ⎦∼θ θ  (3.59) 

where  was introduced in ( )I θ (3.43). 

The most probable value  are next obtained with two ways, either by solving an 
optimization problem or by applying optimality conditions for  at the most 
probable value . 

θ̂
( | )p Dθ

θ̂
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θ

3.7.1 Estimation of θ̂  by Solving an Optimization Problem 

The most probable value  of the structural model parameters is obtained as the one 
that maximizes , i.e. 

θ̂
( | )p Dθ

   (3.60) ˆ argmax ( | )p D=
θ

θ

or, equivalently, minimizes , i.e. ln ( | )p D− θ

  [ ]
1

ˆ argmin ln ( | ) argmin ln ( )
n

i
i

p D F
=

⎡ ⎤= − = −⎢ ⎥
⎢ ⎥⎣ ⎦
∑

θ θ
θ θ θ  (3.61) 

where  

  
1

ln ( | ) ln ( )
n

i
i

p D F
=

− = −∑θ θ

  
1 2

2
S S

1 (ln ( ) ln 0,
2 2

i D i
i inc

i i i

NN JJ
g

α
∈ ∈

⎛ ⎞⎛ ⎞− ⎟⎟ ⎜⎜= − Γ ⎟⎟ ⎜⎜ ⎟⎜ ⎟⎝ ⎠ ⎟⎜⎝ ⎠∑ ∑ θθ )

1i D i DNN NNα α− → 2S
( | )p Dθ

 (3.62) 

where  for  and   for . It should be noted that 
asymptotically for large number of data so that ,  is an empty 
set and the optimal model given by maximizing the marginal distribution  in 

1i DNNα > 1Si∈ 1i DNNα = 2Si∈

(3.60) and (3.62) is exactly the same as the optimal model given by (3.44). 

3.7.2 Estimation of θ̂  by Applying Optimality Conditions 

Alternatively, the most probable value  is obtained by applying optimality conditions 
for . So 

θ̂
( | )p Dθ

  [ ]
ˆ

ln ( | ) 0
j

p D
θ

=

⎡ ⎤∂⎢ ⎥− =⎢ ⎥∂⎢ ⎥⎣ ⎦θ θ

θ  (3.63) 

which gives 

  
1 2

2
S S

1 (ln ( ) ln 0, 0
2 2

i D i
i inc

i ij i

NN JJ
g

α
θ ∈ ∈

⎡ ⎤⎛ ⎞⎛ ⎞∂ − ⎟⎟ ⎜⎜⎢ ⎥− Γ =⎟⎟ ⎜⎜ ⎟⎜ ⎟⎝ ⎠ ⎟⎢ ⎥⎜∂ ⎝ ⎠⎣ ⎦
∑ ∑ θθ )

 (3.64) 

or 
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1 2

2

S S
2

( )0,
21 1 ( ) 1 0

( )2 ( ) 0,
2

i
inc

ii D i

ii ii j j
inc

i

J
gNN J

JJ
g

α
θ θ∈ ∈

⎛ ⎞⎟⎜∂Γ ⎟⎜ ⎟⎟⎜⎛ ⎞− ∂ ⎝ ⎠⎟⎜ − =⎟⎜ ⎟⎜⎝ ⎠ ⎛ ⎞∂ ∂⎟⎜Γ ⎟⎜ ⎟⎟⎜⎝ ⎠

∑ ∑
θ

θ
θθ

 (3.65) 

Using the definition of gamma function,  as: (0, )zΓ

   (3.66) 1 1(0, )
z

z t e
∞

− −Γ = ∂∫ t

and the fact that 

  1(0, ) zz z e
z

− −∂Γ =−
∂

 (3.67) 

one readily derives that 

  
2
( )12

2 2

( )0,
2 ( ) 1 ( )

2 2

i

i

i
Jinc

i gi

j i i

J
c J Je

c cθ θ

− −

⎛ ⎞⎟⎜∂Γ ⎟⎜ ⎟⎟⎜ ⎡ ⎤ ∂⎝ ⎠ = −⎢ ⎥ =
⎢ ⎥∂ ∂

i

j⎣ ⎦

θ
θ

θ θ
  

              
2

( )
21 (

( )

i

i

J
g i

i j

Je
J θ

− ∂= −
∂

θ θ
θ

)
 (3.68) 

Substituting equation (3.68) into equation (3.65), for = , θ θ̂ (3.65) takes the form: 

  
2

1 2

ˆ( )
2

S S

ˆ ˆ1 1 ( ) 1 ( ) 0ˆ ˆ2 ( ) ( )

i

i

J
gi D i i

i ij ji i

NN J Je
J J

α
θ θ

−

∈ ∈

⎛ ⎞− ∂ ∂⎟⎜ + =⎟⎜ ⎟⎜⎝ ⎠ ∂ ∂∑ ∑
θθ θ

θ θ
 (3.69) 

Assuming that ˆ( )i i ig Jρ= θ , where  is also a large number, equation iρ (3.69) takes 
the form  

  
2

1 2

1
2

S S

ˆ ˆ1 1 ( ) ( ) 0ˆ ˆ2 ( ) ( )

i
i D i i

i ij ji i

NN J e J
J J

ρα
θ θ

−

∈ ∈

⎛ ⎞− ∂ ∂⎟⎜ + =⎟⎜ ⎟⎜⎝ ⎠ ∂ ∂∑ ∑θ
θ θ

θ
 (3.70) 

It should be noted that for  large, iρ
2

1
2 1ie ρ

−
≈ . In that case, applying the optimality 

conditions one has: 

  
1 2S S

ˆ ˆ1 1 ( ) 1 ( ) 0ˆ ˆ2 ( ) ( )
i D i i

i ij ji i

NN J J
J J

α
θ θ∈ ∈

⎛ ⎞− ∂ ∂⎟⎜ + =⎟⎜ ⎟⎜⎝ ⎠ ∂ ∂∑ ∑θ θ
θ θ

 (3.71) 
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Thus, the problem of estimating the most probable value  of parameter set  can be 
formulated as follows. Find  that minimizes the general function 

θ̂ θ
θ̂

  [ ]
1 2

1
2

S S

( ) ln ( ) ln ( )
i DNN

i
i i

h J
α −

∈ ∈

= +∑ ∑θ θ iJ θ

]θ

N

 (3.72) 

since at the minimum equation (3.71) holds. Equivalently, one can write that  

   (3.73) [ˆ argmin ( )h=
θ

θ

Asymptotically for large number of data,  is an empty set and the optimal model by 2S
(3.73) is exactly the same as the optimal model given by (3.44) and the optimal model 
given by maximizing the marginal distribution PDF  in ( | )p Dθ (3.60). 

3.8 Numerical examples 
Numerical examples are given next to illustrate the theoretical issues. Consider a 
structure represented by a -DOF chain-like spring-mass model, shown in Figure 
3.1, with one end of the chain fixed and the other end free. The model could be thought 
of representing the behavior of a -floor shear-type building. The nominal model of 
the structure is assumed to have mass and stiffness properties that are uniformly 
distributed along the chain, i.e.  and , . The values of 

and  are selected such that the lowest modal frequency of the structure is equal 
to 1.0 Hz. 

dN

dN

0ik k= 0im m= 1, , di =
0k 0m

 

   

1k
 

2k DNk
1DNm − DNm1m 2m

 
Figure 3.1. - DOF spring-mass model. dN

For demonstration purposes, measured modal data ( )ˆ k
rω  and ( )ˆ k

rφ  are simulated by 
computing the modal frequencies  and modeshape components  from the 
nominal model and then adding Gaussian noise in order to simulate the effects of 
measurement noise and modeling error. This added noise is simulated for the r th 
modal frequency and modeshape from the normal distributions 

r r
 and 

,r nomω ,r nomφ

2 2
,( , )r nomN ω ωμ ε ω

0

2

r N
, respectively, where 2

,( , )r nomN Iφε0 φ I  is the identity matrix. The magnitude of 
the model error and measurement noise is controlled by the values of the mean 

rω
μ  

and the standard deviation parameters 
rω

ε  and 
rφ

ε . Multiple sets of measured modal 
data are simulated by repeating the previous process using the same nominal model 
with different samples of the Gaussian noise. 
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3.8.1 Two DOF Model 

Results are first presented for a 2dN =  DOF model. The class of models Μ  used to 
represent the behavior of the structure has uniform mass distribution, i.e. 

, and stiffness distribution based on the parameterization 1 2m m m= = 0 01 2k k kθ= = , 
where the single parameter θ  is used to scale the spring stiffness constants. For 
illustration purposes, results are presented for the modal grouping scheme A 
introduced in Section 2.4.1 and for measured modal frequencies only ( ), 
ignoring the fit in the modeshapes. This case involves two objectives 

2

2n m= =
1( ) ( )J Jω=θ θ  

and 
22 ( ) ( )J Jω=θ θ , allowing one to graphically demonstrate the Pareto front and the 

features of the proposed methodology. Results are presented for model error levels 
corresponding to 

1
0ωμ = , 

2
5%ωμ = , , and for four values of 

2
, 

1%, 3% and 5%. The values of 
1

1
1%ωε = 0.5%ωε =

0ωμ =  and 
2

5%ωμ =  are purposely chosen to 
simulate model error such that no model in the model class Μ  can exactly fit the 
measured data for both modes simultaneously. The number of modal data sets is taken 
to be .  2DN =

The optimal values ˆ ˆ ˆ( )optθ θ≡ σ  of the model parameter and the corresponding optimal 
values σ̂  of the prediction error parameters computed using the Algorithms I and II 
are given in Table 3.1 for various values of the model error 

2ω
ε . According to 

Algorithm II (see Equation (3.39)), the optimal residual errors îε = 1/ 2ˆ[ ( )]
i optJω θ  equal 

the optimal value of the prediction error parameters ˆ iσ , that is, ˆ ˆ=ε σ . This relation is 
asymptotically correct for the results of Algorithm I. The normalized PDF ( | )p Dθ  of 
the structural model parameter θ  computed using Equation (3.59) is shown in Figure 
3.2. In the same Figure, the Pareto optimal parameter values computed using an 
exhaustive search method are also shown (horizontal lines). For example, the Pareto 
optimal values for 

2
 computed for all 0.5%ωε = [0, )iσ ∈ ∞ , 1, 2i = , vary in the 

range .[1.036,1.10]. The corresponding Pareto front in the objective space 
 is shown in Figures 3a and 3b for the cases of 

2
 and 

2
, 

respectively. Each point  along the Pareto front corresponds to a particular 
value of the prediction error parameters 

(̂ )θ ∈σ
1 2( , )J J 0.5%ωε = 3%ωε =

1 2( , )J J
1 2( , )σ σ=σ  or, due to (3.16), to a particular 

value of the weights  in (2.15). The residual errors 1 2( , )w w=w îε = 1/ 2ˆ[ ( ( ))]
i

Jω θ σ  
that each Pareto optimal model ˆ( )θ σ  provides to the measured modal frequencies, 
differs as one moves along the Pareto front. The PDF 1 2( , | )p Dσ σ  of the prediction 
error parameter values along the Pareto front is readily computed using (3.25) and is 
drawn in Figure 3a and 3b along the Pareto front. The peak values (global and local 
optima) of 1 2( , | )p Dσ σ  along the Pareto front occur at the most probable values 

1 2ˆ ˆ ˆ( , )σ σ=σ  (see Table 3.1) of the prediction error parameters computed from 
Algorithm I and correspond to the points PP-Alg I shown along the Pareto front. 
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TABLE 3.1. Optimal structural parameter values with the corresponding residual errors. 

 Proposed Methodology 
Minimization of ( ; )J θ w  

for  =1w
Model 
Error 

Optimal 
Models 

Optimal Residual Errors 
Optimal 
Model 

Residual Errors 

2ωε  
 

ˆ ˆ( )θ σ  1 1ˆ ˆε σ=  
(%) 

2 2ˆ ˆε σ=  
(%) 

1
ˆ

=θw  
 

1̂ε  
(%) 

2ε̂  
(%) 

 Alg I Alg II Alg I Alg II Alg I Alg II =1w  =1w  =1w  

0.5% 1.10* 1.10* 3.04 3.04 0.18 0.18 

 1.04 1.04 0.19 0.19 2.94 2.95 
1.07 1.49 1.53 

1% 1.04* 1.04* 0.19 0.19 2.83 2.84 

 1.10 1.20 2.87 2.87 0.36 0.36 
1.07 1.42 1.50 

3% 1.04 1.04 0.19 0.19 2.55 2.57 1.06 1.19 1.62 

5% 1.04 1.04 0.19 0.19 2.58 2.58 1.06 0.94 2.05 
*Global 

The most probable Pareto optimal points PP-Alg II, also shown in these Figures, 
correspond to the optimal prediction error parameters 1 2ˆ ˆ ˆ( , )σ σ=σ  (see Table 3.1) 
computed from Algorithm II using (3.39).  

It is observed from the results in Table 3.1 and in Figure 3.3 that the estimates from the 
two Algorithms I and II are almost identical. Furthermore, for the cases 

2
 

and 
2

, the 
0.5%ωε =

1%ωε = ( | )p Dθ  in Figure 3.2 and the results in Table 3.1 reveal that there 
are two locally most probable optima models at  and , close to the 
edge points of the Pareto optimal points. For 

2
, the optimum at  

is the global optimum (

1̂ 1.04θ = 2̂ 1.10θ =
0.5%ωε = 2̂ 1.10θ =

2ôpt
ˆθ θ≡ ), while the local optimum at  corresponds 

to slightly lower probability , signifying that the models in the 
two different regions in the parameter space fit the data almost equally well. Both 
optimal structural models correspond to two different Pareto points (points PP-Alg I or 
PP-Alg II) along the Pareto front that are almost equally probable as seen by the most 
probable values of the PDF 

1̂ 1.04θ =
1̂( | ) 0.913 ( | )p D p Dθ = 2̂θ

1 2( , | )p Dσ σ  in Figure 3.3a. For 
2

, the optimum 
at  is the global optimum (

1%ωε =
1̂ 1.04θ = 1ôpt

ˆθ θ≡ ) and dominates the other local optimum 
at  since 2̂ 1.10θ = 2̂( | ) 0.28 ( | )1̂p D pθ = Dθ . For the cases 

2
 and 

2
, 

there is only one optimum at  that corresponds to a single most probable 
Pareto point (point PP-Alg I or PP-Alg II) along the Pareto front shown in Figure 3.3b 
for the case . 

3%ωε = 5%ωε =
ˆ 1.04optθ =

2
3%ωε =
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Figure 3.2. The PDF ( | )p Dθ  of the model parameters for various values of  
( ). 

2ω
ε

1 2 1
0,  5%, 1%ω ω ωμ μ ε= = =

 
For all cases considered, the Pareto optimal models at  and  differ 
by the fit they provide to the two modal frequencies. Specifically, the Pareto optimal 
model  provides a very good fit to the first modal frequency with small 
residual error  

1̂ 1.04θ = 2̂ 1.10θ =

1̂ 1.04θ =
1̂ε =  

1

1/ 2
1

ˆ ˆ[ ( )]optJω θ σ≡  0.19%= , while the residual error for the 
second modal frequency is relatively high corresponding to 2ε̂ =

2
 

. In contrast, the Pareto optimal model  provides a very good fit to 
the second modal frequency with small residual error 

1/ 2
2

ˆ ˆ[ ( )]optJω θ σ≡ ≥
2.55% 2̂ 1.10θ =

2ε̂ =
2

 
, while the residual error for the first modal frequency is relatively high 

corresponding to 

1/ 2
2

ˆ ˆ[ ( )]optJω θ σ≡ ≤
0.36%

1̂ε =
1

1/ 2
1

ˆ ˆ[ ( )]optJω θ σ≡ 2.87%≥ . 

From the results in Table 3.1 for all four values of 
2ωε  it is worth noting that, among 

the structural models  and , the most probable structural model 1̂ 1.04θ = 2̂ 1.10θ =
ôptθ  is chosen as the one that provides a better fit (smallest residual error) to the modal 

frequency that contains the least scatter in the measured value of that frequency 
(smallest value of ωε ). Specifically, for 

2ω
ε = 1%, 3% and 5%, the optimal model 

1ôpt
ˆθ θ=  provides the best fit to the first modal frequency 1ω  since 

1 2
1%ω ωε ε= ≤ .  

For 
2

0.5%, the optimal model ωε = 2ôpt
ˆθ θ=  provides the best fit to the second modal 

frequency 2ω  since . 
2 1

1%ω ωε ε≤ =
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Figure 3.3. Pareto front and 1 2( , | )p Dσ σ  along the front, (a)  and (b) . 
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2
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)
For comparison purposes, the optimal value  and the corresponding probability θ̂ =1w

ˆ( |1wp Dθ =  of the structural model parameter  computed from conventional 
approaches for fixed value  (or 

θ̂ =1w

= 1w 2 =σ α ), are also reported in Table 3.1 and 
shown with a circle in the parameter and objective spaces in Figures 3.2 and 3.3 (see 
point PP- 1σ = ), respectively. Note that the optimal value  and it differs 
from the most probable values  or 1.10 computed at the optimal 

ˆ 1.071θ = ≈w
ˆ ˆ ˆ( ) 1.04optθ θ= =σ σ̂ . 

From the results in Figure 3.2, the probability of the optimal value  as 
predicted by the proposed methodology is small compared to the probability of 

ˆ 1.071θ = ≈w

ôptθ .  
Similarly, as reported in Table 3.1, the Pareto optimal points for  correspond to 
residual errors ranging from 

= 1w
1̂ε =

1

1/ 2
1

ˆ[ ( )]wJω θ = 1.49%=  to 0.94% for the first modal 
frequency and 2ε̂ =

2
 to 2.05% for the second modal frequency. 

Moreover, as shown in Figures 3.3a and 3.3b, the probability of the Pareto optimal 
points (PP-

1/ 2ˆ[ ( )] 1.53%1wJω θ = =

1σ = ) corresponding to  is small compared to the probability of 
Pareto points (PP-Alg I or PP-Alg II) corresponding to the most probable Pareto 
optimal points 

= 1w

σ̂ .  

The optimal model  assuming equal weight values  or, equivalently, fully 
correlated prediction error parameters with 

θ̂ =1w = 1w
2 =σ α , tends to trade off the fit to both 

modal frequencies, giving no clear preference to the fit in one of the two modal 
frequencies. Specifically, compared to the most probable structural model 

 for 
2

, the Pareto optimal structural model  improves 
the fit in the second mode from 2.84% to 1.50% in the expense of deteriorating the fit 
in the first mode from 0.19% to 1.42%. As it will be seen in the next example, this 
trade off in the fit of various modal properties can make the estimation of the optimal 
structural model  very sensitive to large model errors and measurement noise.  

ˆ ˆ( ) 1.04=θ σ 1%ωε = ˆ 1.071θ = =w

θ̂ =1w

3.8.2 Ten DOF Model 

Results are next presented for a 10dN =  DOF model. Three parametric model classes 
,  and  are considered, involving one, two and five parameters, 

respectively. All three model classes are selected to have uniform mass distribution, 
, . The first model class  involves one parameter 

1Μ 2Μ 3Μ

0im m= 1, , di = N 1Μ θ  based on 
the uniform parameterization 0ik kθ= , 1, , di N= , where the single parameter θ  is 
used to scale all  spring stiffness constants assumed fully correlated. The 
second model class  involves two parameters 

10dN =
2Μ 1θ  and 2θ  based on the 

parameterization 1 0ik kθ= , 1, ,5i =  and 2 0ik kθ= , 6, ,10i = . The third model 
class  involves five parameters 3Μ iθ , 1, ,5i = , based on the parameterization 

2( 1) 0i j ik kθ− + = 1,2j =, .  

For illustration purposes, it is assumed that measurements are available for the lowest 
four modal frequencies and modeshapes ( 4m = ). Results will be presented for the 
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8
grouping scheme C and for a sensor configuration involving five sensors placed at 
DOFs 2, 4, 6, 8 and 10. Thus, the number of objectives is 2n m= = . In this case, the 
Pareto front belongs to an 8-dimensional space and so it cannot be depicted 
graphically. Measured data are generated from the nominal model and for model error 
levels corresponding to values of 0

rω
μ =  and  for =1, 2 and 3, while for 

=4, 
1%

rω
ε = r

r
4

20%ωμ =  and 
4

. Also, for the modeshape components,  for 
. These values are purposely chosen so that no model in the model classes 

,  and  can exactly fit the measured data for all modes simultaneously. 
Also, the high discrepancy between the simulated value in the fourth modal frequency 
and the modal frequency obtained from the nominal model corresponding to  
is purposely introduced to simulate significant model error that could be due to false 
structural modeling assumptions, or to simulate bad measured data for this frequency 
that could be due to false measurements. This allows us to study the behavior of the 
proposed parameter estimation framework in the presence of significant modeling error 
or bad measured data in one of the modal properties. It should be noted that the 
nominal model ( ) is one of the models in the three model classes that can 
fit the lowest three measured frequencies to within an error of 1%, maintaining a high 
error of the order of 20% in the fourth modal frequency. Any departure of the values of 
the parameter set  from the nominal values in order to improve the fit in the fourth 
modal frequency will result in the deterioration of the fit in the lowest three modal 
frequencies. 

1%ωε = 5%
rφ

ε =
1, , 4r =

1Μ 2Μ 3Μ

nom = 1θ

nom=1θ

θ

For the case of model class  and for 1Μ 2DN =  datasets, the PDF ( | )p Dθ  of the 
structural model parameter θ  is shown in Figure 3.4. For the case of model class  
and for , the contour plots of the 

2Μ
2DN = ( | )p Dθ  in the two-dimensional parameter 

space is shown in Figure 3.5. It is observed in these figures that a highly nonlinear, 
non-convex, objective function is obtained which involves multiple local/global 
optima. The Pareto optimal values of the structural parameters obtained using an 
exhaustive search in the parameter space are also shown in Figure 3.4 (PP points along 
the horizontal line) and Figure 3.5 (PP points). A large variability of Pareto optimal 
parameter values is observed which trade-off the fit in the 2n m 8= =  objectives 
involved. As expected, the optimal points (global and local ones) ˆ ˆ ˆ( )optθ θ= σ  
maximizing ( | )p Dθ  belong to the set of Pareto optimal points as shown in Figures 
3.4 and 3.5. 
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Figure 3.4. The PDF ( | )p Dθ  of the model parameters. 
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Figure 3.5. Contour plot of the ( | )p Dθ  of the model parameters. 
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It is worth pointing out that conventional gradient-based local optimization algorithms 
lack reliability in dealing with the multiple local/global optima observed, since 
convergence to the global optimum is not guaranteed. Evolution strategies (Bayer 
2001) are more appropriate and effective to use in such cases. Evolution strategies are 
random search algorithms that explore better the parameter space for detecting the 
neighborhood of the global optimum, avoiding premature convergence to a local 
optimum. A disadvantage of evolution strategies is their slow convergence since they 
do not exploit the gradient information. In this work, a hybrid optimization algorithm is 
used that exploits the advantages of evolution strategies and gradient-based methods. 
Specifically, an evolution strategy is used to explore the parameter space and detect the 
neighborhood of the global optimum. Then the method switches to a gradient-based 
algorithm starting with the best estimate obtained from the evolution strategy and using 
gradient information to accelerate convergence to the global optimum.  

The optimal values ˆ ˆ( )θ σ  (global and local optima) of the structural model parameters 
and the corresponding optimal values îε = 1/ 2ˆ[ ( )]i optJ θ ˆ iσ≡ , 1, ,8i = , of the 
residual errors obtained using the Algorithm II are given in Table 3.2 for model classes 

 and  and for two cases of datasets 1Μ 2Μ 2DN =  and 1000. The case of  
is presented in order to show the asymptotic behavior of the proposed methodology at 
the limiting case of large number of data. For 

1000DN =

2DN =  and for the model class , the 1Μ
( | )p Dθ  has one global optimum at  and two local optima at 

 and . The local optimum at  is almost equally 
probable to the global optimum at . Both these optima give small residual 
errors 

ˆ ˆ ˆ( ) 0.986optθ θ≡ =σ
2̂ 0.998θ = 3̂ 1.45θ = 2̂ 0.998θ =

ˆ 0.986optθ =
1/ 2ˆˆ ˆ[ ( )]i i opt iJ θ σ= = 1,2,3i, ε = , of the order of 1% for the lowest three modal 

frequencies and a very high residual error 1/ 2
4 4 4

ˆˆ ˆ[ ( )]optJε θ σ= = ≥ 17.1% for the 
fourth modal frequency. That is, these optimal structural models ôptθ  and 2̂θ  provide a 
very good fit to the lowest three modal frequencies. In contrast, the local optimal 
model corresponding to , fits the fourth frequency very well within an error 
of 1%, while it provides a bad fit to the lowest three modal frequencies corresponding 
to residuals 

3̂ 1.45θ =

îε , , of the order of 20%. As shown in Figure 3.4, the Bayesian 
methodology gives a very small probability to the optimal model , compared 
to the probability of the most probable model at  or the next most 
probable model at . 

1,2,3i =
3̂ 1.45θ =

ˆ 0.986optθ =
2̂ 0.998θ =

Increasing the number of data sets to values higher than 2DN = , one of the two 
global/local optimal models in the region close to 1θ =  disappear. For large number of 
datasets ( ), the global optimum occurs at  with its value 
coinciding with the nominal value 

1000DN = ˆ 1.00optθ =
1nomθ =  of the structural parameter, while the next  
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TABLE 3.2. Optimal parameter values and corresponding residual errors using Algorithm II 
for Model Classes  and . 1Μ 2Μ

  Model Class  1Μ Model Class  2Μ

  2DN =  1000DN =  2DN =  1000DN =  

  G* L*2 L3 G L2 G L G L 
Normalized

ˆ( | )p Dθ  
 1.0 0.85 2.3E-5 1.0 6.7E-6 1.0 3.5E-5 1.0 6.7E-6 

θ̂  1̂θ  0.986 0.998 1.45 1.000 1.44 1.00 1.45 1.00 1.44 

 2̂θ       1.00 1.46 1.00 1.44 

σ̂  (%) 1̂σ  1.87 1.53 19.92 1.01 19.9 1.55 19.7 1.01 19.9 

 2̂σ  0.06 0.62 21.43 1.01 19.9 0.64 21.5 1.01 19.9 

 3σ̂  0.62 0.08 20.68 1.00 19.9 0.08 20.6 1.00 19.9 

 4σ̂  17.6 17.1 0.03 16.7 0.83 17.1 0.03 16.7 0.83 

 5̂σ  3.80 3.80 3.80 4.49 4.49 3.79 3.77 4.49 4.49 

 6̂σ  3.98 3.98 3.98 4.41 4.41 3.99 4.05 4.34 4.40 

 7̂σ  3.20 3.20 3.20 4.43 4.43 3.21 3.29 4.43 4.43 

 8σ̂  6.75 6.75 6.75 4.49 4.49 6.65 6.35 4.50 4.50 
*G=Global, L=Local 

local optimum at  has several orders of magnitude less probability than the 
global one (see results in Table 3.2). The optimal prediction errors 

2̂ 1.44θ =
σ̂  converge to 

the values of approximately 1%  for the lowest three modal frequencies,  for the 
fourth modal frequency and 4.5% for the modeshape components, which are close to 
the noise levels used to simulate the model and measurement error. It should be noted 
that the results for the model class  shown in the last four columns in Table 3.2 
lead to conclusions that are qualitatively similar to the ones drawn for the model class 

.  

20%

2Μ

1Μ

Results obtained using the proposed Algorithms I and II based on the asymptotic 
approximations are next compared. The most probable (global optimal) values 
ˆ ˆ ˆ( )opt =θ θ σ  of the structural model parameters, the corresponding optimal values of 

the residuals îε = 1/ 2ˆ[ ( )]i optJ θ ˆ iσ≡ , 1, ,8i = , and the ˆ( |opt )p Dθ  are given in 
Table 3.3 for the model class  involving five structural parameters, for  
and 1000 number of data sets. The differences in the optimal estimates of the 
prediction error parameters and the structural model parameters obtained by the two 
Algorithms I and II for  are small. As the number of data increases, due to 
increasing the number of datasets from 

3Μ 2DN =

2DN =
2DN =  to 1000DN = , the estimates of 

optimal models ˆ ˆ( )θ σ  from the two algorithms converge to the same value. Such  
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TABLE 3.3. Optimal parameter values and corresponding residual errors using Algorithm II 
for Model Classes . 3Μ

   DN =2  DN =1000 

  
Alg I 

( )ˆ ˆ≡ε σ
Alg II 

( )ˆ ˆ≡ε σ
=1w   

( ) ε̂
Alg I 

( )ˆ ˆ≡ε σ
Alg II 

( )ˆ ˆ≡ε σ
=1w    

( ) ε̂
Normalized

 ˆ( | )p Dθ  0.71 1.0000 8.6E-10 1.00 1.00 5.6E-05 

θ̂  1̂θ  0.976 0.980 0.997 0.999 0.998 1.028 
 2̂θ  1.004 1.012 1.158 1.004 1.004 1.148 
 3̂θ  1.020 1.006 1.096 1.000 0.999 1.068 
 4̂θ  0.971 0.971 1.048 1.000 1.000 1.063 
 5̂θ  1.004 1.009 1.137 1.000 1.000 1.104 

ε̂  (%) 1̂ε  1.65 1.61 3.18 1.01 1.01 3.84 
 2̂ε  0.06 0.06 3.45 1.01 1.01 3.24 
 3̂ε  0.08 0.08 4.51 1.00 1.00 4.12 
 4̂ε  17.2 17.1 12.9 16.6 16.6 12.9 
 5̂ε  1.71 3.82 3.92 4.49 4.49 4.57 
 6̂ε  1.75 4.11 5.42 4.40 4.40 4.87 
 7̂ε  1.46 3.00 4.10 4.43 4.43 4.84 
 8̂ε  2.91 6.56 5.32 4.49 4.49 4.68 

 

convergence is also observed by increasing the number of sensors or increasing the 
number of measured modes. This tendency is consistent with the range of validity of 
the asymptotic approximations that tend to be asymptotically correct for higher number 
of data. Also, as the number of data increases, the corresponding values of the optimal 
prediction errors are of the order of the simulated model and measurement errors used 
to generate the measured data. This is clearly demonstrated for the case of  
for which the optimal prediction errors tend to approximately 1%  for the lowest three 
modal frequencies, 16.6% for the fourth modal frequency and 4.5% for the 
modeshapes, which are of the order of the noise levels used to simulate the Gaussian 
model and measurement error in the measured data. 

1000DN =

For comparison purposes, results from conventional algorithms based on pre-specified 
weights values are also computed. The optimal value ˆ

=1θw  of the structural model 
parameters, the corresponding prediction errors  and the probability 1/ 2ˆˆ [ ( )]1θwi iJε ==

ˆ( |1 )p D=θw  computed by assuming equal weights values  or fully correlated = 1w
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prediction error parameters ( 2 =σ α ), are also reported in Figure 3.4 and Table 3.3 
(see columns 5 and 8). The optimal model 1

ˆ
wθ = , is also one of the Pareto optimal 

points but it differs from the most probable value ˆ ˆ ˆ( )opt =θ θ σ  or the other local 
optima. As predicted by the proposed Bayesian methodology, the probability of the 
optimal value ˆ

=1θw  is very small compared to the probability of ˆ ˆ ˆ( )opt =θ θ σ  based on 
the optimal prediction errors σ̂ . 

From the results in Table 3.3 for 2DN = , it can be noted that compared to the most 
probable optimal structural model ôptθ , the optimal model ˆ

=1θw  improves the fit in the 
fourth modal frequency from 4ε̂ = 17% to 4ε̂ = 12.9%, in the expense of deteriorating 
the fit for the lowest three modal frequencies from îε  values ( 1,2,3i = ) of the order 
of 1% to îε  values of the order of 3.12% to 4.5%, much higher than the errors used to 
simulate the measured data for the lowest three modal frequencies. Also, the proposed 
methodology consistently gives the optimal model parameters to be very close to the 
nominal ones ( ) with largest error , while the 
parameter estimation based on equal weights ( ) gives optimal models that differ 
significantly from the nominal model used to generate the measured data, with largest 
error 

ˆ 1nom =θ ˆ ˆ|| || 0.029opt nom ∞− =θ θ
= 1w

ˆ ˆ 0.158nom= ∞
. For the limiting case of large number of data 

( ), the error  tends to zero, while the error 
− =1θ θw

1000DN = ˆ ˆ|| || 0.004opt nom ∞− =θ θ
ˆ ˆ 0.1481 nom= ∞

− =θ θw  remains at the same high level as before.  

Comparisons clearly demonstrate that the optimal model assuming equal weights 
( ), or fully correlated prediction error parameters, is selected to trade off the fit 
to all four measured modal frequencies, giving no preference to the fit in a specific 
group of modal properties. As a result, large modeling and measurement errors in the 
fourth modal frequency drive the predictions from the method and significantly 
deteriorate the fit in the lowest three modal frequencies. In contrast, the proposed 
Bayesian methodology takes into account the levels of measurement noise and model 
error, providing optimal models that are relatively insensitive to large model errors or 
bad data contained in the measurements, maintaining a very good fit in the lowest three 
modal frequencies and ignoring the fit in the fourth modal frequency.  

= 1w

3.9 Conclusions 
The problem of selecting the optimal values of the weights in weighted least-squares 
approaches for structural parameter estimation based on modal residuals in structural 
dynamics is addressed. The problem is formulated as a multi-objective identification 
problem for which all Pareto optimal structural parameter values corresponding to all 
possible values of the weights are obtained. Based on a Bayesian statistical framework 
and the measured modal data, two algorithms are proposed for estimating 
simultaneously the optimal values of the weights and the optimal values of the 

 



3. A Bayesian Approach for Structural Parameter Estimation Using Modal Data 54 

 
structural model parameters. Numerical results indicate that the estimates from the two 
algorithms are close, while they converge to the same value as the number of modal 
data increases. In particular, it is shown that the optimal weight value for a modal 
group is inversely proportional to the optimal residuals between the measured and the 
model predicted properties involved in the modal group. The estimate is asymptotically 
correct for relatively large number of modal data. Finally, it is shown that the optimal 
values of the structural parameters corresponding to the optimally weighted modal 
residuals are obtained by minimizing the sum of the logarithm of the modal residuals. 
The proposed method is referred to as the optimally weighted residuals method. 
Compared to conventional parameter estimation techniques that are based on pre-
selected values of the weights (e.g. the equally weighted modal residuals method), it is 
demonstrated that the optimal parameter values estimated by the proposed optimally 
weighted residuals method are insensitive to large model errors or bad measured modal 
data. 

Hybrid algorithms based on evolution strategies and gradient methods are well-suited 
optimization tools for solving the resulting non-convex optimization problem and 
identifying the global optimum from multiple local ones. 

The methodology can readily be applied to alternative modal residual metrics proposed 
in the literature (Bohle and Fritzen 2003, Vanik et al. 2000, Farhat and Hemez 1993) to 
measure the fit between experimental and model predicted modal data. In Chapter 4, it 
is extended to identify the structural parameters of linear and non-linear models using 
measured acceleration time histories instead of modal properties. 

 



4. A Bayesian Approach for 
Structural Parameter Estimation 

Using Response Time Histories 

4.1 Introduction  
The purpose of this chapter is to rationally estimate the optimal values of the weights 
in the weighted response residuals method introduced in Chapter 2, as well as 
estimating the corresponding optimal structural model using measured response time 
histories. The model class used to represent structural behavior can be linear or non 
linear. The Bayesian statistical framework is used for the estimation of the optimal 
value of the weights and the corresponding structural model along with the associated 
uncertainties. For this, the uncertainty is quantified by probability distributions 
measuring the plausibility of each possible model in the model class introduced to 
represent the behavior of the structure. Prediction errors, measuring the fit between the 
measured and the model predicted response time histories, are modeled by Gaussian 
distributions. Two cases are then considered. In the first case, the prediction errors of 
response time history at different time instants are assumed to be independent Gaussian 
variables with equal variances for all sampling data of a response time history. The 
prediction errors between different responses are assumed to be independent. A special 
case, for which the prediction errors between different responses  assumed to be fully 
correlated, is also considered. This case is well studied in the literature (Beck and 
Katafygiotis 1998) and is presented for comparison purposes. This study is 
concentrated on the more interesting case of independent variances and identifies the 
similarities of the Bayesian framework to the weighted response residuals method and 
the multi objective framework presented in Chapter 2. Finally, based on the analysis, 
an optimally weighted response residuals method is proposed for estimating the 
optimal structural model based on the measured response time histories. In the second 
case, the prediction error of a response time history at different time instances is 
quantified by an Autoregressive (AR) model and the Bayesian estimation is applied for 



4. A Bayesian Approach for Structural Parameter Estimation Using Response Time Histories 56 

 

x k t R j N k NΔ ∈ = = dN

identifying the optimal structural model and the optimal AR prediction error model, 
along with the associated uncertainties in these models.   

4.2 Bayesian Parameter Estimation Utilizing Response Time 
Histories 

Let  be the measured response 
time histories data from a structure, consisting of response data (acceleration, velocity 
or displacement) at  measured DOFs, where  is the number of the sampled data 
using a sampling rate . 

0
0ˆ{ ( ) ,  1, , ,  1, , }N

j DD x k t R j N k N= Δ ∈ = =

0N DN
tΔ

Consider a parameterized class of linear structural models  used to model the 
dynamic behaviour of the structure and let  be the set of free structural model 
parameters to be identified using the measured response time histories. Let also 

, where  is the number of model 
degrees of freedom (DOF), be the predictions of the response time histories obtained 
from a model corresponding to a particular value of the parameter set . For linear 
structures, this is done by solving the equation of motion (2.1) using the model mass, 
damping and stiffness matrices ,  and , respectively. 

Μ
NR θ∈θ

{ ( ) ,  1, , ,  1, , }Nd
j d D

θ

( )M θ ( )C θ ( )K θ
The Bayesian approach to structural identification (Beck 1989; Beck and Katafygiotis 
1998) uses probability distributions to quantify the plausibility of each possible value 
of the model parameters . Using Bayes’ theorem, the updated (posterior) probability 
distribution  of the model parameters  based on the inclusion of the 
measured data D , the modeling assumptions Μ  and the value of a parameter set , 
is obtained as follows: 

θ
( | , , )p D Μθ σ θ

σ

  ( | , , )  ( | , , ) ( | , )p D c p D p=Μ Μ Mθ σ θ σ θ σ  (4.1) 

where  is the probability of observing the data from a model 
corresponding to a particular value of the parameter set  conditioned on the 
modeling assumptions Μ  and the value of , 

( | , , )p D θ σ Μ
θ

σ ( | , )p θ σ M  is the initial (prior) 
probability distribution of a model, and c  is a normalizing constant selected such that 
the PDF  integrates to one. Herein, the modeling assumptions  refer 
to the structural modeling assumptions as well as those used to derive the probability 
distributions  and the prior 

( | , , )p Dθ σ Μ Μ

( | , , )p D θ σ Μ ( | , )p θ σ M . The parameter set  
contains all parameters that need to be defined in order to completely specify the 
modeling assumptions Μ . The inclusion of this parameter set  in the analysis will 
become clear in the following paragraph. Measured data are accounted for in the 
updated estimates through the term , while any available prior 
information is reflected in the term 

σ

σ

( | , , )p D θ σ Μ
( | , )p θ σ M . It is usually assumed that 
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constant( | , ) ( )p π= =θ σ θM . In order to simplify the notation, the dependence 

of the probability distributions on Μ  is dropped in the analysis that follows. 

The form of  is derived by using a probability model 
for the prediction error vector 

0
, , defined as the 

difference between the measured response time histories involved in D  for all 
measured degrees of freedom (DOFs), , and the corresponding response 
time history predicted from a particular model that corresponds to a particular value of 
the parameter set . 

( | , , ) (p D | , )p D ≡Μθ σ θ σ
N

N

1( ) [ ( ), , ( )]Nk e k e k=e 1, , Dk =

01, ,j =

θ
Specifically, the prediction error  between the sampled response measured time 
histories and the corresponding response time histories predicted from a model that 
corresponds to a particular value of the parameter set , for the th measured DOF 
and the k th sampled data, is given by the prediction error equation 

( )je k

θ j

   (4.2) ˆ( ) ( ) ( ; )j j je k x k x k= − θ

where  and . 01,...,j N= 1,..., Dk N=

4.3 Formulation for  Using Independence of the Model 
Prediction Error 

( | , )p D θ σ

Following the Bayesian methodology proposed by Beck and Katafygiotis (1998), the 
predictions errors at different time instants are modeled by independent (identically 
distributed) zero-mean Gaussian vector variables. Specifically, the prediction error 

 for the th measured DOF is assumed to be a zero mean Gaussian variable, ( )je k j
2( ) (0, )j je k N σ∼  with variance 2

jσ . The prediction error parameter jσ , 
 represents the fractional difference between the measured and the model 

predicted response at a time instant. The model prediction error is due to modeling 
error and measurement noise. 

01,...,j = N

In the analysis that follows, the parameter set  is taken to contain the prediction 
error parameters 

σ
jσ , . Given the values of the parameter set , 

assuming independence of the prediction errors  and using the Gaussian choice 
for the probability distribution of the prediction errors , the probability 

 of obtaining the data from a model within the class of models Μ  can be 
simplified as follows.  

01, ,j = … N

} )

σ
( )ke

( )je k
( | , )p D θ σ

First note that 

  (4.3) {( ˆ( | , ) ( ), 1,..., | ,Dp D p k k N= =θ σ θ σx

                    (4.4) { }( )01̂ ˆ( ),..., ( ), 1,..., | ,N Dp x k x k k N= = θ σ
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=

}

From probability theory it is known that: 

   (4.5) 1( ,..., | )Np x x y =

  (4.6) 1 1 1 1( | ,..., , ) ( ,..., | )N N Np x x x y p x x y− −=

  (4.7) 1 1 1 1 2 1 2( | ,..., , ) ( | ,..., , ) ( ,..., | )N N N N Np x x x y p x x x y p x x y− − − −=

   (4.8) 1 2 1
1

( | , ,..., , )
N

i i
i

p x x x x y−
=

=∏
Also, it is known that if the variables  and are independent 1x 2x

   (4.9) 1 2 1 2( , ) ( ) ( )p x x p x p x=

Using equations (4.8), (4.9) and the independence assumed for the prediction errors 
between different response time histories, equation (4.4) can equivalent be written as 

  {( )
0

1

ˆ( | , ) ( ), 1,..., | ,
N

j D
j

p D p x k k N
=

= =∏θ σ θ σ  (4.10) 

Also, assuming that the prediction errors for a response time history are independent at 
different time instants, one obtains that the  factor in j (4.10) is given by  

   (4.11) ( )
1

ˆ ( ), 1,..., | , ( ( ) | , )
ND

j D j
k

p x k k N p x k
=

= =∏θ σ θ σˆ

From equation (4.10) and (4.11) one derives that 

  
0

1 1

ˆ( | , ) ( ( ) | , )
N ND

j
j k

p D p x k
= =

=∏∏θ σ θ σ  (4.12) 

Assuming that the predictions errors  are modeled by zero-mean Gaussian 
variables so that 

( )je k
2( ) (0, )j je k N σ∼ , the measured time histories  are also 

implied to be Gaussian variables, that is, 
ˆ ( )jx k

( 2ˆ ( ) ( ; ), )j jx k N x k σ∼ θ j , with mean 
 and variance ( ; )jx k θ 2

jσ . Therefore, the probability density function (PDF) of , 
given the values of  and , is given by  

ˆ ( )jx k
θ σ

  ( ) 2

2

1 1ˆ ˆ( ) | , exp ( ) ( ; )
2 2j j

j j

p x k x k x k
π σ σ

⎧ ⎫⎪ ⎪⎪ ⎪
j

⎡ ⎤= − −⎨ ⎬⎣ ⎦⎪ ⎪⎪ ⎪⎩ ⎭
θ σ θ  (4.13) 

Substituting equation (4.13) in (4.12), one obtains that 
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0 2

2
1 1

1 1 ˆ( | , ) exp ( ) ( ; )
2 2

DN N

j j
j k j j

p D x k x k
π σ σ= =

⎧ ⎫⎪ ⎪⎪ ⎪⎡ ⎤= − −⎨ ⎬⎣ ⎦⎪ ⎪⎪ ⎪⎩ ⎭
∏∏θ σ θ  (4.14) 

Using the property 

   (4.15) { }
1 1

exp exp
NN

i
i i

f
= =

⎧ ⎫⎪ ⎪⎪= ⎨⎪ ⎪⎪ ⎪⎩ ⎭
∑∏ if ⎪⎬

equation (4.14) takes the form 

( )

0

0
0

2

2
1 1

1

1 1 ˆ( | , ) exp ( ) ( ; )
22

D

D
D

NN

j jNN N N j kj
j

j

p D x k x k
σπ σ = =

=

⎧ ⎫⎪ ⎪⎪ ⎪⎡ ⎤= − −⎨ ⎬⎣ ⎦⎪ ⎪⎪ ⎪⎩ ⎭
∑∏

∏
θ σ θ  

        
( )

0

0
0

2

2
1 1

1

1 1 1 ˆexp ( ) ( ; )
22

D

D
D

N N

j jNN N N j kj
j

j

x k x k
σπ σ = =

=

⎧ ⎫⎪ ⎪⎪ ⎪⎡ ⎤= − −⎨ ⎬⎣ ⎦⎪ ⎪⎪ ⎪⎩ ⎭
∑ ∑

∏
θ  (4.16) 

Equivalently, introducing the function 

  
0

2
1

( ; ) ( )
N

i
j

j j

J α
σ=

=∑θ σ θJ  (4.17) 

where 

  
2

1

1 ˆ( ) ( ) ( ; )
DN

j j j
kD

J x k x
N =

k⎡ ⎤= −⎣ ⎦∑θ θ  (4.18) 

and 

  
0

1
i N

α =  (4.19) 

equation (4.16) can be written in the form 

  
( ) {0

01( | , ) exp ( ; )
22 ( )D

D
N N

N Np D J
π ρ

= −θ σ θ σ
σ }  (4.20) 

Substituting (4.20) into equation (4.1) one readily derives the probability distribution 
of the structural model parameters in the form 
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( ) {0

0
2 } ( )( | , ) exp ( ; )

22 ( )D

D
N N
c N Np D Jπ

σπ ρ
= −θθ σ θ σ

σ
 (4.21) 

The function  in ( )jJ θ (4.18) represents the measure of fit between the measured and 
the model predicted response time history for the th DOF. The function  
represents the overall weighted measure of fit between measured and predicted 
response time histories for all DOFs. The variable  is a scalar function of the 
prediction error parameter set  given by 

j ( ; )J θ σ

( )ρ σ
σ

  
0

1

( ) D

N
N
j

j

ρ
=

=∏σ σ  (4.22) 

The optimal value  of the model parameter  for given , denoted by = , 
correspond to the most probable model maximizing the updated PDF , 
that is, 

θ̂ θ σ θ̂ (̂ )θ σ
( | , )p Dθ σ

   (4.23) (̂ ) argmax ( | , )p D=
θ

θ σ θ σ

In particular, for a non-informative uniform prior distribution ( | , )p =θ σ M  
, the optimal values  of the model parameter  correspond to 

the values that minimize the measure of fit  defined in 
( ) constantπ= =θ θ̂ θ

( ; )J θ σ (4.17), that is 

   (4.24) (̂ ) argmin ( ; )J=
θ

θ σ θ σ

It should be noted that the optimal value  depends on the values of the prediction 
error parameter set .  

θ̂
σ

4.3.1 Special Case:  j jσ σ= ∀

Next, the prediction error parameters jσ , representing the prediction error estimates of 
the measured time histories involved in D , are assumed to be the same for any 
measured degree of freedom, that is  for all . In that case, the 
measure of fit  given in equation 

jσ σ N= 01,...,j =
( ; )J θ σ (4.17) takes the form  

  
0

2
10

1 1 1( ; ) ( ) ( )
N

j 2
j

J J
Nσ σ=

= =∑θ σ θ θJ  (4.25) 

where 

  
0

10

1( ) ( )
N

j
j

J
N =

= ∑θ J θ  (4.26) 
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while the function for , given in equation ( )ρ σ (4.22), simplifies to 

   (4.27) 0( ) DN Nρ σ=σ

The optimal value  of the model parameter  correspond to the most probable 
model maximizing the updated PDF  or equally minimizing 

θ̂ θ
( | , )p Dθ σ ( )J θ , that is 

  ˆ argmin ( )J=
θ

θ θ  (4.28) 

with its value be independent of the values of the prediction error parameter set .The 
optimal value  of the prediction error parameter  is given by  

σ
σ̂ σ

  2 ˆ( )J=σ θ  (4.29) 

This result has been obtained in the work by Beck and Katafygiotis (1998). 

4.4 Formulation for  Using Gaussian Probability 
Distribution for Model Prediction Error 

( | , )p D θ σ

It should be noted that the overall measure of fit  between the experimental 
and the model predicted response time histories data is constructed as a weighted sum 
of the individual measures of fit for each group of response time histories involved in 
the data set , with the weights to be inversely proportional to the squares of the 
prediction error parameters. 

( ; )J θ σ

D

Comparing  and  given in ( ; )J θ σ ( ; )J θ w (4.17) and (2.18), it is clear that they are 
exactly the same, provided that the weights  are chosen to be inversely proportional 
to the prediction error parameters , i.e. 

iw
2
iσ

  2
i

i
i

w α
σ

=      and      (4.30) 2( ; / ) ( ; )J J=θ α σ θ σ

where the vector notation  was introduced in 2 2
1 1/ ( / ,..., / )n nα σ α σ=α σ 2 (4.30) for 

convenience. Thus, the problem of estimating the weight values in the weighted 
residuals metric defined in (2.18) is equivalent to the problem of estimating the 
prediction error parameters in the Bayesian formulation. 

4.5 Calculation of Probability Distribution  of Prediction 
Error Parameter Values 

( | )p Dσ

According to Bayes’ theorem the posterior probability distribution,  of the 
prediction error parameters , based on the inclusion of the measured data D , is given 
by the following equation 

( | )p Dσ
σ
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( | ) ( )

( | )
( )

p D p
p D

p D
=

σ σ
σ  (4.31) 

( | )p D σ  is the probability of obtaining the data from a model, corresponding to a 
particular value of the prediction error parameters . σ

( )p σ    is the initial (prior) probability distribution of the prediction error 
parameters  based on engineering judgment before the collection of data. 
Any available prior information is reflected in this term. Assuming there is 
no prior preference as to what value of  is chosen, it may be set 

. 

σ

σ
( ) ( )p constantπ= =σ σ

( )p D    is a normalizing constant given by ( ) ( ) ( )p D d p D | dπ= = ∫ σ σ σ

θ

 so 
that the probability density function  integrates to one. ( | )p Dσ

Obviously, the optimum value  of the prediction error parameter set  corresponds 
to the most probable model, maximizing the updated PDF .  

σ̂ σ
( | )p Dσ

From the total probability theorem, one has that  

   (4.32) ( | ) ( , | ) d ( | , ) ( | ) dp D p D p D p
Θ Θ

= =∫ ∫σ θ σ θ θ σ θ σ

Next it is assumed that  and  are independent so that . By 
replacing  in 

θ σ ( | ) ( )p π=θ σ θ
( | , )p D θ σ (4.32) by the expression given in (4.20), one readily derives 

that 

  
( ) { }0

01( | ) exp ( ; ) ( ) d
22 ( )D

D
N N

N Np D J π
π ρ Θ

= −∫σ θ
σ

σ θ θ  (4.33) 

and then by substituting (4.33) into (4.31), the PDF  simplifies to ( | )p Dσ

( ) { }0

0( ) 1( | ) exp ( ; ) ( ) d
22 ( )D

D
N N

N Np D J
d

π π
π ρ Θ

= −∫σσ θ
σ

σ θ θ  (4.34) 

The optimal value  of the prediction error parameter set  given the data D  is the 
one that maximizes  or, equivalently, for a noninformative prior distribution 

, the one that maximizes  given in equation 

σ̂ σ
( | )p Dσ

( ) constantπ =σ ( | )p D σ (4.33). 
However, in order to compute the value of the function  for given , one 
needs to estimate a multi-dimensional integral over the parameter space . This 
makes the approach computationally very demanding and in most cases inefficient.  

( | )p Dσ σ
Θ

In the following sections, two approaches for estimating the optimal parameter set  
are presented. Firstly, asymptotic approximations are introduced to approximate 

σ̂

 



4. A Bayesian Approach for Structural Parameter Estimation Using Response Time Histories 63 

 
analytically the integral in (4.34) and, thus, provide a more efficient algorithm for 
finding the PDF  and the optimal value  of the parameter set . 
Secondly, optimality conditions in 

( | )p Dσ σ̂ σ
(4.34) are applied with respect to the elements of 

 in order to derive the conditions that the optimal  should satisfy. The 
multidimensional integrals resulted in this analysis, are also simplyfied using 
asymptotic approximations. 

σ σ̂

4.5.1 Algorithm I – Approximation for  ( | )p Dσ
An asymptotic approximation valid for large number of data ( ) is 
introduced by recognizing that the integral in 

0DN N →∞
(4.34) is of Laplace type integral 

(Bleistein and Handelsman 1986; Papadimitriou et al. 1997; Papadimitriou 2004) 
defined in (3.23) and (3.24), with , , ( ) ( )g π=θ θ ( ) ( ; )f J=θ θ σ 2

0 2DN Nβ =
0 → ∞

. 
Applying an asymptotic approximation valid for large number of data, NN , 
the posterior probability is given by ( | )p D σ

 ( )
( ){ }

( )
0

0

ˆexp 0.5 ( );ˆ( ) ( ( ))( | ) 2
( ) (̂ );

DN
N N J

p D c
H

θ π ππ
ρ

−
∼

θ σ σσ θ σσ
σ θ σ σ

 (4.35) 

where  is the value that minimizes the function  with respect to  
for given value of , that is,  

( )θ̂ σ ( ; )J θ σ ( )θ̂ σ
σ

   (4.36) (̂ ) argmin ( ; )J=
θ

θ σ θ σ

Also, is the Hessian of the function  evaluated at 
, and 

( )ˆ( ;H θ σ σ ) 00.5 ( ; )DN N J θ σ
( )θ̂ σ ( )1

0 2 Dc d π− =
NN

. 

Assuming that the prior distributions  and  are non-informative uniform 
distributions over the domain of variation of the structural parameter set  and the 
prediction error parameter set , respectively, one may set  and 

 in 

( )π θ ( )π σ
θ

σ ( ) c constantπ = =θθ
( ) c constantπ = =σσ (4.35). The optimal value  of the prediction error parameter 

set  is the one that maximizes  in 
σ̂

σ ( | )p Dσ (4.35) or, equivalently, the one that 
minimizes the function 

  ( ) ln ( | )G p D κ= − +σ σ

    ( ) ( )0 1ˆ ˆ( ; ) ln ( ) ln ( ;
2 2
DN N J ρ= + +θ σ σ σ θ σ σ )H

π

 (4.37) 

where  is a constant that does not affect the selection of 
the optimal value  of the prediction error parameters. The optimization can readily 

0ln( ) ln(2 )c c c N θκ = +θ σ
σ̂
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be carried out numerically using any available algorithm for optimizing a nonlinear 
function of several variables. It should be noted that in evaluating the objective 
function  for given value of , an internal minimization problem is involved for 
finding  from 

( )G σ σ
( )θ̂ σ (4.36) which is computationally time consuming. 

4.5.2 Algorithm II – Optimal Value of  or w  σ
Alternatively, applying the optimality conditions in (4.34) with respect to the elements 
of , one can derive the conditions that the optimal  should satisfy. Specifically, 
the optimality conditions for  yield the following system of equations for  
which are satisfied for the optimal : 

σ σ̂
( | )p Dσ σ

σ̂

  
( | ) 0

j

p D
σ

∂ =
∂
σ

           for  01,...,j N=

Substituting  from equation ( | )p Dσ (4.34) and using that the scalar variable , 
defined in 

( )ρ σ
(4.22), has the properties 

  
( )d 1 1

d ( ) ( )
D

j j

N
σ ρ ρ σ

⎡ ⎤ −⎢ ⎥ =⎢ ⎥⎣ ⎦σ σ
 (4.38) 

one has at  ˆ=σ σ

( )
( ) { }0

0( ) 1 exp ( ; ) ( )d
22 ( )D

D D
N N

j

N N N J
d

π π
σπ ρ Θ

−
− +∫σ θ σ θ θ

σ

( ) { }0

0 0
4

0

2( ) 1 1 ( )exp ( ; ) ( )d 0
2 22 ( )D

jD D
jN N

j

N N N NJ J
d N

σπ π
σπ ρ Θ

⎛ ⎞−⎛ ⎞ ⎟⎜⎟ ⎟⎜ ⎜+ − − =⎟ ⎟⎜ ⎜⎟⎜ ⎟⎝ ⎠ ⎟⎜⎝ ⎠∫σ θ θ σ θ
σ

θ  

which is simplifies to  

{ }2 0exp ( ; ) ( )d
2
D

j
N N Jσ π

Θ

− =∫ θ σ θ θ { }0( )exp ( ; ) ( )d
2
D

j
N NJ J π

Θ

−∫ θ θ σ θ θ

σ

 (4.39) 

For easy handling of equation (4.39) the first integral is called  and the second . 
Both integrals are Laplace-type integrals. The first integral  is of the Laplace-type 
(3.23) with , , 

1I 2I
1I

( ) ( )g π=θ θ ( ) ( ; )f J=θ θ 2
0 2DN Nβ = . Applying the 

asymptotic approximation (3.23) valid for large number of data, , it 
takes the form 

0DN N → ∞
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  ( )
( ){ } ( )

( )

0

1

ˆ ˆexp ( ); ( )
22

(̂ );

D
N

N N J
I

H

θ
π

π
−

∼
θ σ σ θ σ

θ σ σ
 (4.40) 

where  is given by (̂ )θ σ (4.36) and  is the Hessian of the function 
 evaluated at . 

( (̂ );H θ σ σ )

θ
00.5 ( ; )DN N J θ σ (̂ )θ σ

The second one, is also a Laplace-type integral with , 
, 

( ) ( ) ( )jg J π=θ θ
( ) ( ; )f J=θ θ σ 2

0 2DN Nβ =
0D → ∞

. Applying an asymptotic approximation valid for 
large number of data, N N , it takes the form 

  ( )
( ) ( ){ } ( )

( )

0

2

ˆ ˆ( ) exp ( ); ( )
22

(̂ );

D
jN

N NJ J
I

H

θ
π

π
−

∼
θ σ θ σ σ θ σ

θ σ σ

ˆ

)

 (4.41) 

where  is also given by (̂ )θ σ (4.36) and  is the same Hessian as the one 
involved in 

( (̂ );H θ σ σ
(4.40). Note that the ( ,  element of the Hessian is given by )i j

  
2

0 ( ; )( ; )
2
D

ij
i j

N N JH
θ θ

∂=
∂ ∂

θ σθ σ  (4.42) 

Substituting in equation (4.39) the integrals  and  given by with the equalities 
given in equations 

1I 2I
(4.40) and (4.41), respectively, one readily derives that the optimal 

values  of the prediction error parameter set  satisfies the set of nonlinear 
algebraic equations 

σ̂ σ

   (4.43) ( )2
0(̂ ) , 1,...,j jJ jσ = =θ σ N

ˆ
where  is given by (̂ )θ σ (4.36). The result in (4.43) indicates that the optimal 

 gives the optimal prediction error for the th output response. The 
optimal values  of the structural model parameters corresponding to the optimal 
prediction error parameters  are given by .  

2 ˆˆ ( ( ))j iJσ = θ σ j
ôptθ

σ̂ ˆ ˆ ˆ( )opt =θ θ σ
Using (4.30) and (4.43) the optimal weights in (2.18) are given by  

  
( )

ˆ , 1,...,2
ˆ
i

i

j opt

w i
J

α= =
θ

m  (4.44) 

while the optimal value  which minimizes , also minimizes the 
optimally weighted residuals  in (2.18), that is,  where 

( )ˆ ˆ ˆopt ≡θ θ σ ˆ( ; )J θ σ
ˆ( ; )J θ w ( )ˆ ˆ ˆopt ≡θ θ w
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θ w

σ

   (4.45) (̂ ) argmin ( ; )DJ=
θ

θ w

It should be noted that the optimal values  and  are obtained by 
simultaneously solving 

σ̂ ˆ ˆ ˆ( )opt =θ θ
(4.43) and (4.36) with respect to  and . Equivalently, the 

optimal values  and  are obtained by simultaneously solving 
θ σ

ŵ ( )ˆ ˆ ˆopt ≡θ θ w

  
( )( )

ˆ , 1,...,2
ˆ
i

i
j

w i
J

α= =
θ w

m

J θ

θ

)t

 (4.46) 

and equation (4.45) with respect to w  and . It can be shown that both problems are 
equivalent to the problem of finding  that minimizes the objective function 

θ
ôptθ

   (4.47) 
1

( ) ln ( )
n

i i
i

I α
=

= ∑θ

i.e 

   (4.48) ˆ argmin ( )I=
θ

θ

with respect the parameter set  and then computing the optimal  from 
 or the optimal  from . This can be readily 

verified by noting that the optimalityconditions 

θ σ̂
2 ˆˆ (i i opJσ = θ ŵ ˆˆ / ( )i i i optw Jα= θ

( ) 0
optθ , for the objective 

function , where  is the gradient with respect to , are exactly the same as 
the optimalityconditions 

I∇ =θ =θθ
( )I θ ∇θ θ

ˆ( )
( ; ) 0J∇ =θ θ=θ σθ σ  for (4.36) with  replaced by the 

optimal . 

2σ
2 ˆˆ ( )i i opJσ = θ t

i

Summarizing, the aforementioned analysis states that the optimal values  obtained 
by minimizing (2.17) using the optimal weight values  or by 

ôptθ
2ˆ ˆ/iw α σ= (4.36) using 

the optimal prediction error parameter values , can equivalently be obtained by 
minimizing the objective function 

2
îσ

(4.47) which does not require information from the 
weights w  or the prediction error parameters . σ
The optimization of  with respect to  can readily be carried out numerically 
using any available algorithm for optimizing a nonlinear function of several variables. 
Comparing the computational time involved in Algorithms I and II, it is worth noting 
that for Algorithm I, each function evaluation involved in the optimization of the 
objective  with respect to the prediction error parameters  requires the 
solution of an inner optimization problem 

( )I θ θ

( )G σ σ
(4.36) for minimizing the measure of fit 

 with respect to the parameter set  given the current value of . However, 
Algorithm II involves a single optimization of  and thus, it is computationally 
much more efficient than Algorithm I. However, an open question that remains to be 

( ; )J θ σ θ σ
( )I θ
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N
N

j

N

shown is whether, for sufficiently large number of data, the two algorithms converge to 
the same value. 

4.6 Bayesian Parameter Estimation Using AR Models for the 
Model Prediction Error 

Here the case where the prediction error of a response time history is quantified by an 
Autoregressive (AR) model is considered. A Bayesian estimation is presented for 
identifying the optimal values of the structural models and the parameters of the AR 
prediction error model, as well as their associated uncertainties. 

The prediction error  between the sampled measured response time histories and 
the response time histories predicted by a model that corresponds to a particular value 
of the parameters , for the th measured DOF, , and the k th sampled 
data, , is given by the prediction error equation 

( )je k

θ j 01,...,j =
1,..., Dk =

   (4.49) ˆ( ) ( ) ( ; )j j je k x k x k= − θ

where  are no longer independent but they are related through the structure of an 
autoregressive (AR) probability model of order p . That is,  satisfy the AR 
equation 

( )je k
( )je k

   (4.50) 
1

( ) ( ) ( )
p

j i i
i

e k e k i n kα
=

− − =∑
The AR prediction errors , , corresponding to the th measured 
point, are assumed to be independent zero mean Gaussian variables, 

( )jn k 1,..., Dk = j

2( ) (0, )j jn k N σ∼ , with variance 2
jσ  independent of k . The parameters jσ , 

 represent the prediction error estimates of the AR model and using the 
structure of the AR model, they also affect the model error corresponding to the 
measured time histories involved in D . The model prediction error is due to modeling 
error and measurement noise. 

01,...,j = N

Using the Bayes theorem to calculate the posterior probability distribution 
 of the model parameters  based on the inclusion of the measured 

data D  and given the parameters  and  one has that 
( | , , )p Dθ α σ θ

α ,σ

  
( | , , ) ( | , )

( | , , )
( | , )

p D p
p D

p D
=

θ α σ θ α σ
θ α σ

α σ
 (4.51) 

( | , , )p D θ α σ  is obtained by using information from the data D , the model class 
, and the structure of the AR model. Μ
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)

) =

}

( | , )p θ α σ  is the initial (prior) probability distribution of the model parameters 
. It is usually assumed uniform, and here equal to . It is also 

assumed that  is independent of  and  before the data are 
obtained.  

θ ( )π θ
θ α σ

( | ,p D α σ  is a normalizing constant, , selected such that the PDF 
 integrates to one. 

1c−

( | , , )p Dθ ασ

4.6.1 Formulation for  ( | , , )p D θ α σ
Assuming independence of the measured response time histories  for different 
values of the index , the probability , known also as “the likelihood”, 
of obtaining the data from a model within the class of models Μ , is given by 

ˆ ( )jx k
j ( | , , )p D θ α σ

   { }( ˆ( | , , ) ( ), 1,..., | , ,Dp D p k k N= =θ α σ θ α σx

  {( )01̂ ˆ( ),..., ( ), 1,..., | , ,N Dp x k x k k N= = θ α σ   

                 { }( )
0

1

ˆ ( ), 1,..., | , ,
N

j D
j

p x k k N
=

= =∏ θ α σ  (4.52) 

Also, using the fact that 

{ }( ) ( )
1

ˆ ˆ ˆ( ), 1,..., | , , ( )| ( 1),..., (1), , ,
DN

j D j j j
k

p x k k N p x k x k x
=

= = −∏θ α σ θ α σˆ  (4.53) 

and substituting in (4.52), one derives that 

  ( )
0

1 1

ˆ ˆ ˆ( | , , ) ( ) | ( 1),..., (1), , ,
DN N

j j j
j k

p D p x k x k x
= =

= −∏∏θ α σ θ α σ  (4.54) 

Next, the expressions for the factors in (4.54) are developed. Substituting  from ( )je k
(4.49) in (4.50), one has 

   (4.55) 
1

ˆ ˆ( ) ( ; ) ( ) ( ; ) ( )
p

j j ji j j j
i

x k x k x k i x k i n kα
=

⎡− − − − − =⎣∑θ θ ⎤⎦

⎤⎦

which can be rearranged in the form 

   (4.56) 
1

ˆ ˆ( ) ( ; ) ( ) ( ; ) ( )
p

j j ji j j j
i

x k x k x k i x k i n kα
=

⎡= + − − − +⎣∑θ θ

Assuming that the predictions errors  are modeled by zero-mean Gaussian 
variables so that 

( )jn k
2( ) (0, )j jn k N σ∼ , the measured time history  at time instant ˆ ( )jx k
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t
k tΔ , given the values of ,  and  and the measured response time histories at 
previous time instances ( , are also implied to be Gaussian variables, 
that is, 

θ α σ
1) ,....,k t− Δ Δ

( )2ˆ ( ) ( ; ),j jx k N m k σ∼ θ j  with mean  and variance ( ; )jm k θ 2
jσ , where 

  
1

ˆ( ; ) ( ; ) ( ) ( ; )
p

j j ji j j
i

m k x k x k i x k iα
=

⎡ ⎤= + − − −⎣ ⎦∑θ θ θ  (4.57) 

Therefore, the probability density function (PDF) of , given the values of  
and , is given by  

ˆ ( )jx k ,θ α
σ

( ) ( )ˆ ˆ ˆ ˆ ˆ ˆ( ) | ( 1),..., (1), , , ( ) | ( 1),..., ( ), , ,j j j j j jp x k x k x p x k x k x k i− = − − =θ α σ θ α σ  

2

2
1

1 1 ˆ ˆexp ( ) ( ; ) ( ) ( ; )
2 2

p

j j ji j j
ij j

x k x k x k i x k iα
π σ σ =

⎧ ⎫⎪ ⎪⎡ ⎤⎪ ⎪⎡ ⎤− − − − − −⎢ ⎥⎨ ⎬⎢ ⎥⎣ ⎦⎪ ⎪⎢ ⎥⎣ ⎦⎪ ⎪⎩ ⎭
∑θ θ  (4.58) 

Substituting (4.58) into (4.53) one has 

{ }( )
( )

2

2
1 0

1 1ˆ ˆ( ), 1,..., | , , exp ( ) ( ; )
22

D

D
D

N p

j D ji j jN N
k ijj

p x k k N x k i x k iα
σπ σ = =

⎧ ⎫⎪ ⎪⎡ ⎤⎪ ⎪⎡ ⎤= = − − − −⎢ ⎥⎨ ⎬⎢ ⎥⎣ ⎦⎪ ⎪⎢ ⎥⎣ ⎦⎪ ⎪⎩ ⎭
∑∑θ ασ θ (4.59) 

where . 0 1jα = −

Substituting (4.59) into equation (4.54) results in 

( )

0

0
0

2

2
1 1 0

1

1 1 1 ˆ( | , , ) exp ( ) ( ; )
22

D

D
D

N N p

ji j jNN N N j k ij
j

j

p D x k i x k iα
σπ σ = = =

=

⎧ ⎫⎪ ⎪⎡ ⎤⎪ ⎪⎡ ⎤= − − − −⎢ ⎥⎨ ⎬⎢ ⎥⎣ ⎦⎪ ⎪⎢ ⎥⎣ ⎦⎪ ⎪⎩ ⎭
∑ ∑∑

∏
θ ασ θ  (4.60) 

Equivalently, introducing the function  

  
0

2
1

( ; , ) ( ; )
N

i
j

j j

J α
σ=

=∑θ α σ θ αJ  (4.61) 

where 

  
2

1 0

1 ˆ( ; ) ( ) ( ; )
DN p

j ji j j
k iD

J x k i x
N

α
= =

k i
⎡ ⎤⎡ ⎤= − − −⎢ ⎥⎢ ⎥⎣ ⎦⎢ ⎥⎣ ⎦

∑ ∑θ α θ  (4.62) 

and , the probability density function  in 01/i Nα = ( | , ,p D θ α σ ) (4.60) takes the 
compact form 

  
( ) {0

01( | , , ) exp ( ; , )
22 ( )D

D
N N

N NpD J
π ρ

= −θ ασ θ ασ
σ }  (4.63) 
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The function  represents the measure of fit between the measured and the 
model predicted response time history for the th DOF. The function  
represents the overall weighted measure of fit between measured and predicted 
response time histories for all DOFs. The variable  is the scalar function defined 
in 

( ; )jJ θ α
j ( ; , )J θ α σ

( )ρ σ
(4.22), having the properties described in (4.38). 

The optimal value  of the model parameter  for given  and , denoted by 
, correspond to the most probable model maximizing the updated PDF 
, that is 

θ̂ θ α σ
ˆ (̂ , )=θ θ α σ
( | , , )p Dθ α σ

   (4.64) (̂ , ) argmax ( | , , )p D=
θ

θ α σ θ α σ

In particular for non-informative uniform prior distribution  
, the optimal value  of the model parameter  correspond to the value 

that minimize the measure of fit  defined in 

( | , )p =θ σ Μ ( )π =θ
= constant θ̂ θ

( ; , )J θ α σ (4.61). Hence, it is given by 

   (4.65) (̂ , ) argmin ( ; , )J=
θ

θ α σ θ α σ

It should be noted that the optimal value  of the model parameters  depends on the 
values of prediction error parameter set  and the parameter set  defining the 
structure of the AR model. This dependence is explicitly shown by writing . 

θ̂ θ
σ α

(̂ , )θ α σ

4.6.2 Estimation of AR Model Parameters  and Variance  α σ
The Bayesian methodology will be used for defining the unknown AR model 
parameters  and the unknown variance , given the measured data D . α σ
According to Bayes’ theorem the posterior probability distribution, , of 
the variance  and parameters , based on the inclusion of the measured data D , is 
given by the following equation 

( , | )p Da σ
σ α

  
( | , ) ( , )

( , | )
( )

p D p
p D

p D
=

a a
a

σ σ
σ  (4.66) 

( | ,p D α σ )  is the probability of obtaining the data from a model, corresponding to a 
particular value of the prediction error parameters  and the AR model 
parameters . 

σ
α

( , )p a σ  is the initial (prior) probability distribution of the AR parameters  and 
the prediction error parameters  based on engineering judgment. Any 
available prior information is reflected in this term. Assuming there is no 
prior preference, it may be set .  

α
σ

( , ) ( , )p constantπ= =a aσ σ
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( )p D   is a normalizing constant given by ( )p D = d= ( , | )d dp D∫ a aσ σ , 

selected so that the PDF  integrates to one. ( , | )p a σ D

From the total probability theorem, it is known that  

  ( | , ) ( | , , ) ( | , )dp D p D p
Θ

= ∫α σ θ α σ θ α σ θ  (4.67) 

Next, it is assumed that ,  and  are independent prior to the collection of data, 
that is, = . One can derive that 

θ α σ
( | , )p θ α σ ( )π θ

  ( | , ) ( | , , ) ( )dp D p D π
Θ

= ∫α σ θ α σ θ θ  (4.68) 

Substituting equation (4.63) into equation (4.68) results in  

   
( ) { }0

01( | , ) exp ( ; , ) ( )d
22 ( )D

D
N N

N Np D J π
π ρ Θ

= −∫α σ θ α σ θ θ
σ

 (4.69) 

and then by substituting (4.69) into (4.66), the PDF  simplifies to ( , | )p a σ D

( ) { }0

0( , ) 1( , | ) exp ( ; , ) ( )d
22 ( )D

D
N N

N Np D J
d

π π
π ρ Θ

= −∫σα σ θ α σ θ θ
σ

a
 (4.70) 

The optimal values  and  of the prediction error parameter set  and the 
parameter set  of the AR model, respectively, given the data D , are the ones that 
maximize  or, equivalently, for a noninformative prior distribution 

, the ones that maximize  given in equation 

σ̂ α̂ σ
α

( , | )p α σ D

p α σ
( , ) constantπ =α σ ( | , )p D α σ (4.69). 

However, in order to compute the value of the function  for given , one 
needs to estimate a multi-dimensional integral over the parameter space . This 
makes the approach computationally very demanding and in most cases inefficient.  

( , | )D σ
Θ

In order to find the values of  and  that maximize equation σ α (4.69) optimality 
conditions would be applied with respect to either  and  and the multidimensional 
integrals resulted by this analysis will be calculated using asymptotic approximations. 

σ α

Applying the optimality conditions in (4.69) with respect to the elements of , one 
can derive the conditions that the optimal  should satisfy. So, the following system 
of equations are obtained: 

σ
σ̂

  
( , | ) 0

j

p D
σ

∂ =
∂
α σ

           for  (4.71) 01,...,j = N
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Substituting  from ( , | )p Dα σ (4.70) and using the definition and the properties for the 
scalar  given in ( )ρ σ (4.22) and (4.38), respectively, one derives that  

( )
( ) { }0

0( , ) exp ( ; , ) ( )d
22 ( )D

D D
N N

j

N N N J
d

π π
σπ ρ Θ

−
− +∫a σ θ α σ θ θ

σ
 

( ) { }0

0 0
4

0

2( , ) 1 ( ; )exp ( ; , ) ( )d 0
2 22 ( )D

jD D
jN N

j

N N N NJ J
Nd

σπ π
σπ ρ Θ

⎛− ⎞⎟⎜+ − − =⎟⎜ ⎟⎜ ⎟⎜⎝ ⎠∫a σ θ α θ ασ θ θ
σ

 

which simplifies to  

{ }
{ }

2 0

0

exp ( ; , ) ( )d
2

( ; )exp ( ; , ) ( )d
2

D
j

D
j

N N J

N NJ J

σ π

π

Θ

Θ

− =

= −

∫

∫

θ α σ θ θ

θ α θ α σ θ θ
 (4.72) 

For easy handling of equation (4.72) the first integral is called  and the second . 
Both integrals are Laplace-type integrals defined in (3.23) and (3.24). For the first one, 

, , 

1I 2I

( ) ( )g π=θ θ ( ) ( ; , )f J=θ θ α σ 2
0 2DN Nβ = . Applying the asymptotic 

approximation (3.23) valid for large number of data, , it takes the form 0DN N → ∞

  ( )
( ){ } ( )

( )

0

1

ˆ ˆexp ( , ); , ( , )
22

(̂ , ); ,

D
N

N N J
I

H

θ
π

π
−

∼
θ α σ α σ θ α σ

θ α σ α σ
 (4.73) 

The second one, is also a Laplace-type integral with , 
, 

( ) ( ; ) ( )jg J π=θ θ α θ
σ( ) ( ; , )f J=θ θ α 2

0 2DN Nβ =  and applying the asymptotic approximation 
(3.23) valid for large number of data, , it takes the form 0DN N → ∞

( )
( ) ( ){ } ( )

( )

0

2

ˆ ˆ( , ); exp ( , ); , ( , )
22
(̂ , ); ,

D
jN

N NJ J
I

H

θ
π

π
−

∼
θ α σ α θ α σ α σ θ α σ

θ α σ α σ

ˆ

)
)

 (4.74) 

where for both approximations 

   (4.75) (̂ , ) argmin ( ; , )J=
θ

θ α σ θ α σ

and  is the Hessian of the function  
evaluated at . The ( ,  element of the Hessian  is given by  

( (̂ , ); ,H θ α σ α σ ( )0
ˆ0.5 ( , ); ,DN N J− θ α σ α σ

(̂ , )θ α σ )i j ( ; ,H θ α σ
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2

0 ( ; , )
2
D

ij
i j

N N JH
θ θ

∂=
∂ ∂
θ α σ

 (4.76) 

Substituting in equation (4.72) the integrals  and  given by equations 1I 2I (4.73) and 
(4.74), respectively, one readily derives that the optimal values ˆjσ  of the prediction 
parameter set  satisfies the set of nonlinear algebraic equations σ

   (4.77) ( )2
0(̂ , ), , 1,...,j jJ jσ = θ α σ α N=

where  is given by (̂ , )θ α σ (4.75). The result in (4.77) indicates that the optimal 2ˆjσ  
gives the optimal prediction error for the th output response. The optimal values  
of the structural model parameters, corresponding to the optimal prediction error 
parameters  and the optimal values of the AR model parameters , are given by 

. 

j ôptθ

σ̂ α̂
ˆ ˆ ˆ ˆ( , )opt =θ θ σ α

Optimalityconditions are then applied in (4.70) with respect to . So, the following 
system of equations are obtained: 

α

  
( , | ) 0

jl

p D
α

∂ =
∂
α σ

      for  and  (4.78) 1,...,l p= 01,...,j = N

DSubstituting  from ( , | )p α σ (4.70), using (4.61) and (4.62) which defines the 
objective function , and using the definition and the properties for the 
scalar  given in 

( ; , )J θ α σ
( )ρ σ (4.22) and (4.38), respectively, one derives that  

( ) { }0

0

0 0
2

1

( ; )1 1 exp ( ; , ) ( )d 0
2 22 ( )D

N
jD D

N N
j j jl

JN N N N J π
σ απ ρ =

⎡ ⎤∂⎢ ⎥− − =⎢ ⎥∂⎣ ⎦
∑∫

θ α θ ασ θ θ
σ

 

Using equations (4.61) and (4.62) which define the objective function , one 
has that 

( ; , )J θ α σ
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for .                    (4.79) 1,...,l p=

Introducing the functions  

ˆ( ; ) ( ) ( ; )j j je k i x k i x k i⎡ ⎤− = − − −⎢ ⎥⎣ ⎦θ θ  and ˆ( ; ) ( ) ( ; )j j je k l x k l x k l⎡ ⎤− = − − −⎢ ⎥⎣ ⎦θ θ  (4.80) 

 equations (4.79) simplify to 
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Also, introducing the variables  
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 equation (4.81) is further simplified to 

  { }( ) 0

0

( ) exp ( ; , ) ( ) d 0
2

p
j D

ji il
i

N NR Jα π
=

⎡ ⎤
− =⎢ ⎥

⎢ ⎥⎣ ⎦
∑∫ θ θ α σ θ θ

( ) ( ; , )f J=θ θ α σ

 (4.83) 

The integral in (4.83) is of the Laplace type (3.23) with  
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Therefore, as , i.e. for large number of data, the asymptotic 
approximation (3.23) can be applied for the integral in 

DNN → ∞
(4.83) to yield 
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The equation (4.84) is satisfied if and only if 
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Using (4.83) equations become 
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Thus the optimal values  of the prediction error parameter set  and the optimal 
values  of the parameter set  of the AR mode are solutions of the set of nonlinear 
equations given in 

σ̂ σ
α̂ α

(4.77) and (4.86), respectively. Finally, the optimal values  
of the structural parameters  are given by equation 

( )ˆ ,θ α σ
θ (4.75). 

 

 

 



5. Bayesian Methodology for 
Structural Damage Detection and 

Identification 

5.1 Introduction  
A Bayesian statistical framework for structural model selection utilizing measured 
dynamic data is developed and applied to structural damage detection. The problem of 
selecting the best model class from a set of competing model classes as well as the 
problem of estimating the free parameters of a model class is first addressed. Then 
structural damage identification is accomplished by associating each model class to a 
damage pattern in the structure, indicative of the location of damage. Using the 
Bayesian model selection framework, the probable damage locations are ranked 
according to the posterior probabilities of the corresponding model classes. The 
severity of damage is then inferred from the posterior probability of the model 
parameters derived for the most probable model class. It is shown that predictions of 
location and severity of damage depend on the sensor configuration that affects the 
information contained in the data for simultaneous monitoring of all damage patterns. 
Computational issues related to the estimation of the resulting multi-dimensional 
probability integrals are discussed. Asymptotic approximations as well as Monte Carlo 
and importance sampling simulations are presented for estimating the multi-
dimensional probability integrals arising in the formulation. 

For illustration purposes, the methodology is first applied to the identification of 
location and severity of damage of a chain-like spring mass structure, using simulated 
modal data. Then the methodology is applied to identify the damage patterns inflicted a 
four-story steel frame scaled model structure, using simulated ambient vibration data.  
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5.2 Model Selection and Updating 
The methodology is presented for the case where the dynamic data consist of modal 
data. Let 0( ) ( )ˆ{ˆ , , 1, , , 1, , }k k N

r r DD R r m kω= ∈ = =φ  be the measured 
modal data from a structure, consisting of modal frequencies  and modeshape 
components 

( )ˆ krω
( )ˆ k
rφ  at  measured DOFs, where m  is the number of observed modes 

and  is the number of modal data sets available. Consider a parameterized class of 
linear structural models used to model the dynamic behavior of the structure, 
designated by Μ , and let  be the set of free structural model parameters to be 
identified using the measured modal data. Let also  

, where  is the number of model degrees of freedom (DOF), be the 
predictions of the modal frequencies and modeshapes from a particular model  
in the model class . The prediction error vector , 

, is defined as the difference between the measured modal quantities 
involved in D  for all  modes and the corresponding modal quantities 
predicted by a model in the class Μ  corresponding to a particular value of the 
parameter set . Specifically, the prediction error  is given 
separately for the modal frequencies and the modeshapes by the prediction error 
equations  
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1, , }r m dN
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   (5.1) ( ) ( )ˆ ( ) 1, ,
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k k
r reω ω ω= − = …θ

  ( ) ( ) ( )
0

ˆ ( ) 1, ,k k k
r r rr

L rβ= − = …φ φ φ θe  (5.2) 

where ( ) ( )ˆ /k k T T
r r r rβ = rφ φ φ φ  is a normalization constant that accounts for the 

different scaling between the measured and the predicted modeshape for given 
parameter set  and the matrix  is an observation matrix comprised of 
zeros and ones that maps the model DOFs to the observed DOFs. The model prediction 
error are due to modeling error and measurement noise.  

θ 0
0

dN NL R ×∈

A Bayesian framework is next presented which is attractive to address the problem of 
comparing two or more competing model classes and selecting the optimal class. Let 

,  be  alternative classes of models. Before the selection of data, 
each class M  has a probability  of being the appropriate class of models for 
modeling the structural behavior. Using Bayes’ theorem, the posterior probabilities of 
the various model classes given the data D  is 

iΜ 1, ,i μ= μ
( )P M

  
( | ) ( )( | ) p D PP D

d
= M MM  (5.3) 

where  is the probability of observing the data from the model class , 
while  is selected so that the sum of all model probabilities equals to one.  

( | )p D M M
d
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π

It is assumed that each model class M  is parameterised with a parameter set 
, where  and  are the structural and prediction error model 

parameters, respectively. The prediction error parameters  for each model class  
are defined in detail in the analysis presented in Chapter 3. Also, given the model class 

, the prior probability distribution of the model parameters  is assumed to be of 
the form . In 

[ , ]=α θ σ θ σ
σ M

M α
( , | ) ( ) ( )θ σπ π=θ σ θ σM (5.3),  is given by (Papadimitriou 

and Katafygiotis 2004) 
( | )p D M

   (5.4) ( | ) ( | , , ) ( , | )p D p D d dπ= ∫M M Mθ σ θ σ σ θ

where  is the likelihood of observing the data from a given model in the 
class . Assuming that the prediction errors are Gaussian and independent, this 
likelihood is readily obtained in the form shown in equation (3.11), which is 

( | , , )p D θ σ M
M

  
( ) {1( | , , ) exp ( ; )

22 ( )D

D
DNN

NNp D J
b π ρ
= −θ σ θ σ

σ
M }

; )J= 1θ θ

 (5.5) 

where  represents the measure of fit between the measured modal data and 
modal data predicted by a particular model  in the class M . 

( ; )DJ θ σ
iM

For this, the measured modal properties are grouped into n  groups. Each group 
contains one or more modal properties. For the i th group, a norm  is introduced 
to measure the residuals of the difference between the measured values of the modal 
properties involved in the group and the corresponding modal values predicted from 
the model class for a particular value of the parameter set . This difference is due to 
modeling and measurement errors, always present in structural identification problems. 
The modal grouping schemes used in this work, are described in details in Chapter 
2.4.3. Also,  is a function of the prediction error parameters  and it is 
evaluated using equation (3.13). 

( )iJ θ

θ

( )ρ σ σ

For demonstrations purposes, the case of a single modal group is treated in the analysis 
that follows. In this case the parameter set  consists of a single parameter σ . Also it 
can be easily verified that  where J D  is 
independent of . 

σ
2( ; ) ( ; )/DJ J D σ=θ σ θ ( ; ) (D

σ

Substituting  from ( | , , )p D θ σ M (5.5) for the i -th model class , using the 
simplification that  and carrying out the integration in 

iM
( , ) ( ) ( )θ σπ π π=θ σ θ σ (5.4) 

over  assuming a non-informative prior distribution  for , one 
readily derives that  

σ ( ) cσ σπ =σ σ
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   (5.6) [ ]0( | ) ( ; ) ( )JNp D c J D dθπ
−

Θ

= ∫M θ θ

where  is the measure of fit for the -th model class , 
, is a multiplicative constant that 

depends on the number of data, while it is independent of the model class, and 
.  

( ; )J Dθ i iM
0.5

0 0.5 ( )( 0.5) /(2 )J JN N
J Jc c N Nσ π− += Γ +

0( 1)JN NN= −

When the number of parameters is more than a few, the numerical integration in (5.6) 
is computationally prohibitive. An asymptotic approximation based on Laplace’s 
method (Bleistein and Handelsman 1986), can be used to give a useful and insightful 
estimate of the integral in the form (Papadimitriou and Katafygiotis 2004) 

  1 2
0

ˆ ˆ( ) ( ; )
ˆ( | ) ( ) (2 )

ˆ( ; )

JN
N

D

J D
c p D I

H D

θ θππ

−

−
⎡ ⎤
⎢ ⎥⎣ ⎦≈ =M

θ θ
θ

θ
 (5.7) 

where  is the value that maximizes the integrand in θ̂ (5.6) or, equivalently, minimizes 
the function , and  is 
the Hessian of  evaluated at . The approximate estimate is unreliable when 
the optimal  is outside the region 

( , ) ( ; , ) ln ( ; ) ln ( )Jg D g D N J D θπ≡ = −θ θ θM θ ˆ( ; )DH Dθ
( , )g Dθ θ̂

θ̂ Θ  of variation of . θ
Assuming there is no prior preference as to what class of models we choose, we may 
set that  in ( ) 1/P μ=M (5.3). The result in (5.3) with  given by ( | )p D M (5.7) 
suggests that among two model classes  and  that give the same fit to the data, 
that is, , the most probable class is the one with the most 
uncertain parameter values as for this class the denominator in (5.9) is smaller. The 
matrix  in the denominator of 

iM jM
ˆ ˆ( ; ) ( ; )iJ D J D=θ θ j

i
ˆ( ; , )DH Dθ M (5.7) is the Fisher information matrix 

quantifying the uncertainty in the model parameters of each model class 
(Papadimitriou et al., 2000). The sensor locations are known to affect the value of the 
information matrix and the uncertainty in the model parameters of each model class. A 
sensor configuration that minimizes the uncertainty in the parameter estimates may be 
critical in identifying the optimal class of models, especially for the case for which 
these models give approximately an equally good fit to the data. An optimal sensor 
configuration strategy for providing informative measurements for multiple model 
classes is presented in a Chapter 6.  

It is worth mentioning that the ranking of the model classes also depends on the 
complexity of the model classes and the number of parameters involved in each model 
class. Model classes with increasing number of parameters are penalized in the 
selection of the best model class. A theoretical investigation of the dependence of the 
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model class ranking on the number of parameters involved in each model class can be 
found in references Yuen (2002) and Beck and Yuen (2004).  

Alternatively, one can use Monte Carlo simulations to compute the integral in (5.6). In 
this case, an estimate of the integral is provided by the formula:  

  ( ) ( )0

1

( | ) ( ; ) ( | )J
n Nk k

k

cp D J D
n

π
−

=

⎡ ⎤≈ ⎣ ⎦∑M Mθ θ  (5.8) 

where  are uniformly distributed samples in the domain of  
and  are the values of  at the undamaged condition. However, Monte Carlo 
simulation may require a large number of samples and can be computationally 
inefficient. Instead, importance sampling (IS) methods (Papadimitriou et al., 1997) can 
also be used to efficiently compute the integral 

( )kθ ={ : }u i≤ ∀θ θ θΘ
uθ θ

(5.6). The estimate of the importance 
sampling method is unreliable when the optimal  falls outside the region  of 
variation of  and relatively far from the boundaries of the region Θ  so that the 
probability content of the importance sampling density within the region  is small. 
In this case, the straight Monte Carlo simulations are used to compute the integral  

θ̂ Θ
θ

Θ

(5.6). 

Finally, the uncertainty  in the parameters of a model class  is obtained 
by applying Bayes’ theorem (Beck and Katafygiotis 1998) and then finding the 
marginal distribution of the structural model parameters. This yields (Katafygiotis et al. 
2000)  

( | , )p Dθ M M

   (5.9) [ ]1( | , ) ( ; ) ( )JNp D c J D θπ
−−=θ θM θ

where  is a normalizing constant guaranteeing that the PDF integrates to one. It 
should be noted that the optimal model in the selected model class corresponds to the 
value of the parameter set  that maximizes the PDF . 

c

θ ( | , )p Dθ M

5.3 Application to Damage Detection 
An application of the methodology to damage detection is next presented. It is assumed 
that damage in the structure causes stiffness reduction in the damaged part of the 
structure. Here we follow a substructure approach where we assume that the structure 
is comprised of a number of substructures. The objective is to identify the damaged 
substructure and the severity of the corresponding damages using measured dynamic 
data. For this, a family of μ  model classes  is introduced, and the damage 
identification is accomplished by associating each model class to a damage pattern in 
the structure, indicative of the location of damage. Each model class  is assumed to 
be parameterized by a number of structural model parameters  scaling the stiffness 
contributions of a “possibly damaged” substructure, while all other substructures are 

1, , μM M

iM
θ
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assumed to have fixed stiffness contributions equal to those corresponding to the 
undamaged structure. Using the Bayesian model selection framework, the probable 
damage locations are ranked according to the posterior probabilities of the 
corresponding model classes. The most probable model class will be indicative of the 
substructure that is damaged, while the probability distribution (5.9) of the model 
parameters of the corresponding most probable model class will be indicative of the 
severity of damage in the identified damaged substructure. 

5.4 Numerical Illustration 
Numerical examples are given next to illustrate the theoretical developments. Consider 
a structure represented by a -DOF chain-like spring-mass model, shown in Figure 
5.1, with one end of the chain fixed at the base and the other end free. The model could 
be thought of representing the behavior of a -floor shear-type building. The 
nominal model of the structure is assumed to have mass and stiffness properties that 
are uniformly distributed along the chain, i.e.  and , . 
The values of and  are selected such that the lowest modal frequency of the 
structure is equal to 1.0 Hz. The nominal model is considered to be the model of the 
structure at its undamaged condition. 

dN

dN

0ik k= 0im m= 1, , di N=
0k 0m

 

   

1k
 

2k
DNk

1DNm − DNm1m 2m

 
Figure 5.1. - DOF spring-mass model. dN

A damage scenario corresponding to 40% stiffness reduction at the lowest link is 
considered. Simulated measured modal data are generated by the model with 40% 
reduced stiffness at the first link. To simulate the effects of measurement noise and 
modeling error, 2% and 5% noise are respectively added to the modal frequencies and 
modeshapes simulated by the damaged model. These simulated noisy modal data ˆmω  
and m̂φ  are then used in the methodology to compute the optimal class of models and 
to update the uncertainty in the parameters of the optimal class. 

For illustration purposes, an =6 DOF structure is first considered and the family of 
model classes  is taken so that each 
model class  is parameterized by one parameter that accounts for the stiffness value 
of one out of the six links, while each model class  is parameterized by two 
parameters that account for the stiffness values of two out of the six links. For each 
model class the stiffness and mass properties of the links that are not parameterized 
equal the nominal values of the undamaged structure. The total number of distinct 

dN
1 6 12 16 23 26 56{ , , , , , , , , , , }M M M M M M M

iM
ijM
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)
}

model classes is , six (6) for model classes involving one stiffness parameter 
and fifteen (15) for model classes involving two stiffness parameters. It is expected 
that the application of the methodology should yield as most probable model class 
either  with the single parameter modeling the stiffness value of the lowest link or 
the  and  with one of the two parameters modeling the 
stiffness value of the lowest link. The probability of each model class is obtained by 

21μ =

1M
12 13 14 15,  ,  ,  M M M M 16M

(5.3). Herein a non-informative prior probability distribution for the parameters of each 
model is considered. 

The results for the probability ratio  for the model classes 
 that contain the damage substructure, along with 

the next highest probability ratio  among the rest 
of the models that do not belong in the set S , are given in Table 5.1 as a function of 
the number  of measurement points and the number m  of contributing modes. The 
model with the next highest probability  is denoted by  in Table 5.1. The results 
are computed using both asymptotic (first row) and Monte Carlo or importance 
sampling (second row) method. The measurement locations for  sensors are taken 
in all cases to be at the lowest  masses of the chain. 

1( | )/ ( |iP D P DM M
1 12 13 14 15 16{ , , , , ,S = M M M M M M

1ˆ { ( | )/ ( | )}ip max P D P D= M M

0N
p̂ M̂

0N
0N

 

TABLE 5.1. Asymptotic (first row) and Monte Carlo or importance sampling (second row) 
estimates of the probability ratios  of the model class  and the model classes in S  that 
contain the damaged structure. 

p̂ M̂

Model 
Class 

m = 2 
0N = 2 

m = 2 
0N = 3 

m = 2 
0N = 6 

m = 3 
0N = 3 

m = 4 
0N = 2 

m = 4 
0N = 3 

0.87 0.91 0.98 0.94 0.94 0.8 M 1 1.0 1.0 1.0 1.0 1.0 1.0 
0.130 0.160 0.150 0.098 0.079 0.030 M 12 0.120 0.150 0.120 0.037 0.079 0.016 
0.370 0.150 0.160 0.083 0.074 0.067 

M 13 0.170 0.140 0.140 0.084 0.035 0.062 
0.340 0.130 0.092 0.140 0.790 0.097 

M 14 0.060 0.074 0.056 0.048 0.0017 0.013 
0.280 0.110 0.094 0.140 0.15 0.150 

M 15 0.054 0.057 0.025 0.025 0.033 0.018 
0.930 0.260 0.140 0.200 0.340 0.200 

M 16 0.096 0.130 0.042 0.018 0.016 0.0087 

M̂  7.4e-2 9.4e-5 3.3e-9 6.1e-8 3.3e-9 2e-13 
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Comparing the probability ratios in Table 5.1 for all models in the set S  and the 
highest probability  from the rest of the models, it is seen that the probability ratios 
for all models in the set S  are much larger than . This indicates that the 
methodology correctly predicts the location of damage since it favors all models in the 
set . Among all alternative model classes in the set S  that can reliably predict the 
location and severity of damage, the proposed methodology favors, in most cases, the 
model class  with the least number of parameters. It is also seen in Table 5.1 that 
the effectiveness of the methodology in predicting the location of damage depends on 
the number of modes and the number of measurement locations. Furthermore, the 
asymptotic and importance sampling estimates give qualitatively similar prediction for 
the location of damage. 

p̂
p̂

S

1M

The most probable values of the parameter set  of the model classes included in the 
set  are also given in Table 5.2 as a function of the number of measurement points 
and the number of contributing modes. The results in Table 5.2 predict close to 40% 
stiffness reduction in the lowest link, which suggests that the severity of damage is also 
correctly identified from all models in the set S . 

θ
S

 

TABLE 5.2. Most probable value of model parameters for all model classes in S . 
Model 
Class 

m = 2 
0N = 2 

m = 2 
0N = 3 

m = 2 
0N = 6 

m = 3 
0N = 3 

m = 4 
0N = 2 

m = 4 
0N = 3 

M 1 0.59 0.60 0.59 0.59 0.58 0.59 
0.59 0.60 0.60 0.59 0.59 0.59 M 12 0.97 0.96 0.97 1.02 0.98 1.00 
0.58 0.60 0.60 0.59 0.58 0.59 

M 13 1.03 0.97 0.96 0.98 1.01 0.98 
0.57 0.59 0.59 0.59 0.59 0.59 

M 14 1.11 1.00 1.00 1.02 1.05 1.03 
0.57 0.59 0.59 0.59 0.58 0.59 

M 15 1.09 1.01 1.02 1.04 1.04 1.04 
0.58 0.59 0.59 0.59 0.59 0.59 

M 16 1.27 1.03 1.03 1.05 1.04 1.03 
 

 

 

 

 

 



5. Bayesian Methodology for Structural Damage Detection and Identification 83 

 
5.5 Application to the ASCE Benchmark Problem 
The methodology is next applied to the Benchmark structure located in the Earthquake 
Engineering Research Laboratory at the University of British Columbia. The purpose 
of this application is to validate the effectiveness of the damage detection methodology 
for a realistic civil engineering structures. 

5.5.1 Description of the Benchmark Structure 

The structure (Black and Ventura, 1998), shown in Figure 5.2a, is a 4-story, 2-bay by 
2-bay steel frame scale-model structure. It has a 2.5m × 2.5m plan and is 3.6m tall. The 
members are hot rolled grade 300W steel (nominal yield stress 300 MPa (42.6kpsi)). 
The sections are unusual, designed for a scale model, with properties as given in Table 
5.3. There is one floor slab per bay per floor: four 800kg slabs at the first level, four 
600kg slabs at each of the second and third levels, and, on the fourth floor, four 400kg 
slabs. As can be seen in Figure 5.2a, each bay has one brace, consisting by two 
diagonal elements (Figure 5.2b). 

5.5.2 Model Based Simulated Data 

The validation of the proposed health monitoring methodology is based on simulated 
data generated in the Phase II of the benchmark problem. These simulated data are 
generated using a 120DOF analytical model of the structure (Johnson et. al., 2000 and 
2001), where some randomness in the mass and stiffness distribution is considered. 

TABLE 5.3. Properties of structural members. 

Property Columns  Floor Beams  Braces 

section type  B100×9  S75×11  L25×25×3 
cross-sectional area  A [m2]  1.133×10-3 1.43×10-3 0.141×10-3

moment of inertia (strong direction)  Iy [m4] 1.97×10-6  1.22×10-6 0 

moment of inertia (weak direction)  Iz [m4] 0.664×10-6 0.249×10-6 0 

St. Venant torsion constant  J [m4]  8.01×10-9  38.2×10-9  0 

Young’s Modulus  E [Pa]  2×1011  2×1011  2×1011

Mass per unit length  ρ [kg/m] 8.89  11.0  1.11  
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Figure 5.2. (a) The benchmark structure   (b) Close-up of beam-column connections 

Particularly, in the braced system (undamaged) the braces stiffnesses are randomized 
uniformly over [0.95 1.05] of the nominal value. Also, the mass on each floor differs 
from the nominal value by an amount unknown to the user and the position of the 
center of mass (in the model that generates the data) also differs somewhat from the 
nominal values. The variability on the mass values is [0.9 to 1.1]. This way, a 
significant model error is introduced which is unknown to the investigator. Details on 
the simulated Phase II data are given in the references Dyke et al. (2000, 2003) and in 
the website http://www.bc.cityu.edu.hk/asce.shm/.  

5.5.3 Examined Damaged Scenarios 

Removing one element at a particular floor has the effect of reducing the stiffness of 
the bay by 50% and the stiffness of the side of the corresponding floor by 25%. 
Similarly, removing both elements, the stiffness of the bay is reduced by 100% and the 
stiffness of the side of the corresponding floor is reduced by 50%. In that way the 
extend of damage of each bay can be controlled. The reference or the undamaged case 
of the structure is the one where the structural model is fully braced.  

Some results for the Phase II using both simulated and experimental data are presented 
by several investigators (e.g. Ching and Beck 2004; Givaldo et al. 2003). Several 
conference sessions, e.g. 14th ASCE Engineering Mechanics Specialty Conference 
(2000), ASME-ASCE Joint Mechanics and Materials Conference (2001), 3rd 
International Workshop on Structural Health Monitoring (2001), were held for the 
discussions of the results. Damage scenarios are simulated by removing braces within 
the structure. The damage scenarios are simulated on the analytical models. 

 

 

http://www.bc.cityu.edu.hk/asce.shm/
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Four damage cases are considered:  
1st damage case: 25% stiffness reduction of each side along the strong x  direction, of 
the 1st floor. The exact damaged braces are shown in Figure 5.4(a). This is a 
symmetrical damage pattern. 

2nd damage case: The some as previous case, but the stiffness reduction is now 12.5%. 
This is also a symmetrical damage pattern. 

3rd damage case: 25% stiffness reduction of each side along the strong x  direction of 
the 1st floor, plus 12.5% stiffness reduction of each side along the strong  direction of 
the 3

x
rd floor. This is also a symmetrical damage pattern and the exact damaged braces 

are shown in Figure 5.4(b). 
4th damage case: 25% stiffness reduction in the outer side along the strong  direction 
of the 1

x
st floor, plus 12.5% stiffness reduction in the outer side along the strong x  

direction of the 3rd floor. The exact damaged braces are shown in Figure 5.4(c). This 
case corresponds to an unsymmetrical damage pattern. 

So, in the first three cases the damage is symmetric, while in the fourth one the damage 
is unsymmetric.  

Simulated phase II also contains two blind tests (Blind 1 and Blind 2). It is given that 
the two blind tests are both for damage in the bracing system. It is given that the 
damage in the blind tests is not less than 20% loss of stiffness in any of the affected 
brace elements. Moreover, for the Blind Test 1 it is given that there is only one brace 
that is damaged. Consequently, in Blind Test 1, the structure has an asymmetrical 
damage. 

The simulated data for all undamaged and damaged cases are generated by broadband 
ambient-vibration excitation of the 120DOF model at each floor that is unknown to the 
investigator (Johnson et. al., 2001). The excitation points of each floor are shown in 
Figure 5.5 and are denoted with , . The initial finite element model has 

 nodes, from which  are grounded. So there are  free nodes, and considering 
that each one has 6 degrees of freedom (DOFs) the model has a total of  
DOFs. The 120DOF model is a reduced-order version of a 216DOF, with the 
constraint that the floor slabs behave as rigid in the in-plane motion. Specifically, the 
horizontal slab panels are assumed to contribute only towards the out of plane stiffness 
making the floor behave as rigid with respect to in-plane motions. The remaining out-
of-plane degrees of freedom (namely, vertical motion and pitching/rolling of the floor) 
are active. The full-sensor scenario is considered. Four sensor measurements are 
available at the center of each side at each floor (e.g. nodes 11, 13, 15, and 17 at the 
second floor shown in Figure 5.3) with the directions parallel to the side in either the 
positive x- or y-direction, as indicated in Figure 5.5.  

iw 1,2, 3, 4i =
45 9 36

36 6 216× =
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Figure 5.3. The diagram of the benchmark structure. 
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Figure 5.4(a). Symmetrical damage pattern for 
case 1 (25% damage in each marked side) and 
case 2 (12.5% damage in each marked side) 

Figure 5.4(b). Symmetrical damage pattern 
for case 3, 25% damage in each marked side 
of 1st floor, plus 12.5% damage in each 
marked side of 3rd floor 

 
  
Figure 5.4(c). Unsymmetrical damage pattern for case 4, 25% damage in the marked side of 1st 
floor, plus 12.5% damage in the marked side of 3rd floor.  

 

Simulated data are generated using the program DataGen2e, which is an acceleration 
response generation program developed for the PHASE IIe of the Benchmark Problem 
of the ASCE Task Group on Structural Health Monitoring. The program is available at 
http://www.bc.cityu.edu.hk/asce.shm/. Time histories of sampling interval 0.001s and 
total duration 20sec were generated for damage cases 1 and 2. For cases 3, 4 and the 

 

http://www.bc.cityu.edu.hk/asce.shm/
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two blind tests, time histories of sampling interval 0.002s and total duration 200sec 
were generated. When generating the time histories, damping ratios equal to 1% for all 
modes are assumed and measurement noise equal to 10%RMS of the actual 
acceleration at the measured DOF is added to the acceleration response to simulate the 
effect of measurement error. 

5.5.4 Modal Identification 

The modal properties (modal frequencies and modeshapes) were extracted from the 
simulated ambient vibration data. The modal identification methodology based on 
ambient vibrations described in Pavlidou (2003) is used. The optimal values of the 
modal parameters for the case of operational loads are estimated by minimizing a 
measure of fit between the cross-spectral density matrix function of the measured 
response of the structure and the predicted cross-spectral density matrix function based 
on a modal model, considering broadband, white noise excitation (Papadimitriou et al. 
2002, Pavlidou et al. 2002). The minimization of the measure of fit is performed using 
Quasi-Newton gradient optimization methods. Appropriate, user-friendly software has 
been developed in Matlab programming environment. 

 

 

x (strong) 

y (weak) 
z

w1

w4

w3

w2

 
Figure 5.5. Excited and measured points of the benchmark structure. 
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Other statistical methodologies for modal parameter identification, for the case of 
operational loads, are described in Yuen et al. (2001), Katafygiotis and Yuen (2001), 
Katafygiotis et al. (2001), where the uncertainty and optimal values of the modal 
parameters are calculated based on cross-spectral density functions of the system 
response (Harris, 1996). 

Eight modes (  = 8) of the structure, four bending modes in the strong x  direction 
and four bending modes in the weak y  direction, were identified for the undamaged 
and damaged structures. Table 5.4, shows the identified optimal values of the modal 
frequencies for the undamaged structure, the damaged structure for all damage cases 
and the percentage difference in these modal frequencies between the damaged cases 
and the undamaged case. This percentage difference is calculated using the following 
formula 

m

  
( )% 100dam und

und

difference ω ωω
ω
−Δ = = ×  (5.10) 

For the first three damage patterns, the modal frequencies in the weak y  direction are 
expected to be unchanged because of the kind of symmetric damage along the strong 

 direction. The corresponding optimal values of the modeshapes corresponding to the 
identified modes for the undamaged structure are shown in Figure 5.6.  
x

 

TABLE 5.4. Optimal modal frequencies values identified for each damaged case and their 
percentage difference from the undamaged case. All frequency values are in Hz. 
undamaged Case 1 Case 2 Case 3 Case 4 Blind 1 Blind 2 

 ω  ωΔ ωΔ ωΔ ωΔ ωΔ ω  ω  ωΔ ω  ω   ω  
8.32 y  8.40 0.89 8.33 0.16 8.33 0.16 8.31 -0.08 8.32 0.02 8.22 -1.21
8.78 x  8.43 -3.96 8.59 -2.16 8.42 -4.07 8.45 -3.78 8.49 -3.25 8.59 -2.12

23.19 y  23.19 0.00 23.14 -0.23 23.19 0.00 23.19 0.00 23.19 0.00 22.56 -2.70
25.28 x  24.57 -2.79 24.96 -1.26 24.04 -4.88 24.75 -2.08 25.27 0.00 25.14 -0.55
36.06 y  36.05 -0.01 36.10 0.13 36.05 -0.02 36.06 -0.01 36.06 0.00 34.99 -2.95
40.64 x  40.19 -1.10 40.50 -0.35 40.17 -1.16 40.76 -0.72 40.26 -0.94 40.53 -0.27
46.19 y  46.12 -0.14 46.24 0.11 46.17 -0.03 46.08 -0.22 46.11 -0.17 44.83 -2.93
55.91 x  55.32 -1.04 55.42 -0.88 54.62 -2.31 54.71 -2.14 55.59 -0.56 55.95 0.07
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1st mode in y (weak) direction 

 

 

 

 

1st mode in x (strong) direction 

 

Figure 5.6(a). 1st identified modeshape for the undamaged structure along the  (weak) and x  
(strong) direction. For comparison purposes, the FE model modeshapes are also presented. 

y

 

 

 

 



5. Bayesian Methodology for Structural Damage Detection and Identification 91 

 
 

 

2nd mode in y (weak) direction 

 

 

 

 

 

2nd mode in x (strong) direction 

 

Figure 5.6(b). 2nd identified modeshape for the undamaged structure along the y  (weak) and 
 (strong) direction. For comparison purposes, the FE model modeshapes are also presented. x
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3rd mode in y (weak) direction 

 

 

 
 
 
 

3rd mode in x (strong) direction 

 

Figure 5.6(c). 3rd identified modeshape for the undamaged structure along the y  (weak) and x  
(strong) direction. For comparison purposes, the FE model modeshapes are also presented. 
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4th mode in y (weak) direction 

 

 

 

 

 

4th mode in x (strong) direction 

 

Figure 5.6(d). 4th identified modeshape for the undamaged structure along the y  (weak) and  
(strong) direction. For comparison purposes, the FE model modeshapes are also presented. 

x
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For the damaged case 4, where the structure has an unsymmetrical damage the modal 
identification method clearly identifies two torsional modes at 39.79Hz and at 
40.76Hz, respectively. The modeshapes of these two torsional modes are shown in 
Figure 5.7. However, according to the finite element model for the damaged structure 
corresponding to damage scenario 4 there is only one mode around 40Hz and its 
modeshape contains a significant bending contribution along the strong x  direction. 
This miss-identification is probably due to model error and the introduced noise in the 
measurement. It is observed only in the fourth damage case with the unsymmetrical 
damage and is not observed in the other unsymmetrical damage cases (blind tests 1 and 
2).  

 

Torsional mode for case 4 in 40.76Hz 

 

 

 

 

Torsional mode for case 4 in 39.79Hz 

Figure 5.7. The two torsional modeshapes identified for the unsymmetrical damaged case 4. 
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E

5.5.5 Damage Detection and Assessment 

A 3-D 120DOF model, like the one used to generate the simulated data, is also used for 
damage detection. In order to locate the faces sustaining damage, several 
parameterization schemes are introduced and their efficiencies in identifying the 
damage scenarios using the damage detection methodology is examined. For each 
parameterization scheme, several model classes are introduced that correspond to 
different damage patterns. In that way, the advantages and the limitations of the 
methodology can be examined thoroughly.  

The finite element model is first updated using the modal properties obtained from the 
measured data for the undamaged structure. Particularly, the model is parameterized by 
four parameters , ,  and , each one modelling the modulus of elasticity of the 
brace elements of each floor, so that , for , where  is the 
nominal value for all braces in the initial finite element model and  is the value of 
the modulus of elasticity of the brace elements of each floor. The optimal model that 
better fits the measured data constitutes the initial (nominal) model and would be used 
as the reference state of the structure in the damage detection procedure. 

1θ 2θ 3θ 4θ
0i iE θ= 1,2, 3,4i = 0E

iE

Parameterization Scheme A 

Parameterization scheme A involves a number of  distinct model classes, 
shown in Figure 5.8. The family of model classes  is taken so that 
each model class  is parameterized by four parameters , ,  and , each one 
modelling the modulus of elasticity of the brace elements of each side of the i -th floor, 
so that , for , where  is the nominal value in the initial 
finite element model and  is the unknown value of the modulus of elasticity of each 
parameterised brace element. For each model class, the stiffness properties of the 
braces that are not parameterized equal the nominal values of the initial model of the 
structure. The limitation of this parameterization scheme is that it can detect brace 
damages confined in a single floor, while it cannot detect brace damages at different 
floors. So, although results will be presented for damage cases 3 and 4, the model 
classes used do not contain the damage patterns, so these cases cannot be identified 
correctly. 

4μ =
1 2 3 4{ , , , }M M M M

iM 1θ 2θ 3θ 4θ

0i iE Eθ= i 1,2, 3,4i = 0iE
iE

Each one of the parameterized model classes is first updated using the identified modal 
data that correspond to the undamaged structure. The optimal values  of the 
parameters are shown in Table 5.5. Next, the optimal values  of the parameters are 
obtained by using the identified modal data for the examined damaged patterns. 

ûndθ
θ̂
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Figure 5.8. All possible models for parameterization scheme A. Each model has four 
parameters in the set .  

 

TABLE 5.5. Optimal values  of the structural parameters  of each model class for the 
undamaged structure. 

ûndθ θ

. Models for the undamaged structure 

Parameters 
1M  2M  3M  4M  

1θ  1.0973 1.0511 1.0882 1.0661 

2θ  0.9523 0.9705 0.9684 0.9612 

 1.0973 1.0511 1.0882 1.0661 

4θ  0.9523 0.9705 0.9684 0.9612 

 

The optimal values  of the parameters  for each model class and damage case, the 
damage severity corresponding to the percentage difference between the optimal 
values of the parameters for the undamaged and the examined damaged cases, the 
measure of fit  and the normalized probability of each model class are shown in 
Table 5.6. The probability of each model class is obtained by 

θ̂ θ

( )J θ
(5.3).  

Herein a non-informative (uniform) prior probability distribution for the parameters of 
each model class is considered. The results are computed using both asymptotic 
approximation (AA) and importance sampling (IS) method. The percentage difference 
between the optimal values of structural parameters  for the most probable model 
and the values for the undamaged structure  denotes the extent of damage. This 
percentage difference is calculated using the following formula 

θ̂
ûndθ

  
ˆ ˆ( )% 100ˆ

und

und

difference −Δ = = θ θθ
θ

×  (5.11) 
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M
It is expected that the application of the methodology, for damage cases 1 and 2, 
should yield the model class  as most probable model class, with the four 
parameters for this model class modeling the stiffness values of each one of the four 
sides of the first floor. Comparing the probability of each model in Table 5.6 for all 
models, for damage cases 1 and 2, it is seen that the most probable model to describe 
the corresponding damage patterns is correctly identified to be the model class M .  

1

1

TABLE 5.6. Optimal values  of the structural parameters  of each model class, damage 
severity and the probability of each model class. (AA=Asymptotic Approximation, IS= 
Importance Sampling) 

θ̂ θ

 Models for Case 1 Damage Severity Δ  θ
 

1M  2M  3M  4M  1M  2M  3M  4M  

1θ  0.83 0.88 0.85 0.91 -24.41 -16.07 -21.44 -14.47 

2θ  0.96 0.97 0.95 0.95 0.75 0.33 -2.06 -1.04 

3θ  0.83 0.88 0.85 0.91 -24.41 -16.07 -21.44 -14.48 

4θ  0.96 0.97 0.95 0.95 0.75 0.33 -2.06 -1.04 

( )J θ  2.7E-05 7.8E-05 7.3E-05 1.2E-04   
( | )p DM  AA 1.00 8.7E-20 1.7E-18 8.0E-30   
( | )p DM   IS 1.00 4.4E-20 8.8E-19 6.9E-30   

 Models for Case 2 Damage Severity Δ  θ
 1M  2M  3M  4M  1M  2M  3M  4M  

1θ  0.96 0.97 0.97 1.00 -12.50 -7.27 -10.48 -6.65 

2θ  0.94 0.96 0.93 0.95 -1.72 -1.31 -3.56 -0.95 

3θ  0.96 0.97 0.97 1.00 -12.50 -7.27 -10.48 -6.66 

4θ  0.94 0.96 0.93 0.95 -1.72 -1.31 -3.56 -0.96 

( )J θ  2.0E-05 3.9E-05 2.5E-05 4.0E-05     
( | )p DM  AA 1.00 3.8E-12 3.5E-04 6.3E-13     
( | )p DM   IS 1.00 4.5E-12 2.1E-03 4.9E-13     

 Models for Case 3 Damage Severity Δ  θ
 1M  2M  3M  4M  1M  2M  3M  4M  

1θ  0.76 0.85 0.75 0.83 -31.16 -19.15 -31.06 -21.82 

2θ  0.94 0.95 0.95 0.95 -0.94 -2.08 -1.75 -1.40 

3θ  0.76 0.85 0.75 0.83 -31.16 -19.16 -31.06 -21.82 

4θ  0.94 0.95 0.95 0.95 -0.94 -2.08 -1.75 -1.40 

( )J θ  5.4E-05 2.5E-04 5.1E-05 2.2E-04     
( | )p DM  AA 0.08 1.9E-30 0.92 1.2E-27     
( | )p DM   IS 0.05 1.4E-30 0.95 3.6E-27     
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TABLE 5.6. (continue) Optimal values  of the structural parameters  of each model class, 
damage severity and the probability of each model class. (AA=Asymptotic Approximation, IS= 
Importance Sampling) 

θ̂ θ

 
 Models for Case 4 Damage Severity Δ  θ
 1M  2M  3M  4M  1M  2M  3M  4M  

1θ  0.88 0.88 0.87 0.94 -19.53 -16.63 -20.41 -12.30 

2θ  0.94 0.95 0.93 0.93 -1.57 -1.65 -3.82 -2.93 

3θ  0.88 0.88 0.87 0.94 -19.53 -16.63 -20.41 -12.30 

4θ  0.94 0.95 0.93 0.93 -1.57 -1.65 -3.82 -2.93 

( )J θ  5.0E-05 5.2E-05 6.2E-05 1.5E-04   
( | )p DM  AA 0.88 1.2E-01 7.3E-06 2.3E-22   
( | )p DM   IS 0.69 3.1E-01 3.1E-06 1.7E-22   

 Models for Blind Test 1 Damage Severity Δ  θ
 1M  2M  3M  4M  1M  2M  3M  4M  

1θ  0,94 0,88 0,93 1,02 -14,38 -16,00 -14,27 -4,36 

2θ  0,94 0,96 0,96 0,96 -1,24 -1,06 -0,38 -0,11 

3θ  1,11 1,07 1,11 1,02 1,36 1,94 1,82 -4,54 

4θ  0,94 0,96 0,96 0,96 -1,24 -1,06 -0,38 -0,12 

( )J θ  2,9E-05 4,3E-05 4,6E-05 4,6E-05   
( | )p DM  AA 1,00 7,1E-08 2,8E-10 6,0E-10   
( | )p DM   IS 1,00 3,7E-08 1,5E-10 5,1E-10   

 
 Models for Blind Test 2 Damage Severity  Δθ
 1M  2M  3M  4M  1M  2M  3M  4M  

1θ  0.93 0.91 0.95 0.95 -15.20 -13.74 -12.28 -11.34 

2θ  0.80 0.84 0.79 0.77 -15.97 -13.82 -18.43 -20.31 

3θ  1.12 1.09 1.13 1.10 1.63 3.44 3.90 3.62 

4θ  0.80 0.84 0.79 0.77 -15.97 -13.82 -18.43 -20.31 

( )J θ  2.1E-04 3.6E-04 1.7E-04 1.2E-04   
( | )p DM  AA 1.2E-09 9.8E-20 2.5E-05 1.00   
( | )p DM   IS 1.5E-09 1.5E-19 1.4E-04 1.00   
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Furthermore, the asymptotic and importance sampling estimates give qualitatively 
similar prediction for the location of damage. Thus, for these two cases, the 
methodology correctly predicts both the location and extent of damage. According to 
Table 5.6, for damage case 1, the most probable model  predicts a stiffness 
reduction close to 24.5% in each one of the damaged sides of the structure. This 
prediction is very close to the exact amount of damage, which is 25%. The same results 
are observed for the damaged case 2, but now there is a 12.5% stiffness reduction, 
which is equal to the actual damage. 

1M

Although damage cases 3 and 4, as previously mentioned, cannot be identified with the 
current parameterization scheme, the results for these cases are presented for 
illustration purposes. For damage case 3, the methodology correctly predicts one of the 
locations of damage in the third floor. However, it fails to predict the damage location 
in the first floor and the severity of damage in both floors. 

For the blind test 1, the methodology should predict as most probable model class the 
model class , since the actual damage is located in the 22M nd floor (Ching and Beck, 
2004), in the outer side along the strong x  direction with stiffness reduction of 16%. 
Since the actual damage is happening in only one side of the damaged floor it is an 
unsymmetrical damage. In Table 5.6, for blind test 1, it is shown that the methodology 
predicts that the most probable model class is . Moreover, the damage is located in 
the 1

1M
st floor in the outer side along the strong  direction, which is parameterized with 

the parameter , according to Figure 5.7. The stiffness reduction is predicted to be 
14.38% close to the inflicted damage of 16%. The model class , which should have 
been suggested by the methodology as the most probable model class, is the second 
most probable model class. This model class predicts stiffness reduction 16%, which is 
the exact amount of damage. So for that case, using the particular parameterization 
scheme, the methodology fails to predict the location of damage. However, the model 
class that corresponds to the exact damaged case is the second most probable model 
class. 

x
1θ

2M

In the case of the blind test 2, the most probable model class is  so the damage 
location is predicted to be in the fourth floor. Ching and Beck (2004) refer to their 
report that the actual damage is happening in three floors simultaneously. So, with the 
current parameterization scheme it is impossible to identify the correct damage 
location. 

4M

In conclusion, using parameterization scheme A, the location and the extent of damage 
have correctly been identified for damage cases 1 and 2, while for the blind test 1 the 
methodology suggest that the damage is located in the correct side of the first floor 
instead of the second floor, where the correct damaged is located. Damage cases 3 and 
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4 and blind test 2 cannot be detected with this parameterization scheme since the 
damage is happening in more than one floors simultaneously, while the model classes 
used do not contain these damage patterns. 

Parameterization Scheme B 

In order to overcome the limitation present in parameterization scheme A, of not being 
able to detect damage that occurs in two different floors simultaneously, a new 
parameterization scheme B is introduced. Parameterization scheme B involves a 
number of  model classes, , shown in Figure 
5.9. According to this family of model classes, two different floors are parameterized 
simultaneously using eight parameters in the set .  

6μ = 12 13 14 23 24{ , , , , , 34}MM M M M M

θ

 
Figure 5.9. All possible models using parameterization scheme B. Each model has eight 
parameters . One parameter for each side of each of the two floors of the model.  θ

 

Each model class  is parameterized by eight parameters . The subscripts i  and 
 of each model  denotes the floors of the structure that are parameterized in each 

case. For example, model  denotes that the first four parameters , i  
parameterize the modulus of elasticity of the brace elements of each side of the 1

ijM θ
j ijM

14M iθ 1,2, 3,4=
st 

floor, while the rest four parameters jθ ,  parameterize the modulus of 
elasticity of the brace elements of each of the sides of the 4

5,6,7, 8j =
th floor. Thus the stiffness 

properties are , for , where  is the nominal value in the 0i iE Eθ= i 1, , 8i = … 0iE
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initial finite element model and  is the value of modulus of each parameterised 
brace element. For each model class, the stiffness properties of the braces of that are 
not parameterized equal the nominal values of the initial model of the structure. 

iE

As in the previous case, the parameterized model classes are updated using the modal 
data that correspond to the undamaged structure. The optimal values of the parameters 

 that are obtained using the measured modal properties of the undamaged 
structure are shown in Table 5.7. 
ûndθ

 

TABLE 5.7. Optimal values  of the structural parameters  of each model class for the 
undamaged structure. 

ûndθ θ

 Models for Undamaged  
Param 

12M  13M  14M  23M  24M  34M  

1θ  1.08 1.05 1.10 1.03 1.05 1.07 

2θ  0.95 0.97 0.95 0.97 0.99 0.96 

3θ  1.08 1.05 1.10 1.03 1.05 1.07 

4θ  0.95 0.97 0.95 0.97 0.99 0.96 

5θ  1.03 1.06 1.01 1.07 1.03 1.02 
 0.99 0.96 0.98 0.96 0.96 0.98 
 1.03 1.06 1.01 1.07 1.03 1.02 

 0.99 0.96 0.98 0.96 0.96 0.98 

 

The optimal values of the parameters corresponding to the undamaged structure are 
compared with the optimal values that are obtained using the identified modal data for 
each one of the examined damaged patterns. The damage severity, the normalized 
probability of each model class calculated either using asymptotic approximation (AA) 
or the importance sampling method (IS), and the measure of fit  between the 
identified and the model predicted data for each examined case are shown in Table 5.8. 
The damage severity is calculated using the formula in equation 

( )J θ

(5.11). 

For damage cases 1 and 2 it is expected that the application of the methodology should 
yield as the most probable model class one of the model classes ,  and , 
since the first four of the total eight parameters model the stiffness value of the first 
floor. 

12M 13M 14M
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TABLE 5.8. Damage severity and the probability of each model class. (AA=Asymptotic 
Approximation, IS= Importance Sampling). Bold fonts correspond to damaged locations. 

 Models for Case 1 - Damage Severity Δ  θ Models for Case 2 - Damage Severity  Δθ
Param 

12M  13M  14M  23M  24M  34M  12M  13M  14M  23M  24M  34M
1θΔ  -23.90 -23.47 -24.53 -10.66 -12.25 -18.34 -11.99 -12.35 -13.28 -4.06 -6.25 -8.66

2θΔ  -0.69 1.62 0.90 -0.65 0.30 -0.94 -1.91 -1.37 -1.98 -0.07 -0.89 -1.55

3θΔ  -23.90 -23.47 -24.53 -10.66 -12.25 -18.34 -11.99 -12.35 -13.28 -4.06 -6.25 -8.66

4θΔ  -0.69 1.62 0.90 -0.65 0.30 -0.94 -1.91 -1.37 -1.98 -0.07 -0.89 -1.55

5θΔ  -0.81 -1.81 0.54 -13.30 -6.12 -6.30 -0.40 -0.26 0.67 -8.45 -2.72 -4.26

6θΔ  0.43 -1.68 -1.65 -1.95 -0.96 0.08 0.65 -0.29 0.20 -1.82 -0.99 0.63

7θΔ  -0.82 -1.81 0.54 -13.30 -6.12 -6.31 -0.40 -0.26 0.67 -8.45 -2.72 -4.26

8θΔ  0.43 -1.68 -1.65 -1.95 -0.96 0.08 0.65 -0.29 0.20 -1.82 -0.99 0.63

( )J θ  1.5E-05 1.3E-05 8.8E-06 4.9E-05 5.8E-05 7.2E-05 1.9E-05 1.1E-05 1.4E-05 3.4E-05 4.2E-05 4.3E-05

( | )p DM  
AA 

1.5E-10 2.4E-06 1.00 2.2E-36 1.4E-39 2.6E-44 9.9E-12 1.00 2.3E-05 1.4E-21 3.3E-25 4.5E-26

( | )p DM  
IS 

2.7E-09 1.8E-06 1.00 5.4E-36 1.7E-39 1.0E-43 1.9E-12 1.00 2.8E-06 7.4E-22 3.9E-26 3.9E-27

 
 

 Models for Case 3 - Damage Severity Δ  θ Models for Case 4 - Damage Severity  Δθ
Param 

12M  13M  14M  23M  24M  34M  12M  13M  14M  23M  24M  34M
1θΔ  -34.30 -22.90 -30.69 -4.26 -8.63 -27.56 -26.42 -33.83 -36.85 -20.83 -18.10 -33.64

2θΔ  -0.43 -0.76 -0.82 -0.88 -1.30 -1.41 15.60 -1.68 -1.05 -2.28 -1.63 0.53

3θΔ  -34.30 -22.90 -30.69 -4.26 -8.63 -27.56 -1.29 26.34 -7.42 28.78 9.23 -4.47

4θΔ  -0.43 -0.76 -0.82 -0.88 -1.30 -1.41 15.60 -1.68 -1.05 -2.28 -1.63 0.53

5θΔ  6.07 -13.73 -1.35 -30.55 -16.08 -8.85 -4.93 -25.16 -1.31 -38.00 -12.47 -9.40

6θΔ  -0.35 -0.70 -0.37 -2.11 -0.40 0.72 11.22 0.33 -0.15 -0.02 -1.09 -1.47

7θΔ  6.07 -13.73 -1.35 -30.55 -16.08 -8.85 12.44 0.77 13.30 0.20 3.52 6.56

8θΔ  -0.35 -0.70 -0.37 -2.11 -0.40 0.72 11.22 0.33 -0.14 -0.03 -1.09 -1.47
( )J θ  3.2E-05 9.6E-06 3.5E-05 6.8E-05 1.7E-04 6.1E-05 5.6E-04 2.1E-05 2.5E-05 3.0E-05 9.1E-05 4.3E-05

( | )p DM  
AA 

1.9E-22 1.00 6.7E-24 7.6E-36 3.0E-52 4.7E-34 1.3E-57 1.00 1.5E-04 7.2E-07 4.7E-27 4.8E-14

( | )p DM  
IS 

1.8E-21 1.00 8.9E-24 1.2E-35 1.2E-52 5.1E-34 4.5E-58 1.00 1.9E-04 5.3E-07 1.8E-27 5.0E-14

 
 
 
 
 

 



5. Bayesian Methodology for Structural Damage Detection and Identification 103 

 
TABLE 5.8. (continue) Damage severity and the probability of each model class. 
(AA=Asymptotic Approximation, IS= Importance Sampling). Bold fonts correspond to 
damaged locations. 

. Models for Blind Test 1 - Damage Severity Δθ Models for Blind Test 2 – Dam. Severity Δθ
Param 

12M  13M  14M  23M  24M  34M  12M  13M  14M  23M  24M  34M
1θΔ  -0.62 -3.09 -3.26 -7.00 -7.70 -0.20 -9.40 -5.91 -6.70 -2.37 -2.63 -5.77

2θΔ  -0.93 -1.43 -1.35 -1.13 -0.48 -0.71 -15.68 -8.81 -1.75 -11.23 -7.41 -14.43

3θΔ  -0.19 -5.02 -2.11 -6.29 -6.79 -0.26 -9.78 -5.91 -6.70 -2.37 -2.63 -5.77

4θΔ  -0.93 -1.43 -1.35 -1.13 -0.48 -0.71 -9.49 -7.14 -8.33 -7.91 0.34 -7.23

5θΔ  -17.97 -11.96 -10.15 -7.64 -5.61 -14.47 2.19 -2.75 -0.33 -6.65 -2.05 -3.51

6θΔ  0.30 1.27 -0.22 -0.53 -0.41 0.05 -12.43 -17.15 -43.21 -23.07 -45.01 -17.81

7θΔ  3.96 6.04 6.01 8.16 9.34 3.56 0.45 -2.75 -0.32 -6.65 -2.05 -3.51

8θΔ  0.30 1.27 -0.22 -0.53 -0.41 0.05 -2.02 -8.26 6.48 -5.77 1.71 -7.17
( )J θ  2.5E-06 3.0E-05 3.5E-05 3.0E-05 3.2E-05 5.7E-05 1.7E-04 9.2E-05 2.7E-05 9.1E-05 5.1E-05 3.1E-05

( | )p DM  
AA 

1.00 2.4E-43 8.7E-48 3.3E-45 4.0E-46 7.9E-57 1.2E-37 6.1E-26 1.00 1.2E-25 7.1E-14 7.0E-04

( | )p DM  
IS 

1.00 8.9E-45 4.7E-49 1.2E-45 2.9E-47 2.3E-57 6.5E-37 5.0E-26 1.00 1.3E-25 1.1E-14 6.2E-04

 

Comparing the probability of each model in Table 5.8 for damage case 1, it is seen that 
the methodology correctly predicts the location and severity of damage. Specifically, 
the most probable model in damage case 1 is model , where the 114M st and the 4th 
floor are parameterized. From the percentage reduction of parameters  for this model 
class, it results that the damage is located in the two sides along the strong direction of 
the 1

θ

st floor. Also, the extent of damage is correctly predicted by the most probable 
model  to be approximately 25%. In addition, it predicts slight damage of 1-2% in 
the other sides of the floors 1 and 4. This small reduction is an effect of modeling and 
measurement error and can be neglected compared to the 25% reduction predicted at 
the damaged locations.  

14M

For the damage case 2, the methodology correctly predicts the location and the severity 
of damage. Specially, according to Table 5.8 the most probable model classes is  
where the 1

13M
st and the 3rd floor are parameterized. Prediction of this model class , 

indicate that the amount of damage is 12.5% at the 1
13M

st floor at both sides along the 
strong  direction. This extend of damage is equal with the actual inflicted damage of 
12.5% at the 1

x
st floor. 

From Table 5.8 for damage case 3, it can be seen that the methodology correctly 
predicts the location of damage and also provides very good estimates of the damage 
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severity. Specifically, the most probable model class is . According to this, the 
location of the damage is correctly identified in 1

13M
st and 3rd floors. The stiffness 

reduction in the sides of the 1st floor along the strong direction is about 23%, while the 
reduction in the corresponding sides of the 3rd floor is about 14%. So, the predicted 
damage extent for the 1st floor is slightly smaller than the inflicted damage of 25%, 
while for the 3rd floor is slightly bigger than the inflicted damage of 12.5%. The 
observed differences between the inflicted and the predicted damages are considered 
small and they are due to model error and the fact that the measurement data are 
contaminated with noise. 

The damage case 4 differs from the previous case 3, in that the damage happens in only 
one of the sides of the 1st and the 3rd floor and so there is an asymmetrical damage. As 
in the previous case, the methodology should yield as most probable model class . 
From Table 5.8 for this case, it can be seen that the methodology correctly predicts that 
the most probable model class is . The damaged sides of the structure are 
parameterized with parameters  and . The stiffness reduction in the side of the 1

13M

13M
1θ 5θ st 

floor along the strong  direction is about 34%, while the reduction in the 
corresponding sides of the 3

x
rd floor is about 25%. The identified stiffness reduction is 

much more than the expected 25% and 12.5%, respectively. More over it can be seen 
that there is an unexpected increase about 26% in the stiffness of the side of the 
structure that is opposite from the damaged side of the 1st floor. This failure of 
predicting the location and severity of damage is due to the miss-identification of the 
modeshape that corresponds to the modal frequency of 40Hz as was described 
previously in this chapter. 

In order to verify this, the model updating procedure was repeated without using this 
miss-identified mode. The new results are presented in Table 5.9. It can be seen that 
the methodology correctly predicts the location and the severity of damage. 
Specifically, it provides that the most probable model class is . The stiffness 
reduction in the side of the 1

13M
st floor along the strong  direction is about 28%, while 

the stiffness reduction in the corresponding side of the 3
x

rd floor is about 15%. The 
identified stiffness reductions are now closer to the expected 25% and 12.5%, 
respectively. 
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TABLE 5.9 Results for case 4, using seven of the eight identified modes. Damage severity and 
the probability of each model class, excluding the 6th mode. 

. Models for Case 4 excluding the 6th mode of 40Hz 
Damage Severity Δ  θ

Param 
12M  13M  14M  23M  24M  34M  

1θΔ  -26.42 -28.22 -31.45 -27.12 -29.53 -28.26 

2θΔ  15.60 -1.56 -1.61 -2.36 0.06 -0.22 

3θΔ  -1.29 -0.22 -2.08 30.38 19.51 -0.42 

4θΔ  15.60 -1.56 -1.61 -2.36 0.06 -0.22 

5θΔ  -4.93 -14.87 -7.21 -26.30 -17.27 -16.56 

6θΔ  11.22 0.31 0.15 -0.23 -0.66 -1.15 

7θΔ  12.44 1.16 -3.23 -11.20 -14.49 2.92 

8θΔ  11.22 0.31 0.16 -0.23 -0.66 -1.16 
( )J θ  5.4E-04 7.0E-06 7.2E-06 2.2E-05 2.0E-05 3.5E-05 

( | )p DM  AA 1.3E-76 0.505 0.495 4.3E-21 1.7E-19 2.5E-29 
( | )p DM  IS 9.9E-79 0.88 0.12 4.1E-21 4.6E-20 5.1E-30 

 

Comparing the results in Table 5.9 and 5.8 for case 4, it can be seen that excluding the 
miss-identified mode from the measured modal data, the predictions of damage 
location and severity are much more reliable. This is a case where it can be clearly seen 
that bad measured modal data can considerably affect damage prediction and give 
unreliable estimates. It should be noted that the asymptotic approximation (AA) gives 
that the model classes  and  are equally probable, that is, damage is located in 
the 1

13M 14M
st floor and in the 3rd or the 4th floor with equal probability. The more accurate and 

computationally much more expensive importance sampling (IS) method reveals that 
model class  is more probable than model class . So the IS method predicts 
the correct location of damage.  

13M 14M

For the blind test 1, the results in Table 5.8 shows that the methodology correctly 
predicts the location of damage to be at the second floor at the outer side along the 
strong  direction. Also, it predicts that the severity of damage corresponds to 18% 
reduction, which is close to the inflicted stiffness reduction of 16%. It should be 
mentioned that the parameterization scheme A failed to predict the location of damage. 

x

In the case of the blind test 2, as mentioned previously, Ching and Beck (2004) refer to 
their report that the actual damage occurs in three floors simultaneously. Particularly, 
the damaged sides are the right side along the weak y  direction of the 4th floor, the left 
side along the weak y  direction of the 3rd floor and the outer side of the 1st floor along 
the strong  direction. The above description of damage locations is according to x
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Figure 5.3. The extent of damage is 47.48%, 39.32% and 23.79% respectively. So, 
with the current parameterization scheme B it is not possible to identify the correct 
damage location, since the parameterization scheme used does not contain the damage 
pattern. Despite of this, the results are presented for illustration purposes. 

For the blind test 2, the most probable model class is  and the damaged sides are 
the right side (Figure 5.3) along the weak y  direction of the 4

14M
th floor with stiffness 

reduction about 43% and the right side (Figure 5.3) along the weak y  direction of the 
3rd floor with stiffness reduction about 8%. There is also a stiffness increase about 
6.5% and a stiffness reduction about 6.7%, at the left side along the weak y  direction 
of the 4th floor and both sides of the 1st floor along the strong x  direction, respectively. 
The incorrect predictions are due to the fact that the model class cannot describe 
properly the damage pattern and the parameters take the best values such as to fit the 
measured data as much as possible. 

Parameterization Scheme C 

According to this parameterization scheme, the finite element model is parameterized 
using two parameters. Each one of the parameters account for the stiffness of the brace 
elements of two opposite sides of the same floor. The total number of distinct model 
classes  is . For each model classes , the indices  
denote the floors that are parameterized, and the subscripts α  and  denote the 
parameterized sides either in the strong x  or the weak y  direction. In Figure 5.10, 
some representative model classes for the current parameterization scheme are 
illustrated. The limitation of this parameterization scheme is that only symmetric 
damages, occurring simultaneously in two opposite sides, can be reliably detected.  

i jα βM 26μ = i jα βM , 1,2, 3,4i j =
β

 

 
Figure 5.10. Some of the 26 possible models using parameterization scheme C. Each model has 
two parameters . Two opposite sides of the same floor are parameterized with the same 
parameter.  

θ
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Each of the parameterized models is updated using the modal data that correspond to 
the undamaged structure. The optimal values of the parameters  are compared 
with the optimal values that are obtained by using the identified modal data for each 
one of the examined damaged patterns. The damage severity Δ , the normalized 
probability of each model class calculated either using asymptotic approximation (AA) 
or the importance sampling method (IS), and the measure of fit  between the 
identified and the model predicted data for each examined case are shown in Tables 
5.10 and 5.11. 

undθ

θ

( )J θ

The severity of damage Δ  is quantified by the percentage difference between the 
optimal values of structural parameters  for the most probable model classes and the 
optimal values for the undamaged structure . For all cases considered, the 
asymptotic approximation and the importance sampling methods provide qualitatively 
same predictions about the most probable model class. 

θ
θ̂

ûndθ

In Table 5.10, for damage case 1, the ten most probable model classes are presented 
among which are all seven possible model classes that contain the damage substructure 
(models with subscript 1 ). The overall most probable model is . It can be seen 
that model classes that contain the damage substructure are also the next most probable 
ones. The methodology correctly predicts the location and severity of damage since 
there is about 24% stiffness reduction in each one of the sides of the 1

x 1 3x yM

st floor along the 
strong  direction and 0% stiffness reduction in the other parameterized sides of the 
3

x
rd floor. It is worth mentioning that among the rest 6 models that contain the damaged 

substructure, all of them correctly predict the damage location and severity, with two 
of them,  and , reliably predicting the damage location and severity, while 
the rest four model classes ( , , , ) also predict that slight stiffness 
reduction or increase, of the order of 6% to 9% has occurred at the other sides or 
floors. 

1 1x yM 1 2x xM
1 4x yM 1 2x yM 1 4x xM 1 3x xM

 

TABLE 5.10. Damage severity and the probability of the most probable model classes for 
damage cases 1, 2 and 3. (AA=Asymptotic Approximation, IS= Importance Sampling).  

 Models for Case 1 (10 most probable models) 
 1 3x yM  1 4x yM  1 1x yM 1 2x yM 1 4x xM 1 2x xM 1 3x xM 3 3x yM  3 4x yM  1 3y xM

1θΔ  -24.13 -22.31 -24.30 -20.68 -24.17 -21.11 -24.66 -6.52 -8.31 2.63
2θΔ  0.37 -7.34 -0.12 -9.04 6.79 -2.71 6.83 -11.28 -1.60 -20.14

( )J θ  1.3E-05 1.5E-05 2.3E-05 2.7E-05 2.9E-05 2.9E-05 3.1E-05 5.0E-05 5.2E-05 5.8E-05
( | )p DM  AA 1.00 4.2E-04 7.0E-12 7.3E-16 1.7E-17 1.3E-17 3.9E-19 3.7E-29 2.6E-30 1.1E-32
( | )p DM  IS 1.00 5.3E-04 1.2E-11 1.1E-15 1.3E-17 1.6E-17 5.7E-19 2.6E-29 1.8E-30 2.4E-32
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TABLE 5.10 (continue). Damage severity and the probability of the most probable model 
classes for damage cases 1, 2 and 3. (AA=Asymptotic Approximation, IS= Importance 
Sampling). 

 Models for Case 2 (5 most probable 
models) 

Models for Case 3 (5 most probable 
models) 

 1 3x yM  1 1x yM  1 3y yM 2 3y yM 1 4y yM 1 3x xM 1 3x xM 1 3y xM  1 1x yM   

1θΔ  -11.74 -10.04 -12.30 -6.28 -12.80 -22.93 -11.98 -31.30 -27.45 
2θΔ  -0.54 -7.40 0.62 -10.22 3.17 -7.00 -24.66 -1.77 -10.33 

( )J θ  1.6E-05 1.8E-05 1.7E-05 2.0E-05 2.2E-05 3.6E-05 4.4E-05 4.3E-05 4.4E-05 
( | )p DM  AA 0.98 1.2E-02 4.7E-03 3.1E-05 4.7E-07 0.97 2.5E-02 3.1E-03 7.7E-04 
( | )p DM  IS 0.99 9.9E-03 4.6E-03 3.2E-05 3.8E-07 0.94 2.8E-02 2.8E-02 8.4E-04 

 

For case 2, the methodology correctly predicts the location and severity of damage. 
Specifically, the most probable model is , as it was in damage case 1. According 
to the results of Table 5.10, each one of the sides of the 1

1 3x yM
st floor along the strong x  

direction has a stiffness reduction of 12%, which is very close to the 12.5% of the 
inflicted damage. On the other hand the 0% reduction of parameter  denotes that the 
parameterized sides of the 3

2θ
rd floor are undamaged. It should be noted that not all 

model classes that contain the damage substructure are among the most probable ones. 
Specifically, the 3rd, 4th and 5th most probable model classes do not contain the 
damaged substructure. This might be due to the smaller amount of inflicted damage.  

The results in Table 5.10 for damage case 3 show that the methodology correctly 
predicts the two locations of damage and the severity of damage in the 1st floor, while 
it underestimates the severity of damage in the 3rd floor. Specifically, the most 
probable model is correctly predicted to be . The stiffness reduction in each one 
of the sides of the 1

1 3x xM
st floor along the strong x  direction is about 23%, while stiffness 

reduction in each one of the sides of the 3rd floor along the strong x  direction is about 
7%. So, the extend of damage predicted by the most probable model, for the 1st floor is 
very close to the inflicted amount of damage of 25%, while for the 3rd floor the extent 
of damage predicted is significantly smaller than the inflicted 12.5%. 

For damage case 4, the model classes used do not contain the damaged substructure. 
So it is not expected to obtain reliable predictions for this damage case. For illustration 
purposes, results are presented in Table 5.11. Indeed, for this case with the 
unsymmetrical damage, neither the location nor the extent of damage was identified 
correctly. 

For the blind test 1, the model classes used are not appropriate to localize 
unsymmetrical damage, since each model class can predict equal amount of damage at 
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two opposite sides of a floor. With this limitation in mind, it can be said that the 
methodology correctly predicts the location of damage at the correct side of the second 
floor, while it slightly underestimates the severity of damage to correspond to 16% 
stiffness reduction instead of the inflicted 32%. The most probable model predicts no 
stiffness change in other floors or sides. Finally, is worth noting that all seven possible 
model classes that contain the damaged sides (models that contains subscript 2 ) are 
the most probable models among the 26 possible model classes.  

x

Finally for the blind test 2, the results are presented for illustration purposes since, as 
previously mentioned, damage cannot be identified with the current parameterization 
scheme. The methodology suggests that the most probable model class is  with 
damage severity of 20.63% along the weak  direction of the 3

3 4y yM
rd floor and 11.5% 

along the weak y  direction of the 4th floor. 

TABLE 5.11. Damage severity and the probability of the most probable model classes for 
damage cases 4 and the two blind tests. (AA=Asymptotic Approximation, IS= Importance 
Sampling). 

 Models for Case 4 (8 most probable models) 

 2 3x yM 2 3y xM 1 2y xM  3 3x yM 2 2x yM 1 3y xM 1 3x yM 2 4x yM  

The correct and 15th

most probable 
model is  1 3x xM

1θΔ  -20.26 -12.59 -20.17 -16.18 -14.73 -19.45 -19.77 -0.30 -7.68 

2θΔ  0.20 -13.32 -1.17 -10.73 -8.31 -6.95 -0.17 -18.92 -15.28 
( )J θ  3.5E-05 4.0E-05 4.4E-05 4.5E-05 4.6E-05 4.7E-05 4.9E-05 5.3E-05 6.9E-05 

( | )p DM  AA 0.93 6.8E-02 5.4E-04 9.4E-05 3.4E-05 1.6E-05 1.1E-07 4.3E-08 5.1E-14 
( | )p DM  IS 0.98 1.8E-02 1.5E-04 4.0E-05 1.3E-05 6.6E-06 3.7E-08 1.2E-08 2.0E-14 

 Models for Blind Test 1 (10 most probable models) 
 2 3x yM  2 3x xM  1 2y xM 2 4x xM 2 4x yM 2 2x yM 1 2x xM 1 3x yM  2 3y yM  1 1x yM  

1θΔ  -16.27 -19.49 -13.96 -16.52 -15.91 -14.60 -4.31 2.01 1.39 3.09

2θΔ  -0.69 7.67 -2.32 1.46 -0.23 -4.22 -4.41 -12.07 -2.81 -14.26
( )J θ  3.9E-05 4.5E-05 4.6E-05 4.7E-05 5.1E-05 5.3E-05 6.6E-05 7.6E-05 7.9E-05 8.0E-05

( | )p DM  AA 1.00 4.3E-04 3.3E-04 3.6E-06 1.7E-06 1.3E-08 4.2E-12 2.3E-15 2.5E-16 1.5E-16
( | )p DM  IS 1.00 3.5E-04 4.6E-04 4.4E-06 1.2E-06 1.1E-08 5.8E-12 1.9E-15 2.1E-16 1.0E-16
 

 Models for Blind Test 2 (10 most probable models) 
 3 4y yM  1 4y yM  2 4y yM 2 3y yM 4 4x yM 3 4x yM 2 4x yM 2 4x yM  1 3y yM  3 4y xM  

1θΔ  -20.63 -14.87 -15.06 -16.71 -6.03 -3.39 -9.98 7.92 -6.06 -16.34
2θΔ  -11.47 -19.81 -15.73 -19.67 -19.31 -23.74 -18.14 -27.64 -13.26 -5.56

( )J θ  3.8E-05 7.1E-05 8.9E-05 9.9E-05 1.1E-04 1.1E-04 1.1E-04 1.2E-04 1.5E-04 1.7E-04
( | )p DM  AA 1.00 4.2E-14 1.3E-17 7.3E-20 1.1E-21 3.2E-22 7.3E-23 2.1E-23 1.3E-28 3.1E-32
( | )p DM  IS 1.00 1.6E-14 1.8E-17 1.2E-19 2.4E-22 8.0E-23 4.2E-23 8.2E-24 4.0E-29 6.8E-33
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Parameterization scheme D 

Parameterization scheme D consists of  model class involving relatively large 
number of 16 parameters. Each one of the parameter accounts for the stiffness of the 
braces of a side of a floor along the  or the y  direction. The parameterization 
scheme is shown in Figure 5.11. Using this scheme there is one and only possible 
model class, so there is no meaning of searching for the most probable model.  

It should be noted that the optimal values of the parameter set  obtained by 
minimizing the objective function . For this case of 16 parameters, the resulting 
objective function is highly nonlinear and non-convex, involving multiple local/global 
optima. Conventional gradient-based local optimization algorithms lack reliability in 
dealing with the multiple local/global optima observed, since convergence to the global 
optimum is not guaranteed. For that reason, the optimization for this case was done 
using a hybrid optimization involving (Beyer 2001) evolution strategies and gradient 
based methods., since is more appropriate and effective to use in such cases. 

( )J θ

The parameterized model class is updated using the modal data that correspond to the 
undamaged structure. The optimal values of the parameters  are compared with 
the optimal values that are obtained by using the identified modal data for each one of 
the examined damaged patterns. The optimal values of the model parameter for the 
undamaged and the 6 damage cases, the percentage difference , given in (5.11), 
between the optimal values for the 6 damaged cases and the undamaged case, as well 
as the measure of fit  between the identified and the model predicted data for 
each examined case are shown in Tables 5.12 and 5.13. The percentage difference 

 denotes the severity of damage. 

( )J θ

Δθ

                          
Figure 5.11. Parameterization scheme D, using 16 parameters . θ
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Comparing the predicted reduction in the values of the model parameters with the 
inflicted reduction for each damage scenario, one can draw conclusions about the 
effectiveness of the methodology in identifying the location and the extent of damage. 
The predicted percentage reduction in the values of the model parameters at the 
locations where damage was inflicted for each damage scenario is bolded in the results 
of Tables 5.12 and 5.13. These bolded values should be compared with the inflicted 
damage for each damage case shown in the first row of the tables. It should be also 
noted that small reduction or increase of the order of 1% to 5% in the values of the 
parameters that monitor undamaged locations are observed and are due to model error 
as well as uncertainties noise. This reduction is significantly smaller that the reduction 
corresponding to actual inflicted damage and is ignored in the interpretation of results. 
The level of reduction, which is due to model error and measurement noise (or modal 
data processing error), depends on the problem and the model class used in the 
prediction of damage. 

As shown from the results for the damage case 1, the location and the extent of damage 
are correctly identified to be the two opposite sides of the first floor. A close to 25% 
damage in these sides is predicted, which is almost the same with the actual (inflicted) 
damage. 

For damage case 2, the location of damage is correctly identified but the extent of 
damage is overestimated. Specifically, an 18% reduction in the stiffness of the two 
opposite sides of the first floor along the strong (x ) direction is observed while the 
inflicted damage is 12.5%. The extent of damage is overestimated by 33%. The 
methodology fails to predict accurately, the extend of damage in damage scenario 2, 
due to the fact that the level of damage is relatively small compared to the damage 
scenario 1. Prediction from the methodology for small damage levels, are affected by 
the model error. 

For the damage case 3 the damage location and the extent of damage are correctly 
identified by the proposed methodology. Specifically, the methodology correctly 
predicts that there is simultaneously a symmetrical damage in the 1st and the 3rd floor 
corresponding to stiffness reduction about 25% and 12.5%, respectively, which is 
exactly at the same level as the inflicted damage. 
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TABLE 5.12. Optimal values of the structural parameters for the undamaged case and severity 
of damage for damage cases 1, 2 and 3. 

 undamaged 

Case1 
Inflicted 
damage 

25% in  1θ
25% in  3θ

Δθ  
(%) 

Case2 
Inflicted 
damage 

12.5% in  1θ
12.5% in  3θ

Δθ  
(%) 

Case3 
Inflicted damage 
25% in ,  1θ 3θ

12.5% in ,  

Δθ  
(%) 

1θ  1.0860 0.8208 -24.42 0.8904 -18.01 0.8121 -25.22 

2θ  0.9559 0.9706 1.54 0.9431 -1.34 0.9552 -0.07 

3θ  1.0860 0.8208 -24.42 0.8904 -18.01 0.8121 -25.22 

4θ  0.9559 0.9706 1.54 0.9431 -1.34 0.9552 -0.07 

5θ  0.9780 0.9638 -1.46 0.9865 0.87 1.0345 5.78 

6θ  1.0235 1.0157 -0.76 0.9994 -2.35 0.9867 -3.60 

7θ  0.9780 0.9638 -1.46 0.9865 0.87 1.0346 5.78 

8θ  1.0235 1.0157 -0.76 0.9994 -2.35 0.9867 -3.60 

9θ  1.0165 1.0204 0.39 1.0681 5.09 0.8907 -12.37 

10θ  1.0040 0.9873 -1.67 0.9824 -2.15 0.9852 -1.87 

11θ  1.0165 1.0204 0.39 1.0682 5.09 0.8907 -12.37 

 1.0040 0.9872 -1.67 0.9824 -2.15 0.9852 -1.88 

13θ  1.0164 1.0309 1.43 1.0361 1.95 0.9971 -1.90 

 0.9626 0.9608 -0.19 0.9948 3.35 0.9929 3.15 

15θ  1.0164 1.0309 1.43 1.0362 1.95 0.9970 -1.91 

16θ  0.9625 0.9608 -0.19 0.9948 3.35 0.9929 3.15 

 

For the unsymmetrical damage case 4, using either 8 or 7 identified modes, the 
methodology correctly predicts the damage location to be in the opposite sides of the 
structure in the 1st and the 3rd floors, while is overestimating the extent of damage by 
10% in the 1st and the 3rd floors. Specifically, the extent of damage is predicted about 
28% and 15% for the 1st and the 3rd floor respectively, which is 10% higher than the 
inflicted damage of 25% and 12.5%, respectively. It must be pointed out here, that till 
now no one of the model classes used in this benchmark problem, have managed to 
correctly quantify the extent of damage for this case of unsymmetrical damage. This 
model class of 16 parameters gives the best results about the extent of damage for this 
case. 
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TABLE 5.13. Severity of damage for damage case 4 (using either 8 or 7 identified modes) and 
for the two blind tests.  

(7
 m

od
es

) 

 

Case4 
Inflicted 
damage: 

25% in  1θ
25% in  9θ

Δθ  
(%) 

Case4 
Inflicted 
damage: 

25% in  1θ
25% in  9θ

Δθ  
(%) 

Blind  
Test 1 

Inflicted 
damage: 

16% in  5θ

Δθ  
(%) 

Blind  
Test 2 

Inflicted damage: 

11.96% in  1θ
19.66% in  12θ
23.74% in  14θ

Δθ  
(%) 

1θ  0.7796 -28.21 0.7772 -28.43 1.0930 0.64 0.9554 -12.03 

2θ  0.9488 -0.74 0.9493 -0.69 0.9470 -0.93 0.8687 -9.12 

3θ  1.0323 -4.94 1.0403 -4.21 1.0933 0.67 1.0640 -2.03 

4θ  0.9488 -0.74 0.9493 -0.69 0.9470 -0.93 0.9710 1.58 

5θ  0.9909 1.32 0.9829 0.50 0.8360 -14.52 0.9697 -0.85 

6θ  0.9998 -2.32 0.9999 -2.31 0.9995 -2.35 1.0080 -1.52 

7θ  0.9977 2.01 1.0070 2.97 0.9814 0.35 0.9726 -0.56 

8θ  0.9998 -2.32 0.9999 -2.31 0.9995 -2.35 1.0114 -1.19 

9θ  0.8622 -15.18 0.8540 -15.99 1.0035 -1.28 1.0215 0.49 

10θ  1.0068 0.28 1.0067 0.27 0.9981 -0.59 1.0184 1.43 

11θ  1.0128 -0.36 1.0194 0.29 1.0122 -0.42 1.0200 0.35 

12θ  1.0068 0.28 1.0067 0.26 0.9981 -0.59 0.8081 -19.51 

13θ  1.0537 3.67 1.0566 3.96 1.0051 -1.11 1.0178 0.14 

14θ  0.9750 1.29 0.9746 1.26 0.9875 2.59 0.7576 -21.29 

15θ  1.0592 4.22 1.0562 3.92 1.0146 -0.17 1.0227 0.62 

16θ  0.9750 1.29 0.9747 1.26 0.9875 2.59 0.9572 -0.56 

 

For the unsymmetrical blind test 1, the damage location and the extent of damage are 
correctly identified by the proposed methodology. The damage extent and location for 
the blind test 1, are supposed to be unknown. But according to the report of Ching and 
Beck (2003) the actual damage location is in one side along the strong (x ) direction of 
2nd floor and the inflicted stiffness reduction is 16%. So this is an unsymmetrical 
damage case. The methodology correctly predicts the location of damage and a 
stiffness reduction about 15%, which is at the same level as the inflicted damage. Other 
published results for that case have only been found in the report of Ching and Beck 
(2003), where for the blind test 1 they proposed two damage locations one on the 2nd 
and one on the 1st floor. 
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For the unsymmetrical blind test 2, the proposed methodology predicts damage in four 
locations instead of three, which is the correct, while the predicted damage for these 
three locations is very close to the actual inflicted damage. As in blind test 1, in blind 
test 2 the damage extent and location are supposed to be unknown, but according to the 
report of Ching and Beck (2003) the actual damage location is in one side in the 1st 
floor, in one side in the 3rd floor and in one side in the 4th floor and the inflicted 
damage is 11.9%, 19.66 and 23.74%, respectively. The extent of damage predicted by 
the proposed methodology for these three locations is 12%, 19.5% and 21.5%, 
respectively, which is almost the same with the actual (inflicted) damage. Moreover, 
the proposed methodology incorrectly predicts that there is also damage in one more 
side in the 1st floor, adjacent to the actual damaged side. The stiffness reduction for that 
side is predicted to be about 9%.It must pointed out here that the methodology 
proposed by Ching and Beck (2003) predicts the same four damage locations as the 
current methodology. Also, their methodology overestimates the extent of damage in 
the 4th floor to be of the order of 38%, which is much higher reduction that the actual 
one (inflicted) one of 23.74%. 

5.6 Conclusions 
All the simulated phase II damage cases (symmetrical and asymmetrical) of the four 
story benchmark structure have been examined using the proposed damage detection 
methodology. Four families of finite element model classes were introduced, involving 
various numbers of parameters ranging from two to sixteen. The effect of the selected 
family of model class, the parameterization, the model error, the measurement error, 
the location and severity of damage, on the effectiveness of the proposed damage 
detection methodology was investigated. It was illustrated that the proposed damage 
detection methodology successfully detects the location and size of damage for all six 
damage cases, provided that the family of model classes used, or equivalently damage 
patterns considered, contain the actual “inflicted” damage pattern. 

The reliability of the damage localization methodology depends on the level of model 
and measurement error in relation to the severity of damage. Specifically, small size 
damages are more difficult to be identified due to the existence of model and 
measurement error. In particular, measurement error due to incorrect identification of 
one or more modal properties can significantly affect and misguide damage 
localization provided by the proposed methodology. In order to further improve the 
reliability of the proposed methodology one needs to reduce the model error by 
developing high fidelity structural models, as well as data processing methods that 
reduce measurement error. 

 

 



6. Optimal Sensor Location 
Methodology 

6.1 Introduction 
Identification of structural models using measured dynamic data is important in 
structural model updating, structural health monitoring and structural control. The 
estimate of the parameter values of the structural models involves uncertainties that are 
due to limitations of the mathematical models used to represent the behavior of the real 
structure, the presence of measurement error in the data, and insufficient excitation and 
response bandwidth. In particular, the quality of information that can be extracted from 
the data for estimating the model parameters depends on the number and location of 
sensors in the structure. The objective in an experimental design is to make cost-
effective selection of the optimal number and location of sensors such that the resulting 
measured data are most informative about the condition of the structure.  

Previous work addressing the issue of optimally locating a given number of sensors in 
a structure for modal and/or finite element model parameter estimation has been 
carried out by several investigators (Shah and Udwadia 1978, Kammer 1991, Udwadia 
1994, Kirkegaard and Brincker 1994, Penny et al. 1994, Hemez and Farhat 1994, Cobb 
and Liebst 1996, Reynier and Abou-Kandil 1999, Shi et al. 2000). In particular, 
information theory based approaches (e.g. Kammer 1991, Udwadia 1994, Kirkegaard 
and Brincker 1994, Kotulski 1990, Sobczyk 1987, Heredia-Zavoni et al. 1999, 
Heredia-Zavoni and Esteva 1998) have been developed to provide rational solutions to 
several issues encountered in the problem of selecting the optimal sensor 
configuration. In the works by Kammer (1991), Udwadia (1994) and Kirkegaard and 
Brincker (1994) the optimal sensor configuration is taken as the one that maximizes 
some norm (determinant or trace) of the Fisher information matrix (FIM). In the works 
by Heredia-Zavoni et al. (1999) and Heredia-Zavoni and Esteva (1998), the case of 
large model uncertainties expected in model updating is treated. The optimal sensor 
configuration is chosen as the one that minimizes the expected Bayesian loss function 
involving the trace of the inverse of the FIM for each model. 
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Papadimitriou et al. (2000) introduced the information entropy norm (Jaynes 1978) as 
the measure that best corresponds to the objective of structural testing which is to 
minimize the uncertainty in the model parameter estimates. Specifically, the optimal 
sensor configuration is selected as the one that minimizes the information entropy 
measure since it gives a direct measure of this uncertainty. In particular, this 
information entropy-based measure resolved the issue related to the arbitrariness in 
selecting an appropriate norm for the Fisher information matrix in previous approaches 
based on the Fisher information matrix. It was shown that the information entropy 
depends on the determinant of the Fisher information entropy and not the trace. 

An important advantage of the information entropy measure is that it allows making 
comparisons between sensor configurations involving a different number of sensors in 
each configuration (Papadimitriou et al. 2000, Papadimitriou 2004, Yuen 2001). The 
information entropy is particularly useful for trading-off cost of instrumentation with 
information gained from additional sensors about the state of the structure, thus making 
cost-effective decisions regarding optimal instrumentation. Furthermore, it has been 
used to design the optimal characteristics of the excitation (e.g., amplitude and 
frequency content) useful in the identification of linear and non-linear models 
(Metallidis et al. 2003). 

Computational issues arising in the search of the optimal sensor configuration have 
also been addressed in the literature. The problem of finding the optimal sensor 
configuration is formulated as a discrete minimization problem. An exhaustive search 
of the optimal sensor configuration is computationally prohibitive even for structures 
with relatively small number of degrees of freedom (DOF). Kammer (1991) proposed 
an effective iterative algorithm for sensor placement in the case of estimating modal 
parameters. Starting with FIM computed for all model DOF’s, the sensors resulting in 
the lowest reduction in the determinant of the FIM are sequentially removed from the 
structure until the desired number of sensors is reached. Genetic algorithms (GA) have 
also been proposed as an effective alternative (Bedrossian and Masri 2003, Yao et al. 
1993, Worden and Burrows 2001) to the previous heuristic algorithm which is not 
guaranteed to give the optimal solution. GAs are well suited for approximately solving 
the resulting discrete optimization problem by exploring an infinitesimal fraction of the 
total number of possible sensor configurations. Finally, Udwadia (1994) demonstrated 
that using the trace of the FIM as the performance index is computationally very 
attractive since the solution of the underlined discrete optimization problem is 
straightforward. 

The objective of the present study is to summarize recent theoretical and computational 
issues related in optimal sensor configuration design for parameter estimation 
involving either one or multiple model classes. According to the methodology for 
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structural damage detection presented in Chapter 5, the case of multiple model classes 
is useful in optimal sensor location because it allows to extract the most information 
from the measured data. 

A rigorous formulation for the design of sensor configuration for parameter estimation 
in dynamic systems is presented based on the information entropy measure. The 
information entropy, measuring the uncertainty in the parameters of a structural model 
class, is used as a performance measure of a sensor configuration. For model class 
selection and/or damage detection applications, the problem is formulated as a multi-
objective optimization problem of finding the Pareto optimal sensor configurations that 
simultaneously minimize appropriately defined information entropy indices related to 
multiple model classes and/or probable damage scenarios. Asymptotic estimates for the 
information entropy, valid for large number of measured data, are developed to 
rigorously justify that the selection of the optimal experimental design can be based 
solely on the nominal structural model from a class, ignoring the details of the 
measured data that are not available in the experimental design stage. Robustness 
issues related to uncertainties in the nominal model are taken into consideration by 
introducing the performance measure as a multi-dimensional integral of the 
information entropy over the uncertain model parameter space. Moreover, analysis 
shows that the lower and upper bounds of the information entropy for a fixed number 
of sensors, corresponding, respectively, to the optimal and worst sensor configuration, 
is a decreasing function of the number of sensors. These bounds are important in 
evaluating the effectiveness of a sensor configuration and the need for relocating or 
increasing the number of sensors in the structure. 

Computational issues related to the estimation of the optimal sensor locations are 
addressed. Exploiting the theoretical results derived in this study, a computationally 
efficient algorithm is proposed for constructing sensor configurations that correspond 
to information entropy values very close to lower or upper bounds of the information 
entropy. The computational efficiency and effectiveness of the proposed algorithms are 
verified by designing the sensor configuration for a 10 DOF chain-like spring–mass 
model. In particular, numerical results indicate that the proposed algorithms provide 
sensor configurations that can be extremely good approximations of the optimal sensor 
configuration. 

6.2 Information Entropy Measure of Parameter Uncertainty 
The updated PDF  of the parameter set , 
described in Chapter 4.2 for response times histories and Chapter 3.3 for modal data, 
provides a spread of the uncertainty in the parameter values based on the information 
contained in the measured data. A unique scalar measure of the uncertainty in the 

( | , , ) ( | , )p D p D≡θ σ θΜ M θ∈ NRθ
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estimate of the structural parameters  is provided by the information entropy, defined 
by Jaynes (1978): 

θ

( , ) [ ln ( | , )] ln ( | , ) ( | , )H D E p D p D p D dδ = − = −∫θ θ θ θM M θM

θ θ

∞

 (6.1) 

where  denotes mathematical expectation with respect to . Using the form of 
equation (5.9) for the updated PDF  for the case for which the 
acceleration time histories are measured, the information entropy takes the simplified 
form of 

θE θ
( | , )p Dθ M

   (6.2) ( , ) ln ( ) [ln ( ; , )] [ln ( )]JH D c D N E J D Eδ π= + −θ θθ M

and depends only on the available data D  and the sensor configuration vector δ . 

6.3 Asymptotic Approximation of Information Entropy 
Next, an asymptotic approximation of the information entropy, valid for large numbers 
of data ( ) is introduced which is useful in the 
experimental stage of designing an optimal sensor configuration. The asymptotic 
approximation is obtained by observing that the integrals defining the factors c  and 

 involved in equation 

0( 1)/2JN NN= − →

Eθ (6.2) can be rewritten as Laplace-type integrals and then 
applying Laplace method of asymptotic expansion to approximate these integrals. 
Specifically, it can be shown (Papadimitriou, 2004) that for a large number of 
measured data ( ), the following asymptotic results hold for the expressions 
appearing in 

JN → ∞
(6.2): 

  
/2 2ˆ(2 )ˆ( )
ˆdet ( ; , )

JN N

c
h

π σ
π

δ

−

∼
θ

θ θ
θ M

    , (6.3) 

2ˆ[ln ( ; , )] ln[ ( ; , )] [ ( ; , )] ( ) ( ) lnJNE J D c J D J D dπ−= ∫ ∼θ θθ θ θ θ θM M M σ

θ

θ

 (6.4) 

and 

   (6.5) ˆ[ln ( )] ln ( )E π π∼θ θ θθ

where  is the optimal value of the parameter set  that minimize , that 
represents the measure of fit between the measured acceleration time histories and the 
acceleration time histories predicted by a particular model in the model class M . Also, 

 is the optimal prediction error given by  (see equation 3.42) and 
 is an N  positive defined matrix defined by 

θ̂ θ ( ; , )J Dθ M

2σ̂ 2 ˆˆ ( ; , )J D=σ θ M
( ; , )h δθ M Nθ ×
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2

1( ; , ) ln[ ( ; , )] ( , ) asJN
Jh J D QΤδ δ−= −∇ ∇ → → ∞θ θθ θ θ

σ
M M N  (6.6) 

in which 
1 N θ
θ θ∂ ∂∇  is the usual gradient vector. The matrix  

appearing in equation 
[ ]T∂ ∂= …θ ( , )Q δ θ

(6.6) is a positive semi-definite matrix of the form 

  ( )

1

( , ) ( )
dN

j
j

j

Q Pδ δ
=

=∑θ θ  (6.7) 

known as the Fisher information matrix (Bleistein and Handelsman 1986) and 
containing information about the values of the parameter set, based on the data from all 
measured positions. 

The matrix ( )( )jP θ  is a positive semi-definite matrix given by 

   (6.8) ( )

1

( ) ( ; ) ( ; )
N

j
j j

m

P q m qΤ
=

= ∇ ∇∑ θ θθ θ m θ

containing the information about the values of the parameters  based on the data 
from one sensor placed at the th DOF. For given excitation characteristics, the matrix 

θ
j

( )( )jP θ  depends only on the response of the optimal model at the particular DOF , 
while it is independent of the sensor configuration vector . Substituting equations 

j
δ

(6.3), (6.4) and (6.5) into equation (6.2) and simplifying, one finally derives that 

 21 1ˆ ˆˆ ˆ( , ) ( , , ) [ln(2 ) ln ] ln[det ( , )]
2 2

H D H N Qδ δ π δ= + −∼ θθ σ σ θ  (6.9) 

The importance of the asymptotic result in the experimental design of sensors will 
become evident in the discussion that follows in next section, 8.5. 

Using the structure of Equation (6.9) and the positive semi-definiteness of the matrices 
( )( )jP θ  and , it can be readily shown that the value of the information entropy 

decreases as additional sensors are placed in a structure; that is, 
( , )Q δ θ

   (6.10) 1 2 1
ˆ ˆ( , , ) ( , ,H Hδ δ δ+ ≤θ σ θ σˆ ˆ)

)
)

Given the interpretation of the information entropy as a measure of the uncertainty in 
the parameter estimates, this should be intuitively expected, because adding one or 
more sensors in the structure will have the effect of providing more information about 
the system parameters. Moreover, it can be readily shown that the minimum 
(maximum) information entropy, , for L  sensors is an upper bound for 
the minimum (maximum) information entropy, , for L  sensors 
with . That is, 

( )
min max(L LH H

( )
min max(L R L RH H+ + R+

0R ≥
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+ ≤   (6.11) ( ) ( ) ( ) ( )

min min max maxandL R L L R LH H H H+ ≤

The above two statements are proved in Papadimitriou (2004). A direct consequence of 
the above statements is that the minimum (maximum) information entropy value 
corresponding to the optimal (worst) sensor configuration for L  sensors is a 
decreasing function of the number of sensors L . This trend was also observed in the 
numerical results computed in the work by Papadimitriou et al. (2000). 

6.4 Design of Optimal Sensor Configuration for a Single Model 
Class 

6.4.1 Formulation 

In the following, it is assumed that only the responses at  out of the  
( ) model DOFs can be measured. These  DOFs are referred to as the 
measurable DOFs where sensors can potentially be placed on them. For example, 
rotational DOFs are usually excluded from the set of measurable DOFs. 

pN dN
pN ≤ dN pN

In experimental design, it is desirable to design the sensor configurations such that the 
resulting measured data are most informative about the parameters of the model class 
used to represent structural behavior. The information entropy introduced in (6.1) as a 
measure of the uncertainty in the system parameters, gives the amount of useful 
information contained in the measured data. The most informative test data gives the 
least uncertainty in the parameter estimates or, equivalently, minimizes the information 
entropy. Thus, the optimal sensor configuration is the one that minimizes the 
information entropy. 

The problem of finding the optimal (or worst) sensor locations for a given number of 
sensors is formulated as a discrete optimization problem. The objective function to 
minimize is the information entropy given in equation (6.1). The optimal (or worst) 
sensor locations minimize (or maximize) the information entropy. The discrete 
minimization variables are related to the location of sensors.  

It should be emphasized that in the initial stage of designing the experiment, the test 
data is not available. Thus, the information entropy defined in (6.1) is not specified 
completely because it depends explicitly on the details contained in the data D . To 
further process the information entropy, its explicit dependence on the data D  must be 
removed. This can be accomplished by considering the limiting case of large number 
of data ( ), often arising in structural dynamics applications. The resulting 
asymptotic value of the information entropy, given in 

→∞DN
(6.9), no longer depends 

explicitly on the measured response data D . The only dependence of the information 
entropy on the data comes implicitly through the optimal values  
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D    and    (6.12) ˆ (̂ , ) argmin ( ; , )D Jδ≡ =
θ

θ θ θ Μ 2 ˆˆ ( ; , )J D=σ θ Μ

Consequently, the information entropy in (6.9) is completely defined by the optimal 
value  of the model parameters and the optimal prediction error  expected for a 
set of test data, while the time history details of the measured data do not enter 
explicitly in the formulation. 

θ̂ 2σ̂

Moreover, because the data is not available, an estimate of the optimal model 
parameters  and  cannot be obtained from analysis. Thus, to proceed with the 
design of the optimal sensor configuration, this estimate must be assumed. In practice, 
useful designs can be obtained by taking the optimal model parameters  and  to 
have some nominal values  and  chosen by the designer to be representative of 
the system. In this case, entropy measure in 

θ̂ 2σ̂

θ̂ 2σ̂
0θ 2

0σ̂
(6.9) takes the form (for large N ) 

  2 2
0 0 0 0

1 1ˆ ˆ( , , ) [ln(2 ) ln ] ln[det ( , )]
2 2

H N Qδ π= + −θθ σ σ θδ

I δ

 (6.13) 

and depends on the sensor configuration vector  and the chosen nominal values of 
the parameters  and  of the structural model and the prediction error. The 
aforementioned analysis provides a formal justification of the fact that the optimal 
sensor design is based only on a nominal structural model, ignoring the time history 
details of the measured data. 

δ
0θ 2

0σ̂

A measure of the effectiveness of a sensor configuration δ  for a model class Μ , can 
be provided by introducing the information entropy index  as follows ( )IE

  
( ) ( )( )

( ) (
best

worst best

H HIEI
H H

δ δδ
δ δ

−=
− )

) )

 (6.14) 

where  and  are the information entropies (Papadimitriou et al. 
2000) computed for the best and the worst sensor configurations for  sensors, 
respectively. In this case the values of  range from zero to one. The most 
effective configuration corresponds to value of  equal to zero, while the least 
effective configuration corresponds to value of  equal to one. The information 
entropy is defined and asymptotically approximated in 

( bestH δ ( worstH δ
0N

( )IEI δ
( )IEI δ
( )IEI δ

(6.9). 

6.4.2 Computational Issues for Finding the Optimal Sensor Configuration 

For a structural model with  DOF, the number of all distinct sensor configurations 
involving  sensors is 

dN
0N

  
0 0

!
! ( )!

d
S

d

NN
N N N

=
−

 (6.15) 
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)

d

2

which for most cases of practical interest can be an extremely large number, even for 
cases involving a relatively small number  of measurable DOFs. Thus, an 
exhaustive search over all sensor configurations for the computation of the optimal 
sensor configuration is extremely time consuming and in most cases prohibitive. 
Therefore, alternative approximate techniques must be used to solve the discrete 
optimization problem and obtain good estimates of sensor configurations that 
correspond to information entropy values close to the minimum information entropy. 

pN

In particular, genetic algorithms (Goldberg 1989, Michalewich 1999) are most suitable 
for solving the resulting discrete optimization problem and providing near optimal 
solutions (Papadimitiou 2004, Bedrossian and Masri 2003, Yao et al. 1993). Details 
about various issues on the use of genetic algorithms for evaluating optimal sensor 
configuration, including convergence issues, are available in the work by 
Papadimitriou (2002).  

A more systematic and computationally very efficient approach for obtaining a good 
sensor approximation for a fixed number of  sensors is to use a sequential sensor 
placement (SSP) algorithm (Papadimitriou 2004). The total number of vector function 
evaluations using the extended SSP algorithm is infinitesimally small compared to the 
number of vector function evaluations required in an exhaustive search method.  

0N

According to the sequential sensor placement (SSP) algorithm, the positions of  
sensors are computed sequentially by placing one sensor at a time in the structure at a 
position that results in the largest reduction in information entropy. The SSP algorithm 
can also be used in an inverse order, starting with  sensors placed at all DOF of the 
structure and removing successively one sensor at a time from the position that results 
in the smallest increase in the information entropy. 

0N

dN

The successive placement of each sensor in the structure requires the optimization of 
the information entropy with respect to only one sensor location. The solution is easily 
provided using an exhaustive search of the parameter space. Using the SSP algorithm, 
the total number of function evaluations for optimally placing the i -th sensor, given 
that  sensors have already been placed in the structure, is equal to ( 1 , 
where  is the total number of dof. Thus, the total number of function evaluations 
required for designing the optimal sensor configuration for  sensors using the SSP 
algorithm is . Moreover, the design of sensor configurations 
from  up to  sensors requires a total of no more than  function 
evaluations, which is an extremely small number compared to the number , given 
in equation 

( 1)i− dN i− +
dN

0N
0

01
( 1)

N
di
N i N N

=
− + ≤∑

1 dN ( 1)/d dN N +
SN

(6.15). 

The sequential sensor placement algorithm gives the optimal sensor configuration only 
in the case for which the optimal sensor positions for i  sensors is a subset of the 
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μ

optimal sensor positions for (  sensors for all i  from 1  to . However, the last 
assumption does not hold in general and the sensor configuration computed by the SSP 
algorithm cannot be guaranteed to be the optimal one. The sensor configurations 
estimated from the SSP algorithm provide information entropy values that are upper 
bounds of the minimum information entropy. Numerical applications (Papadimitriou 
2004) show that these bounds, in most cases examined, coincide with, or are very close 
to, the exact minimum information entropy. Consequently, the SSP algorithm is 
preferred over GAs because it maintains high levels of accuracy with minimal 
computational effort. Moreover, the solution provided by the SSP algorithm could be 
included in the initial population of a GA solver in order to accelerate convergence of 
the GAs and improve the optimal sensor location estimate. 

1)i+ 0N

Finally, it is worth pointing out that the maximum value of the information entropy 
corresponding to the worst sensor configuration is also useful because when it is 
compared with the minimum information entropy, it gives a measure of the reduction 
that can be achieved by optimizing the sensor configuration. Moreover, as shown in the 
subsequent section, the maximum value of the information entropy is needed in the 
estimation of the optimal sensor configuration for identifying the best model class from 
a number of alternative model classes. The worst sensor configuration can be obtained 
from the aforementioned algorithms by maximizing instead of minimizing the 
information entropy. In fact, the GA software used for finding the optimal sensor 
configuration can also be used with slight modifications to find the worst sensor 
configuration. Using the SSP algorithm, an approximation to the worst sensor 
configuration is obtained by placing successively one sensor at a time in the position 
that results in the smallest decrease in information entropy. 

6.5 Design of Optimal Sensor Configuration for Multiple Model 
Classes 

The proposed optimal instrumentation depends on the chosen class of models, usually 
selected based on the type of states or damage scenarios to be monitored. For example, 
in Chapter 5, several different parameterization schemes were introduced in order to 
identify the different damage scenarios, and for each scheme, there were several model 
classes. An optimal instrumentation should be capable of providing informative 
measurements for multiple classes of models .  1,...,Μ Μ

The general case is considered for which the optimal sensor configuration for a model 
class differ from the optimal sensor configuration corresponding to another model 
class. For convenience, let us introduce the set {  of all possible DOFs 
associated with locations and directions in the physical structure along which 
measurements can be made. Let also  denote the sensor configuration vector 

1,2,..., }pN

0NR∈x
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x

x

containing  measured DOFs taken from the set {1 . That is, each 
component in x  takes integer values ranging from 1 to . In order to account for 
different number of DOFs between model classes, the mapping  is introduced to 
map the “physical” sensor configuration vector x  to the model sensor configuration 
vector  for a particular model class . Specifically,  is a vector of zeros and 
ones with the positions of ones in the vector  denoting the DOFs of the model 
class  that correspond to the “physical” DOFs specified in the vector x .  

0N ,2, , }pN
pN

( )iδ x

iδ iΜ ( )iδ x
( )iδ x

iΜ

Let  be the effectiveness of a sensor configuration x  for the i th 
model class . The function , introduced in 

( ) ( ( ))i i iJ IEI δ≡x
iΜ ( ( ))i iIEI δ x (6.14), gives the 

dependence of the information entropy index on the monitoring locations x  for the 
model class . The optimal sensor configuration for the model class  is selected 
as the one that minimizes the information entropy index . The problem of 
identifying the optimal sensor locations that minimize the information entropy indices 
for all  model classes is formulated as a multi-objective optimization problem stated 
as follows. Find the values of the discrete-valued parameter set x  that simultaneously 
minimizes the objectives (Papadimitriou 2005) 

iΜ iΜ
( )iJ x

μ

   (6.16) 1 2( ) ( ( ), ( ),..., ( ))J J Jμ=J x x x x

For conflicting objectives , there is no single optimal solution, but 
rather a set of alternative solutions, which are optimal in the sense that no other 
solutions in the search space are superior to them when all objectives are considered. 
Such alternative solutions, trading-off the information entropy values for different 
model classes, are known in multi-objective optimization as Pareto optimal solutions. 
An advantage of the multi-objective identification methodology is that all admissible 
solutions are obtained which constitute model trade-offs in reducing the information 
entropies for each model class. These solutions are considered optimal in the sense that 
the corresponding information entropy for one model class cannot be improved without 
deteriorating the information entropy for another model class. The optimal points along 
the Pareto trade-off front provide detailed information about the effectiveness of the 
sensor configuration for each model class. 

1( ),..., ( )J Jμx

In this work, the Strength Pareto Evolutionary Algorithm (SPEA) (Zitzler and Thiele 
1999), based on genetic algorithms, is used for solving the multi-objective 
minimization problem. Also, heuristic algorithms are proposed for constructing 
effective sensor configurations that are superior, in terms of accuracy and 
computational efficiency, to the sensor configurations provided by evolution 
algorithms (e.g. genetic algorithms), suitable for solving the resulting single and multi-
objective optimization problems. 
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N

Alternatively, a solution to the problem can be obtained by defining an overall measure 
of the effectiveness of an instrumentation  to monitor multiple classes of models. 
This measure is a weighted sum of the normalized information entropies for each 
model class  

δ

   (6.17) 
1

( ) ( )i i
i

w J
μ

=

=∑J x x

This equation is similar to the equation (2.17), which was stated in the beginning of 
this work in order to find the optimal values for the structural parameters . The 
results of the optimization depend on the weight values used. The Pareto optimal 
sensor configurations can be obtained by varying the values of the weights  from 0 
to 1. 

θ

iw

6.6 Numerical Example 
A numerical example is given next to illustrate the theoretical developments. Consider 
a structure represented by a -DOF chain-like spring-mass model, shown in Figure 
6.1 for =10, with one end of the chain fixed at the base and the other end free. The 
model could be thought of representing the behavior of a -floor shear-type 
building. The nominal model of the structure is assumed to have mass and stiffness 
properties that are uniformly distributed along the chain, i.e.  and , 

. The values of and  are selected such that the lowest modal 
frequency of the structure is equal to 1.0 Hz. The nominal model is considered to be 
the model of the structure at its undamaged condition. 

dN
dN

dN

0ik k= 0im m=
1, , di = 0k 0m

 

   

1k
 

2k DNk
1DNm − DNm1m 2m

 
Figure 6.1. - DOF spring-mass model. dN

The family of model classes  is taken so that each model 
class  is parameterized by two parameters that account for the stiffness values of 
two out of the ten links. In the selection of the model classes, it was assumed for 
demonstration purposes that damage is localized in two adjacent links. For each model 
class the stiffness and mass properties of the links that are not parameterized equal the 
nominal values of the undamaged structure. 

12 34 56 78 910{ , , , ,M M M M M }
ijM

In order to show the influence of the sensor configuration on the prediction 
effectiveness of the methodology, the case of  sensors is considered. The total 
number of sensor configurations for this problem is 120 . Among all these 

0 3N =
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configurations,  are Pareto optimal sensor configurations for the  model classes 
considered. Among all Pareto optimal sensor configurations, the configuration 

 gives no preference to any model class by providing almost equally 
informative data for all model classes simultaneously, in the sense that  
for all  with the minimum value of . Among the remaining 

 Pareto optimal sensor configurations, there are configurations x  that provide more 
informative data for one or more model classes with , but 
simultaneously provide less informative data for other model classes in the family with 

. 

64 5

{1, 9, 10}
min( )iI x I≤

1,2,..,5i = min 0.638I =
63

( ) 0.638iI x <

( ) 0.638iI x >

In order to demonstrate the effectiveness of the optimal sensor location methodology 
for damage detection problems, two damage scenarios are considered. The first 
damage scenario corresponds to 40% stiffness reduction in the first link while the 
second damage scenario corresponds to 40% stiffness reduction in the 5th link. 
Simulated measured modal data are generated by the model with 40% reduced stiffness 
at the first or the fifth link. To simulate the effects of measurement noise and modeling 
error, 2% and 5% noise are respectively added to the modal frequencies and 
modeshapes simulated by the damaged models. The damage detection methodology 
presented in Chapter 5 is applied to identify the damage. The five model classes {  

 are used as possible damage scenarios. It is expected that the 
application of the methodology should yield as most probable model class the  for 
the first damage scenario and the  for the second damage scenario, with the value 
of one of the two parameters predicting the severity of damage in the damaged link. 
The probability of each model class is obtained by (5.3). A non-informative prior 
probability distribution for the parameters of each model is considered. 

12,Μ
}34 56 78 910, , ,Μ Μ Μ Μ

12M
56M

The results for the probability  for all model classes considered are given in 
Tables 6.1 and 6.2 for the first and second damage scenario, respectively. The case of 

 sensors and the case of two and three contributing modes is considered. The 
measurement locations for  sensors are taken in all cases to be at the optimal 
locations  DOFs of the chain as well as the alternative non-optimal locations 

 and {6 . The results are computed using both asymptotic (first row) 
and importance sampling (second row) method presented in Chapter 5. 

( |ijP DM

0 3N =
0 3N =

{1, 9, 10}
{8, 9, 10} , 8, 10}

It is seen in Tables 6.1 and 6.2 that the effectiveness of the methodology in predicting 
the location of damage depends on the number of modes and the location of sensors. 
Specifically, comparing the probabilities in Table 6.1 for all model classes for the case 
of three modes ( ) and for the optimal sensor configuration {1 , it is seen 
that the methodology correctly predicts the location of damage since it gives a 
probability of one to model class  and zero probability to all other model classes. 

3N = , 9, 10}

12M
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TABLE 6.1. Asymptotic (first row) and importance sampling (second row) estimates of the 
probabilities of the model classes for the first damage scenario ( ). 0 3N =

 
Sensor Location 

{1, 9, 10}  
Sensor Location 

{8, 9, 10}  
Sensor Location 

{6, 8, 10}  
Model 
Class 

2N =  3N =  2N =  3N =  2N =  3N =  

0 1.0 0 0.64 0 0.75 
12M  

0.99 1.0 0.62 0.64 0.62 0.73 
0 0 0.55 0 0.99 0 

34M  
0 0 0 0 0 0 

0.01 0 0 0.36 0 0.25 
56M  

0.01 0 0.36 0.36 0.38 0.27 
1.0 0 0.45 0 0.01 0 

78M  
0 0 0.02 0 0 0 
0 0 0 0 0 0 

9 10M  
0 0 0 0 0 0 

 

TABLE 6.2. Asymptotic (first row) and importance sampling (second row) estimates of the 
probabilities of the model classes for the second damage scenario ( ). 0 3N =

 
Sensor Location 

{1, 9, 10}  
Sensor Location 

{8, 9, 10}  
Sensor Location 

{6, 8, 10}  
Model 
Class 

2N =  3N =  2N =  3N =  2N =  3N =  

0.03 0 0 0.08 0.20 0.01 
12M  

0.06 0 0.55 0.03 0.34 0 
0.03 0 0.01 0.04 0.68 0.05 

34M  
0.04 0 0 0.04 0.36 0.06 
0.49 1 0 0.87 0.12 0.94 

56M  
0.83 1 0.45 0.93 0.29 0.94 
0.45 0 0.99 0.01 0 0 

78M  
0.06 0 0 0 0.005 0 

9 10M  0 0 0 0 0 0 
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 0.01 0 0 0 0.005 0 

Even for  modes, the methodology based on importance sampling estimates of 
the probabilities favors model class  with high probability 0.99. However, in the 
case of  modes, the asymptotic approximation provides incorrect predictions of 
the relative probabilities of the model classes. This is because the estimate of the 
probability of the model class  is incorrect due to the fact that the optimal  is 
well outside the range . 

2N =
12M

2N =

78M θ̂
[0, ]uθ θ∈

Using the other two non-optimal sensor configurations {8  and {6 , the 
methodology correctly predicts the location of damage but with significantly lower 
probability than the one obtained for the case of sensor configurations {1 . This 
is due to the lack of significant information for updating model class  provided by 
the non-optimal sensor configurations. Besides favoring model class  with 
probability  (for sensor configuration {8 ) or 0.73  (for sensor 
configuration ), the methodology also favors the model class  with 
probability  or , respectively. This is indicative of the fact that the reliability 
of the predictions depend on the location of sensors in the structure which affects the 
amount of information contained in the data for updating each model class in the 
family of model classes. Note that the reliability of predictions deteriorates for the case 
of  modes. 

, 9, 10} , 8, 10}

, 9, 10}
12M

12M
0.64 , 9, 10}
{6, 8, 10} 56M

0.36 0.27

2N =

It should be noted that for all three sensor configurations and for  modes, the 
asymptotic and importance sampling estimates give qualitatively similar prediction for 
the location of damage. However, this is not true for the case of  modes, where 
the asymptotic estimates may give false results, mainly due to the fact that the optimal 

 is outside the range . 

3N =

2N =

θ̂ [0, ]uθ θ∈

The most probable values of the parameter set of the most probable model class for all 
cases predicting the location of damage were also obtained and shown to be close to 
60% and 100% of the nominal values of the undamaged models, thus predicting close 
to 40% stiffness reduction in the lowest link which suggests that the severity of 
damage is also correctly identifying the optimal model class. 

Qualitatively similar results for the prediction accuracy of the proposed methodology 
and its relation to the sensor location and the information contained in the measured 
data are obtained for the second damage scenario shown in Table 6.2. The higher the 
number of modes, the more reliable are the predictions of the proposed methodology. 
In particular, for the case of  modes and for the sensor configuration 

, the damage scenario is not predicted correctly since the probability 0.45 of 
model class  is lower than the probability 0.55 of the model class . 

2N =
{8, 9, 10}

56M 12M
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6.7 Conclusions 
A rigorous formulation of the optimal sensor placement problem for structural 
identification was presented based on the information entropy measure of parameter 
uncertainty. For model class selection and/or damage detection applications, the 
problem is formulated as a multi-objective optimization problem of finding the Pareto 
optimal sensor configurations that simultaneously minimize appropriately defined 
information entropy indices related to multiple model classes and/or probable damage 
scenarios. Asymptotic estimates for the information entropy, valid for large number of 
measured data, was developed to rigorously justify that the selection of the optimal 
experimental design can be based solely on the nominal structural model from a class, 
ignoring the details of the measured data that are not available in the experimental 
design stage. Robustness issues related to uncertainties in the nominal model were 
taken into consideration by introducing the performance measure as a multi-
dimensional integral of the information entropy over the uncertain model parameter 
space. 

The sequential sensor placement algorithm (SSP) was used for constructing predictions 
of the optimal and worst sensor configurations. The computations involved in the SSP 
algorithm are an infinitesimal fraction of the ones involved in the exhaustive search 
method and can be done in realistic time, independently of the number of sensors and 
the number of model DOFs. In particular, SSP algorithms provide with minimal 
computational effort the variation of the lower and upper bounds of the information 
entropy as a function of the number of sensors. Such bounds are useful in evaluating 
the effectiveness of a sensor configuration as well as in guiding the cost-effective 
selection of the number of sensors, trading-off information provided from extra sensors 
with cost of instrumentation. The effectiveness of the proposed algorithms was 
evaluated based on an example application involving stiffness-related parameter 
identification in structural dynamics. The effectiveness of the optimal sensor location 
methodology for damage detection purposes was clearly demonstrated. 

 

 



 



7. Application on a Three-Story 
Steel Laboratory Structure 

7.1 Introduction 
The purpose of this chapter is to demonstrate and compare the applicability and 
effectiveness of the model updating methods, introduced in Chapters 2 and 3, using 
experimental data from a scaled three-story steel structure, built and tested in the 
System Dynamics Laboratory of the University of Thessaly. The laboratory structure is 
first described. Then modal identification and model updating results are presented. 
Two parameterised model classes of the structure are introduced. The first model class 
is a simple 3-DOF shear model, while the second one is a more detailed 546 DOF 
finite element model. Model updating results are obtained and compared for the multi-
objective identification, the equally weighted method and the optimally weighted 
method. Various structural configurations are considered and the proposed model 
updating methodologies are used to identify and improve, the models for these 
configurations. The effectiveness of each model updating method is explored.  

7.2 Description of the Laboratory Three-Story Steel Building 
A picture of the front view, along with a schematic diagram of the side and the front 
views of the laboratory structure are given in Figure 7.1.The floors of the building are 
made of steel beams with dimensions mm. Two columns support each 
floor and each column is made up of steel plate with dimensions mm. 
Detailed plans of the steel beams and columns are shown in Figure 7.2. The columns of 
the first floor are connected to the floor through angles with the help of bolts and nuts. 
The total height of the structure is approximately 2.4m. 

500 100 50× ×
730 140 6× ×

Additional lateral stiffness is provided by placing diagonal wire ropes as shown in 
Figure 7.3. Removing the diagonal wire ropes in one or more floors can create several 
damage patterns of the structure corresponding to different lateral stiffness reduction. 
The wire ropes that are used have 3mm diameter. 
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Figure 7.1. Side and front views of the shear-building model. 
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(a) View of Floor Beam         b) View of Interstory Column 

Figure 7.2. Detailed plans of beams and columns used in structure. 

 

 
Figure 7.3. Diagonal wire rope used as structural component. 
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Figure 7.4. Reference structure (D000) and the examined damaged patterns. 

For damage detection purposes, the pattern where there is one wire rope in each floor 
is considered as the undamaged structure, denoted by D000. All other cases, where one, 
two or three diagonal wire ropes are missing, represent different damaged patterns 
denoted by Dijk, where the indices i, j and k describe the condition of the first, second 
and third floor, respectively. The values of the indices i, j and k are either one if a wire 
rope is missing in a floor, or zero if a wire rope exists in a floor. The undamaged and 
all examined damaged patterns are shown schematically in Figure 7.4.  

7.3 Structure Excitation and Sensor Locations 
Modal identification results are presented for the case of free vibration data, generated 
by hitting the structure with a hammer and recording the acceleration time histories. 
The free vibration acceleration response corresponds to the time history segment of the 
response obtained after the excitation is inactive.  
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Figure 7.5. Sensors location on laboratory structure. 
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The recorded data for the structure include several data sets obtained using an array of 
eight accelerometers. Four of the accelerometers measure the acceleration time 
histories along direction x  and four of them along direction y . The directions , , 

 and the sensor locations are schematically shown in Figure 7.5. Sensor locations has 
been chosen in such a way so as to gather as more information as possible about the 
structure’s modal response. Appling the array of sensors shown in Figure 7.5, all major 
modeshapes along the strong and weak directions can be identified using the 
appropriate modal analysis technique. Sensor 5 is used to gather information about 
local modeshapes of the structure related to the deformation of the first floor right 
column. 

x y
z

Figure 7.6 shows two indicative acceleration time histories, from 2 to 5 seconds, 
obtained from sensor 1 measuring along y  (strong) direction and sensor 6 measuring 
along  (weak) direction, respectively, during a hammer test experiment, for the 
reference structure.  

x

 

 

Figure 7.6. Measured and model predicted time histories from 2 to 5 sec for the 
reference structure, for sensors 1 (y -strong direction) and 6 (x -weak direction). 

 

7.4 Parameterized Model Classes 
Two models are used to represent the behaviour of the structure under investigation: a 
detailed 546-DOF finite element model and a simple 3-DOF model. The 3-DOF model 
represents the behavior of the structure along the weak x  direction only. This is done 
for comparison reasons, in order to examine whether a detailed model is necessary to 
compare the behavior of the structure and examine the structural integrity or a simple 3 
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DOF shear model can guide to the same conclusions using much less computational 
effort. In the following two sections, these models are described in detail. 

7.4.1 Parameterized 546 DOF Finite Element Model 

The detailed 546 DOF finite element model is schematically shown in Figure 7.7. Each 
floor is modeled with a beam element, while the columns between each floor are 
modeled with plate elements due to its small thickness. The sizes of both types of 
elements are calculated from the structural drawing. The modulus of elasticity and 
the density are based on the material properties. For more accurate modelling of the 
mass distribution, the masses of all parts of the structure were weighted. The 
diagonal wire ropes are modeled using bar elements. To model the fact that the 
structure is not rigidly connected with the ground, scalar springs elements were used, 
to allow an amount of base rotation along the strongest direction of the structure. The 
stiffness of spring elements was calculated so as to minimize the mismatch between the 
first bending mode along the strongest direction y  of a corresponding nominal 
structural model and the first measured bending mode along the same direction y . 

 

 
Figure 7.7 The 546 DOF finite element model. 

 

The final model consists of  beam elements,  plate elements (24  elements per 
inter-story) and  spring elements. The number of DOF is . The plate elements 
near the joints, between columns and floors, are assumed to be very stiff, in order to 
model the large rigidity in these parts of the structure. This is achieved by declaring a 
big value for the modulus of elasticity of the corresponding stiff plate elements. The 
finite element model developed based on modeling assumptions, the structural 
drawings and the properties of the materials used, is referred to as the initial (nominal) 
finite element model. 

3 72
6 546
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The stiffnesses of the columns and wire ropes are next updated using the 
configurations D000 and D111 and the measured data related to these configurations. The 
structural configuration D111, that does not include any diagonal wire rope is first 
examined in order to estimate the stiffness of the columns based on the measured data. 
In that case, the finite element model is parameterised by introducing appropriate 
stiffness parameters. More specifically, three parameters ,  and  are considered, 
each one modelling the modulus of elasticity of the plate elements of each floor, so that 

, for , where  is the nominal value of the modulus of 
elasticity of plate elements in the initial finite element model and  is the updated  

1θ 2θ 3θ

0i iE Eθ= 1,2,3i = 0iE
iE
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   (a)            (b) 

Figure 7.8 Parameterization schemes (a) for no-diagonal wire ropes pattern (b) for 
diagonal wire ropes pattern. 

value of the modulus of elasticity of each parameterised plate element. The finite 
element model with values of the parameters  corresponds to the initial 
nominal finite element model. The stiffness properties of the elements that are not 
parameterized equal the nominal values of the initial model of the structure. The 
parameterization scheme is shown in Figure 7.8a. 

1 2 3 1θ θ θ= = =

The parameters ,  and  accounting for the stiffness of the plate elements of each 
floor are updated by minimizing the measure of fit between the measured data for this 
structural configuration D

1θ 2θ 3θ

111 and the model predicted modal data. The measured data 
consist of the frequencies and the modeshapes identified from the free vibrations tests. 
Once the modulus of elasticity of the plate elements of each floor has been updated, 
they are considered as the nominal values of the plate elements for all the 
configurations that include the wire ropes.  

The structural configuration D000 is next considered which includes wire ropes in each 
floor of the structure. In this case, the finite element model is parameterized 
introducing three parameters ,  and , one for the modulus of elasticity of 
diagonal elements of each floor, so that , for , where  is the 

1θ 2θ 3θ
0i iE Eθ= i 1,2,3i = 0iE
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0

0

nominal value of modulus of elasticity for the diagonal elements in the finite element 
model and  is the updated value of modulus of elasticity for the diagonal elements 
of each floor. The finite element model with values of the parameters  
corresponds to the initial nominal finite element model for structural configuration 
D

iE
1 2 3 1θ θ θ= = =

000. The parameterization scheme for this case is shown in Figure 7.12b. 

The parameters accounting for the stiffness of the diagonal bar elements of each floor 
are updated by minimizing the measure of fit between the measured data for this 
structural configuration (D000) and the model predicted modal data. The updated model 
corresponds to the model that describes the behavior of the reference (undamaged) 
structure. 

7.4.2 Parameterized 3-DOF Shear Model 

The 3-DOF shear model of the laboratory structure is schematically shown in Figure 
7.9. The masses ,  and  of each floor are assumed to be equal, that is, 

. The stiffness of each spring accounts for the stiffness of the 
columns of each floor plus the stiffness of the diagonal wire rope of the corresponding 
floor, if that exist. The nominal values of the spring stiffnesses ,  and  are 
assumed to be equal, that is, . The ratio  between the 
nominal values of the stiffnesses and masses of the 3-DOF model was selected so as to 
minimize the mismatch between the first modal frequency predicted by the model and 
the first measured modal frequency for the structural configuration D

1m 2m 3m
1 2 3m m m m= = =

01k 02k 03k
01 02 03 0k k k k= = = 0 /k m

000. This model 
corresponds to the nominal finite element model of the structure. 
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Figure 7.9 3-DOF shear model. 
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The finite element model is parameterized introducing three parameters ,  and , 
one for the stiffness of each spring, so that , for , where  is the 
nominal value of the stiffness of each spring in the nominal finite element model and 

 is the updated value of the stiffness of each parameterised spring based on the 
measured data. The finite element model with  corresponds to the 
nominal 3-DOF model. 

1θ 2θ 3θ
0i ik kθ= 1,2,3i = 0ik

ik
1 2 3 1θ θ θ= = =

7.5 Modal Identification 
The modal frequencies and modeshapes were extracted from the experimental free 
vibration data. A free vibration based modal identification methodology described in 
Pavlidou (2003) was used. The minimization of the error function from which the 
modal properties, from the available time histories responses, were extracted is 
performed using either Quasi-Newton gradient optimization methods or a hybrid 
optimization algorithm (Haralampidis et al. 2005) that combines evolution strategies 
with gradient-based methods. Appropriate, user-friendly software has been developed 
in Matlab programming environment (Pavlidou et al. 2003). 

In almost all excitation events and for all damage patterns, nine modes, three bending 
in the weakest x  direction, two bending in the strongest y  direction, two torsional and 
two local modes were identified using the modal identification software. Table 7.1, 
shows the identified frequencies for the reference (undamaged) and damaged patterns, 
while Figure 7.10 shows the corresponding modeshapes for the reference case. Since, 
the modeshapes components can be evaluated only in the measurement locations, the 
normalized modeshape components are shown with red arrows in these locations. Next 
to the measured modeshapes, the model-based modeshapes for the reference case are 
also presented for comparison reasons. These modeshapes corresponds to the 
modeshapes of the updated optimal model.  

A representative fit between the measured acceleration time histories and the 
acceleration time histories predicted by the optimal model is shown in Figure 7.6 for 
the time interval 2 to 5 seconds. A very good fit in both time histories is observed. 

Examining the results presented in Table 7.1, it is worth mentioning that despite of the 
damaged case that is examined, the values of the modal frequencies of the modes along 
the strong y  direction, the torsional modes and the local modes practically remain 
unchanged. In other words these modes are not sensitive to the specified change in 
structural integrity. That brings in foreground the necessity of a careful selection of the 
data features used to distinguish the damaged structures from undamaged.  
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TABLE 7.1. Modal Frequencies (Hz) identified for each damage pattern. 

Undamaged 
Pattern  

Damaged Patterns 

 

       

9.33 x* 5.58 x 6.26 x 8.09 x 5.89 x 5.35 x 4.76 x 4.62 x 

28.13 x 24.60 x 23.49 x 17.33 x 16.76 x 14.50 x 15.90 x 13.77 x 

41.35 x 39.87 x 34.47 x 35.71 x 24.09 x 33.34 x 34.67 x 19.45 x 

8.20 y 8.15 y 8.14 y 8.20 y 8.15 y 8.16 y 8.14 y 8.21 y 

61.84 y 62.00 y 61.65 y 61.78 y 61.63 y 61.79 y 61.65 y 61.79 y 

22.67 tor 22.73 tor 22.70 tor 22.72 tor 22.70 tor 22.72 tor 22.71 tor 22.90 tor

93.26 tor 93.28 tor 93.15 tor 93.14 tor 93.36 tor 93.22 tor 93.25 tor 93.45 tor

113.51 loc 114.71 loc 113.19 loc 113.2 loc 113.39 loc 114.64 loc 114.67 loc 114.13 loc

117.21 loc 117.67 loc 117.09 loc 117.15 loc 117.23 loc 117.56 loc 117.61 loc 117.35 loc

*x ,y= bending mode along weak and strong direction respectively, tor= torsional mode, loc= 
local mode 
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ω = 9.33Hz 

 
1st modeshape along x (weak) direction 

 

 

 

               

ω = 28.13Hz 

 
2nd modeshape along x (weak) direction 

 

 

 

 

ω = 41.35Hz 

 
3rd modeshape along x (weak) direction 

 
  

Figure 7.10a Identified and FE model-based modeshapes of the structure. 

 



7. Application on a Three-Story Steel Laboratory Structure 141 

 
 

    

ω = 8.20Hz 

1st modeshape along y (strong) direction 
 
 
 
 

ω = 61.84Hz

 
2nd modeshape along y (strong) direction 

 
 
 
 

ω = 22.67Hz

 
1st torsional modeshape 

 

Figure 7.10b Identified and FE model-based modeshapes of the structure. 
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ω = 93.26Hz

 
2nd torsional modeshape 

 
 
 
 

ω = 113.51Hz 

 
 

1st local modeshape 
 
 
 
 

ω = 117.21Hz 

 
 

2nd local modeshape 
 

Figure 7.10c Identified and FE model-based modeshapes of the structure. 
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It should be noted that although local modal frequencies can be identified using sensor 
5 (Figure 7.5), it is impossible to retrieve the corresponding modeshape, since more 
and appropriately chosen measurement points, at the midpoint of the rest of the floor 
columns are required. The local modeshapes shown in Figure 7.10 have been 
calculated from a finite element model and are shown just for illustrative purposes. The 
finite element model has four local modes in the frequency range 113Hz- 135Hz. 

7.6 Model Updating Based on Equally Weighted Modal Residuals 
Method 

The measured modal properties for the three bending modes along the weak direction 
 are next used for updating the models defined in the previous sections. The equally 

weighted modal residuals method is used with the objective function (measure of fit) 
given by eq. (2.18) and the values of the weights selected to be equal to one.  

x

7.6.1 3-DOF Shear Model 

The behaviour of the structure in the weak x  direction is represented by the 3-DOF-
shear model. The purpose is to update the values of stiffness parameters ,  and  
of the model using the three measured bending modal properties in the weakest 
direction. 

1θ 2θ 3θ

Table 7.2 shows the updated values of the parameters for all structural configurations 
(reference and damaged) given in Table 7.1. For the damaged cases, the column next to 
the updated parameter values shows the percentage variation in the parameters values 
in relation to the corresponding values for the reference (undamaged) case. A 
significantly reduction, of the order of 70% to 80%, in parameters values is observed 
for the cases where wire ropes are removed. This reduction gives an estimate of the 
effect of the wire rope on the lateral stiffness of each floor. Also, the 3-DOF model is 
able to identify sudden damages in structural configuration which are due to the wire 
rope damage. In particular, it can reliably predict the location and severity of the 
damage within a good level of accuracy. 

It should be also noted that small reduction or increase of the order of 2% to 20% in 
the values of the parameters that correspond to undamaged locations are observed and 
are due to model error and uncertainties noise. This reduction is significantly smaller 
than the reduction corresponding to the actual inflicted damage. The level of reduction, 
which is due to model error and measurement noise or modal data processing error, 
depends on the structure and the model class used in the prediction of damage. 
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TABLE 7.2. Optimal parameter values for reference and damaged configurations using 3-DOF-
shear model. 

Reference Case Damaged Cases   

 D000 D100 % D010 % D001 %   

1θ  0.8414 0.2287 -72.82 0.9571 13.76 0.9198 9.32   

2θ  1.2115 1.1716 -3.29 0.2219 -81.68 0.9630 -20.51   

3θ  1.2288 1.1919 -3.01 1.2886 4.86 0.2995 -75.63   
          

 D000 D011 % D101 % D110 % D111 % 

1θ  0.8414 0.9576 13.82 0.2039 -75.76 0.2356 -71.99 0.2355 -72.01

2θ  1.2115 0.2177 -82.03 1.1285 -6.85 0.2426 -79.97 0.2470 -79.61

3θ  1.2288 0.2887 -76.51 0.3072 -75.00 1.2781 4.01 0.2797 -77.24

 

TABLE 7.3. Percentage difference between the measured and the identified modal frequencies 
( ) and modeshape components ( ), for the reference and the damaged cases. ωΔ φΔ

 Reference 
Case 

Damaged Cases 

 D000 D100 D010 D001 D011 D101 D110 D111

  

       
0.45 0.12 0.53 0.53 1.34 4.10 1.51 1.39 
1.52 1.14 1.32 3.02 2.41 2.02 2.59 1.81 

ωΔ  
(%) 

1.03 1.23 1.80 3.78 1.15 1.83 0.98 0.37 
9.12 7.69 3.82 5.64 4.10 4.79 5.63 6.84 

13.88 5.19 5.59 10.06 12.22 10.16 1.54 12.34 
φΔ

(%) 
6.95 17.69 12.47 5.5 7 1.27 2.82 15.15 12.05 

 

Table 7.3, shows the percentage difference, , between the measured and the 
identified modal frequencies for the reference (undamaged) and the damage cases, as 
well as the corresponding percentage error for the modeshape components for each 
DOF. A very good fit is observed for the modal frequencies, while for the modeshape 
components the percentage error is of the order of 10%. 

ωΔ
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7.6.2 Detailed Model 

The detailed 546 DOF model is used to represent the behaviour of the structure. The 
model parameterization scheme, shown in Figure 7.8b is considered. The purpose is to 
update the values of stiffness parameters ,  and  using the measured bending 
modal properties. In order to be able to compare with the 3-DOF model only the three 
bending modes in the weakest direction are used for model updating. 

1θ 2θ 3θ

Table 7.4 shows the updated values of the parameters for all structural configurations 
(reference and damaged cases) given in Table 7.1. The percentage reduction of the 
parameters values in relation to the corresponding values for the undamaged case is 
also given. 

 

TABLE 7.4. Optimal parameter values for the reference and damaged configurations using the 
detailed model. 

Reference Case Damaged Cases 

 D000 D100 % D010 % D001 % 

1θ  0.4766 0.0012 -99.75 0.5056 6.09 0.4766 0.00 

2θ  0.4749 0.4749 0.00 0.0000 -100.00 0.4749 -0.01 

3θ  0.6321 0.6013 -4.88 0.5328 -15.71 0.0000 -100.00 
        
 D000 D011 % D101 % D110 % 

1θ  0.4766 0.4537 -4.81 0.0000 -100.00 0.0000 -100.00 

2θ  0.4749 0.0000 -100.00 0.0163 -96.56 0.4749 -0.01 

3θ  0.6321 0.0000 -100.00 0.5444 -13.88 0.0000 -100.00 

 

As expected, the reduction in parameters values for the locations where wire ropes 
have been removed is of the order of 100%. This indicates that the model can 
successfully identify the existence and the location of damage. Small reduction of the 
parameters values, of the order up to 14%, for the undamaged locations are due to 
modeling error and measurement noise. 

Table 7.5, shows the percentage difference, , between the measured and the 
identified modal frequencies predicted by the detailed model, for the reference 
(undamaged) and the damaged cases, as well as the corresponding percentage error for 
the modeshape components. A very good fit is observed for the modal frequencies, 
while for the modeshape components the percentage error is of the order of 15%. 

ωΔ
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TABLE 7.5. Percentage difference between the measured and the identified modal frequencies 
( ) and modeshape components ( ), for the reference and the damage cases. ωΔ φΔ

 Reference 
Case 

Damaged Cases 

 D000 D100 D010 D001 D011 D101 D110

  

      
1.23 0.26 2.61 1.72 2.36 0.60 2.28 
0.73 3.56 0.80 3.14 2.97 1.12 1.35 

ωΔ  
(%) 

0.25 0.66 0.10 3.45 1.52 4.90 0.13 
4.72 6.72 3.49 7.35 3.75 6.95 6.21 

18.90 19.62 5.36 15.09 15.62 4.45 5.77 
φΔ  

(%) 
16.46 32.27 6.30 5.63 11.75 7.02 4.06 

 

Comparing the 3-DOF model and the detailed model, they both can reliably identify 
the location and severity of damage for the particular large amount of damage inflicted 
in the 3-story laboratory structure. The 3-DOF model requires much less computational 
effort than the detailed model. Comparing the results in Table 7.5 and 7.3, it can be 
concluded that both model provide almost the same fit in the modal properties, 
although a better fit in modeshape components would have been expected from the 
detailed model. A better fit in modeshape components is not observed because the 
modeshapes components of the sensors measuring along the strong direction y  are 
also used, while in the 3-DOF model only sensors along the weak direction x  were 
used. The detailed model is expected to perform much better in damage detection 
applications for which the amount of damage is relatively small. 

7.7 Model Updating Based on Multi Objective Model Identification 

7.7.1 3-DOF Shear Model 

The multi-objective identification is used to update the stiffness parameters ,  and 
 of the 3-DOF model based on the three measured bending modal frequencies and 

modeshape components in the weakest x  direction.  

1θ 2θ
3θ

The modal grouping scheme C, described in Section 2.4.3 (eq. 2.15) is first used for 
model updating. So there are three objective functions, where each one expresses the 
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0

)

mismatch between the measured and the model predicted frequencies and modeshape 
components for each contributing mode. 

In Figures 7.11 and 7.12, the Pareto front in the objective space for the reference 
(undamaged) structure using SPEA algorithm are shown for  and 

 generations, respectively. A number  of non-dominated 
solutions in the set  is selected (Zitzler and Thiele 1999; Haralampidis et al. 2005). 
The search for the Pareto optimal solutions  was limited to the region defined by the 
inequality constraints  for . In Figure 7.13, the 
corresponding Pareto optimal solutions in the parameter space are shown, distributed 
in an increasing order of  so as the first solution from the left side corresponds 
to , while the last solution corresponds to . 

100Ngen =
1000Ngen = ' 4N =

'P
θ̂

( ) 0.035iJ ≤θ 1,2,3i =

( )1
ˆJ θ

( )( 1
ˆmin J θ ( )( )1

ˆmax J θ
 

0
0.002

0.004
0.006

0.008
0.01

0

0.01

0.02

0.03

0.04
0

0.002

0.004

0.006

0.008

0.01

0.012

23

 910

24

30

37

J1

28

3239

26

27

25

19
 8

 4

18

14

15

 3
31

22

16

11

36

33

17

20

 2

21

 1

38

J2

40

12
13

 5

 6

 729

3435

J 3

0.035

0 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.01
0.005

0.01

0.015

0.02

0.025

0.03

J1

2

 1

 2

 3
 4

 5 6 7

 8

 9
10

11

12
13

1415

16

17

18
19

20
21

22

2324

25
2627 28

29

30

31

32

33

34

35

36

37

38

39

40

J

 

 

0 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.01
0

0.002

0.004

0.006

0.008

0.01

0.012

J1

J 3

 1
 2

 3
 4

 5

 6

 7

 8

 9
10

11

12

13

14

15

16

17 18

19

20

21 22

23

24

25
26

27

28

29

30

31

32

33

3435

36

37

38

39

40

  

0.012

0.005 0.01 0.015 0.02 0.025 0.03 0.035
0

0.002

0.004

0.006

0.008

0.01

J2

J 3

 1
 2

 3
 4

 5

 6

 7

 8

 9
10

11

12

13

14

15

16

1718

19

20

2122

23

24

25
26

27

28

29

30

31

32

33

34 35

36

37

38

39

40

 

Figure 7.11. Pareto front for grouping scheme C in objective space for Ngen=100 based on 
the 3-DOF model. 
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Figure 7.12. Pareto front for grouping scheme C in objective space for Ngen=1000, based 
on the 3-DOF model. 

 

As the number of generations increases from 100 to 1000, the solutions provided by 
the SPEA method tend to the Pareto optimal solutions. In particular, 100 generations 
are not enough to achieve convergence. This is clearly demonstrated by comparing 
Figures 7.11 and 7.12, where one can see that the Pareto front for the case of 

, is a sub-space of the Pareto front for . Also, comparing 
Figure 7.13a and 7.13b, one can see that the variation of the values of the parameters 
for the Pareto optimal solutions for the case  is smoother than that for 
the case . 

1000Ngen = 100Ngen =

1000Ngen =
100Ngen =
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Figure 7.13. Pareto optimal solutions for grouping scheme C in parameter space for (a) 100 and 
(b) 1000 number of generations based on the 3-DOF model ( , ). ( ) 0.035iJ ≤x 1, 2, 3i=

The results in Figure 7.13b indicate that the values of the parameters corresponding to 
the Pareto optimal solutions vary by up to 25%. For example, the optimal value of 
parameter  vary from 0.9 to 0.7. Also, the results in Figure 7.12 indicate that the fit 
in modal properties provided by the Pareto optimal solutions may vary by one order of 
magnitude for all modal groups. In the work by Haralampidis et al. (2005) it has been 
demonstrated that such variations results significantly variations in the predictions 
(response and reliability) provided by the Pareto optimal models. The level of 
variability in the Pareto optimal solutions is due to the level of modeling error and 
measurement noise. 

1θ

The grouping scheme B is next used for model updating. Modal properties are grouped 
into two groups. The first group represents the mismatch between the measured and the 
model predicted modal frequencies for all three bending modes, while the second 
group represents the mismatch between the measured and the model predicted 
modeshape components for all three bending modes. The Pareto front in the objective 
space and the corresponding Pareto optimal solutions in the parameter space for the 
reference (undamaged) structure are shown for  and  in 
Figure 7.14. Similar Pareto optimal results for the structural configuration D

100Ngen = 1000Ngen =
100 are 

shown in Figure 7.15. The search for the Pareto optimal solutions was limited to the 
region defined by the inequality constraints  and . 
Since now there are only two objective functions, the objective space is 2-dimensional 
and the Pareto front is more evident. It is evident from the results that the 100 
generations are not enough to achieve convergence. From the results in Figures 7.14d 
and 7.15d, a relatively large variability in the values of the Pareto optimal solutions is 
observed. Comparing the results in Figure 7.14d obtained for grouping scheme B and 
in Figure 7.13b obtained for grouping scheme C, it can be seen that the Pareto optimal 
solutions depend also on the grouping scheme, used in model updating.  

( )1 0.005J ≤x ( )2 0.03J ≤x
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Ngen=100 

 

 

 

 
Ngen=1000 

Figure 7.14. Pareto front for grouping scheme B and the corresponding Pareto optimal 
solutions in the parameter space for the reference (undamaged) structure, for 100 and 1000 
number of generations based on 3-DOF model. 
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Ngen=100 

 

 

 

       
Ngen=1000 

Figure 7.15. Pareto front for grouping scheme B and the corresponding Pareto optimal 
solutions in the parameter space for structural configuration D100, for 100 and 1000 number of 
generations based on 3-DOF model. 

 

Finally, comparing the results in Figures 7.14d and 7.15d, it can be seen that all Pareto 
optimal solutions can successfully provide an estimate of the location and the extent of 
damage. 
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0

7.7.2 Detailed Model 

The detailed 546-DOF model is used to represent the behaviour of the structure shown 
in Figure 7.8a. The purpose is to update the values of parameters ,  and  using 
the measured modal properties reported in Table 7.1. Two modal groups are introduced 
according to the type of modal properties. 

1θ 2θ 3θ

The first modal group contains the modal properties (modal frequencies and 
modeshape components) of the three bending modes along the weakest direction , 
while the second modal group contains the modal properties of the two bending modes 
along the strongest direction y . So there are two objective functions  and  
that will be minimized simultaneously. 

x

1( )J θ 2( )J θ

The Pareto front in the objective space, and the Pareto optimal solutions in the 
parameter space are shown in Figures 7.16a and 7.16b, respectively.  
number of generations are used. A number  of non-dominated solutions in 
the set  is selected. The search for the Pareto optimal solutions was limited to the 
region defined by the inequality constraints  for  and 

. Pareto solutions outside this range are considered unacceptable in 
structural identification due to the very high errors between measured and model 
predicted modal data involved in the measures of fit. 

100Ngen =
' 4N =

'P
( ) 0.02iJ ≤x 1,2i =

( )3 0.06J ≤x

 

 
Figure 7.16. Pareto optimal solutions in the objective and the parameter spaces for 
structural configuration D111, based on the detailed model ( ). 100Ngen =

 

A relatively large variability in the values of the parameters  and  are observed. 
For all Pareto optimal solutions the variation in the values of  is very small. The 
Pareto points corresponds to fit in the modal properties that vary by more than an order 
of magnitude in both objectives  and . 

1θ 3θ
2θ

1( )J θ 2( )J θ
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0

The grouping scheme B is next used along with the measured data for the structural 
configurations D000, representing the undamaged structure, and the D100, representing 
the damaged structure with one wire rope missing in first floor. In both cases, only the 
3 bending modes along the weakest  direction are used. x

The Pareto front in the objective space and the corresponding Pareto optimal solutions 
in the parameter space, are shown in Figure 7.17 and Figure 7.18 for structural 
configuration D000 and D100, respectively.  number of generations are 
used. In order to identify and describe in detail the whole Pareto front, a number 

 of non-dominated solutions in the set  is selected.The search for the 
Pareto optimal solutions was limited to the region defined by the inequality constraints 

 for . 

100Ngen =

' 4N = 'P

( ) 0.01iJ ≤x 1,2i =

 
Figure 7.17 Pareto optimal solutions for grouping scheme B in the objective and the parameter 
spaces for the referenced (D000) structure based on the detailed model (Ngen=100). 

 

 

Figure 7.18 Pareto optimal solutions for grouping scheme B in the objective and the parameter 
spaces for structural configuration D100 based on the detailed model (Ngen=100). 
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For both structural configurations, a relatively large variability in the values of 
parameters ,  and  are observed. For the structural configurations D1θ 2θ 3θ 000, Pareto 
points correspond to measures of fit that vary by more than an order of magnitude in 
both objectives. For the structural configurations D100, the measure of fit  along 
the Pareto points does not vary significantly. Specifically, it varies from 4.58e-3 to 
4.76e-3. In contrast, the measure of fit  along the Pareto points vary almost two 
orders of magnitude, from 0.004 to 0.01. 

2
ˆ( )J θ

1
ˆ( )J θ

Comparing the variation of parameter  for both structural configurations, it is 
obvious that in the D

1θ
100 case the stiffness of diagonal wire rope in first floor has been 

reduced dramatically, which is indicative of damage in that structural component. It is 
also observed that the fluctuation of parameters  and  in the referenced 
(undamaged) D

2θ 3θ
000 case is higher than in the damaged D100 case. Finally, comparing the 

results in Figures 7.17b and 7.18b, it can be concluded that the damage in the first 
floor, due to the removal of the wire rope, can be predicted by all Pareto optimal 
models. 

Summarizing, the 3-dof-shear model and the more detailed model, can identify sudden 
changes in structural characteristics associated with the removal of wire ropes. This is 
due to the fact that the examined changes, affect only modes in the x  direction that are 
well described by both models. 

7.8 Model Updating Based on Optimally Weighted Modal 
Residuals Method 

The purpose of this section is to obtain results based on the optimally weighted modal 
residuals method and to compare with the results obtained from the equally weighted 
modal residuals method and the multi-objective identification. Representative 
structural configurations and modal grouping schemes are used to illustrate the 
effectiveness of the proposed optimally weighted residuals method. 

7.8.1 3-DOF Shear Model 

The 3-DOF model is used to describe the structure with the configuration D111. For 
illustration purposes, only the first three bending modes are used. Modal grouping 
scheme B is used involving two groups. The first modal group contains all three 
bending modal frequencies, while the second modal group contains the corresponding 
modeshape components.  

Two parametric model classes  and  are considered, involving one and three 
modal parameters, respectively, as shown in Figure 7.19. The first model class  
assumes that the stiffnesses of the three springs are fully correlated, while the second 

1Μ 3Μ
1Μ
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model class  assumes that these three stiffnesses are independent, , 

. Thus, the second model class gives more flexibility to fit the measured 
modal data. 

3Μ 0i ik kθ=
1,2,3i =

The optimal values  and  of the model parameters for the model 
class  and the corresponding values of the modal frequencies obtained from the 
optimally weighted and equally weighted modal residuals methods, are shown in Table 
7.6. The percentage difference  in the optimal model parameter values predicted 
by the two methods also is shown in Table 7.6. The percentage differences  
between the measured modal frequencies and the ones predicted by the optimal models 
for both methods are also shown in this table. 

ˆ ˆ ˆ( )opt ≡ wθ θ ˆ
=1wθ
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Figure 7.19 (a) Model class  and (b) Model class  for the 3-DOF model 
representing the D

1Μ 3Μ
111 structure.  

 

TABLE 7.6. Optimal parameter values for model class  and the corresponding model 
frequencies using optimally weighted and the equally weighted and modal residuals methods. 

3Μ

  Optimally weighted 
residuals method 

Equally weighted 
residuals method  

 1̂θ  1.0920 1.0309 1̂θΔ =    5.93% 

 2̂θ  0.8979 1.0803 2̂θΔ = -16.18% 

 3̂θ  1.3927 1.2236 3̂θΔ =   13.82% 

 ˆ (Hz)ω  ˆ( )ω θ  (%)ωΔ ˆ( )ω θ  (%)ωΔ  

1̂xω  4.618 4.618 -0.01 4.682 1.38 ↑ 

2ˆ xω  13.773 13.773 0.00 13.523 -1.82 ↑ 

3ˆ xω  19.447 19.447 0.00 19.515 0.35 ↑ 
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The optimal values  and  of the structural parameters predicted by the two 
methodologies, differ by about 17% for the parameter corresponding to the 1

ôptθ ˆ
=1wθ

st floor, 
16% for the parameter corresponding to the 2nd floor, and 14% for the parameter 
corresponding to the 3rd floor. So, there is a considerable difference between the values 
predicted for the structural parameters by the two methodologies. 

Figure 7.20 shows the Pareto front in the objective space along with the Pareto points 
corresponding to the optimally weighted (OWM) and the equally weighted ( ) 
residuals method. From the results in Figure 7.20 and Table 7.6 it is observed that the 
optimally weighted residuals method provides a very good fit to the modal frequencies 
in the expense of deteriorating the fit in the modeshape components, while the equally 
weighted residuals deteriorates the fit in the modal frequencies by improving the fit in 
the modeshape components. The two methods give considerable different results that 
are located close to the two boundaries of the one dimensional Pareto front. 

1=w
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Figure 7.20. Pareto front and Pareto optimal solutions points for the optimally and equally 
weighted modal residuals. 

 

The optimal values  and  of the single model parameter for the model class 
 are exactly the same for both the optimally weighted and the equally weighted 

residual methods. Moreover, the Pareto front consist of a single point and the Pareto 
optimal solution coincides with  or . This result is due to the fact that the 
modeshape components for the 3-DOF model are independent of the value of the 
model parameter  representing the value of the uniform stiffness of the 3-DOF 
model. Thus, the optimization using two measures of fit  and  is 
equivalent the optimization using the first measure of fit . For the three 
identification methods, this optimization gives the same result. 

ôptθ ˆ
=1wθ

1Μ

ôptθ ˆ
=1wθ

1θ
1( )J θ 2( )J θ
1( )J θ

In Table 7.7, the optimal value  of the model parameter  and the corresponding 
values of the modal frequencies are presented. The percentage difference between the 

ôptθ 1θ
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measured and the model predicted modal frequencies, , are also presented. 
Comparing these differences with the ones in Table 7.6, it can be concluded that the 
model class , involving three parameters, gives better fit in the modal frequencies 
for both the optimally weighted and the equally weighted residuals methods. Finally, 
for comparison reasons, the Pareto point for model class  is also included in Figure 
7.20. 

ˆ( )θω

3Μ

1Μ

TABLE 7.7. Optimal parameter value for model class  and the corresponding modal 
frequencies. 

1Μ

 θ̂  1.107196 

 ˆ (Hz)ω ˆ( )ω θ  (%)ωΔ

1̂xω  4.618 4.7723 3.34 

2ˆ xω  13.773 13.3716 -2.91 

3ˆ xω  19.447 19.3225 -0.64 

 

7.8.2 Detailed Model 

Results are presented for the structural configuration D111. The detailed model is used 
to describe the structure. For illustration purposes, from the identified modes, only the 
first three bending modes and the first torsional mode, shown in Figure 7.21, will be 
used. The modal properties are grouped into two groups as following. The first group 
contains all the modal properties, modal frequencies and modeshapes, of the first three 
bending modes while the second group contains the modal properties of first torsional 
modes. Thus, this case involves two objectives 1( )J θ  and 2 ( )J θ , allowing one to 
graphically demonstrate the Pareto front and the features of the proposed methodology.  

Two parametric model classes  and  are considered, involving one and three 
parameters, respectively, as shown in Figure 7.22. The second model class has been 
used in order to give the model much more flexibility to fit the measured modal data. 

1Μ 3Μ

The model class  involves a single parameter  that scales the stiffness constants 
of the plate elements of each floor. It is assumed that the values of the stiffnesses for 
all three floors are fully correlated. The optimal values  and  of the 
model parameter and the corresponding optimal values of the modal frequencies 
predicted by the optimally weighted and the equally weighted residuals methods are 
presented in Table 7.8. The percentage difference  in the optimal model parameter 
values predicted by the two methods is shown in Table 7.8. Also the percentage 
difference  between the measured modal frequencies and the ones predicted by 
the optimal models from both methods are also shown in Table 7.8.  

1Μ 1θ

ˆ ˆ ˆ( )optθ θ≡ w θ̂ =1w

ˆΔθ

Δω

 



7. Application on a Three-Story Steel Laboratory Structure 158 

 

       

 
4.64 Ηz  13.8 Hz        19.5 Hz     22.6 Hz  

 
Figure 7.21 Identified modes taken into consideration. 
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Figure 7.22 (a) Model class  (b) Model class  for the D1Μ 3Μ 000 structure. 

 

TABLE 7.8. Optimal parameter values and the corresponding model-based modal frequencies, 
using equally and optimally weighted modal residuals. 

  Optimally weighted 
residuals method 

Equally weighted 
residuals method  

 θ̂  0.7406 0.8338 ˆ 11.18%θΔ = −  

 ˆ (Hz)ω  ˆ( )ω θ  (%)ωΔ ˆ( )ω θ  (%)ωΔ  

1̂xω  4.618 4.722 2.27 5.009 8.48 ↑ 

2ˆ xω  13.773 13.412 -2.62 14.228 3.31 ↑ 

3ˆ xω  19.447 19.536 0.46 20.727 6.59 ↑ 

1̂torω  22.899 16.477 -28.04 17.484 -23.65 ↓ 
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The optimal values  and  for the structural parameters predicted by the two 
methods, differ by about 11%. The optimally weighted residuals method gives a good 
fit for the first three bending modes, while the fit in the torsional mode is quite large, of 
the order of 28%. The optimal model provided by the equally weighted residuals 
method improves the fit in the torsional mode from 28% to 23.6%, in the expense of 
deteriorating significantly the fit for the three bending modes. 

ôptθ θ̂ =1w

The optimal solution for the equally weighted modal residuals method and the 
optimally weighted modal residuals method (OWM) in relation to the Pareto solutions 
are shown in Figure 7.23. Although the Pareto point corresponding to the two methods 
are shown to be relatively close in relation to the size of the Pareto front, the results in 
Table 7.8 clearly suggest that the fit they provide in the modal properties differ 
considerably. 
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Figure 7.23. Pareto front and Pareto optimal solutions points for the optimally and equally 
weighted modal residuals. 

 

Similar results are next presented for the model class . The model class  
involves three parameters that scale the stiffness constants of the plate elements of each 
floor. This parameterization, shown in Figure 7.22b, assumes that the value of the 
stiffnesses for the three floors are independent. 

3Μ 3Μ

The behavior of the results is similar to the one presented for the model  involving 
one parameter. Specifically, as it is shown in Table 7.9, the optimal values of the 
structural parameters  predicted by the two methodologies, differ by about 17% for 
the parameter corresponding to the 1

1Μ

ôptθ
st floor, 5% for the parameter corresponding to the 

2nd floor, and about 9% for the parameter corresponding to the 3rd floor. So, there is a 
considerable difference in the values predicted for the structural parameters by the two 
methods.  
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TABLE 7.9. Optimal parameter values and the corresponding model-based modal frequencies, 
using equally and optimally weighted modal residualsmethods. 

  Optimally weighted 
residuals method 

Equally weighted 
residuals method  

 1̂θ  0.8050 0.9666    = -16.71% 1̂θΔ
 2̂θ  0.7017 0.7396    = -5.12 2̂θΔ
 3̂θ  0.7218 0.7916    = -8.82 3̂θΔ
 ˆ (Hz)ω  ˆ( )ω θ  (%)ωΔ ˆ( )ω θ  (%)ωΔ  

1̂xω  4.618 4.781 3.54 5.085 10.11 ↑ 

2ˆ xω  13.773 13.467 -2.22 14.305 3.86 ↑ 

3ˆ xω  19.447 19.255 -0.98 20.077 3.24 ↑ 

1̂torω  22.899 16.884 -26.27 18.183 -20.60 ↓ 

 

The optimally weighted residuals method gives a good fit for the first three bending 
modes, while the fit in the torsional mode is quite large, of the order of 26%. The 
optimal model provided by the equally weighted modal residuals method improves the 
fit in the torsional mode from 26.3% to 20.6%, in the expense of deteriorating 
significantly the fit for the three bending modes. 

The results in Table 7.9 as well as the results in Table 7.8, clearly demonstrate that the 
optimal model obtained by the equally weighted modal residuals method ( ) is 
selected to trade off the fit to all four measured modal frequencies, giving no 
preference to the fit in a specific group of modal properties. As a result, large modeling 
and measurement errors in the fourth modal frequency drive the predictions from the 
method and significantly deteriorate the fit in the lowest three modal frequencies. In 
contrast, the proposed optimally weighted residuals method takes into account the 
levels of measurement and model error, providing optimal models that are relatively 
insensitive to large model errors or bad data contained in the measurements, 
maintaining a very good fit in the lowest three modal frequencies involved in the first 
group and ignoring the fit in the fourth modal frequency. These results are similar to 
the ones obtained using simulated data in Chapter 3. 

1=w

The Pareto solutions for both model classes  and  are compared in Figure 7.24. 
The Pareto front corresponds to model class  is lower than the one that corresponds 
to model class . This is because the model class , which contains the model 
class , involves three parameters and thus is more flexible to fit the measured 
modal data. As in the case with the model class , it can be seen that although the 

1Μ 3Μ
3Μ

1Μ 3Μ
1Μ

1Μ
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Pareto points corresponding to the two methods are very close in relation to the size of 
the Pareto front, the results in Table 7.9 clearly suggest that the fit they provide in the 
modal properties differ considerably.  
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Figure 7.24 Pareto optimal solutions for the two parameterization schemes along with the 
optimal solutions provided by the equally weighted and the optimally weighted modal 
residuals methods. 

7.9 Conclusions 
A scaled three-story steel structure was built in the System Dynamics Laboratory of the 
University of Thessaly and instrumented with accelerometers, in order to verify the 
proposed model updating techniques with experimental modal data obtained for 
various structural configurations. The structural identification methodology was 
applied using two finite element models of the structure. A 3-DOF-shear model and a 
more detailed 546 DOF finite element model.  

A relatively large variability in the Pareto optimal values of the model parameters is 
observed. The measures of fit values along the Pareto front may vary significantly at 
least one order of magnitude. The variability in the Pareto optimal models is due to the 
model and measurement error. Absence of these errors result in a simple Pareto point 
at the origin of the parameter space. The large variability in the Pareto optimal models 
is expected to result in a large variability in the response and structural reliability 
predictions. However, from the damage identification point of view, each one of the 
Pareto optimal models were capable of predicting the location and severity of damage 
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for the specific small-scale laboratory structure and for the damage scenarios 
employed. 

Finally, compared to conventional parameter estimation techniques based on pre-
specified equal weight values, it was verified experimentally that the proposed 
optimally weighted residuals method, introduced in Chapter 3, provides optimal 
models that are insensitive to large model errors or bad data contained in the 
measurements. These results are consistent with the results obtained using simulated 
data in Chapter 3. 

 



8. Application on a Multi-Span 
Bridge Structure 

8.1 Introduction 
Vibration data taken from a four-span concrete ravine bridge are used to update finite 
element model classes of a four-span concrete bridge. For this, a structural 
identification methodology based on ambient vibration data is used for estimating the 
structural modal characteristics (frequencies, damping ratios and modeshape 
components at the measured locations). Subsequently, special attention is given to the 
results obtained from the multi-objective identification, the proposed optimally 
weighted residuals method and the conventional equally weighted residuals method. 
The proposed model updating methodologies are employed to calibrate finite element 
models of the bridge based on the incomplete modal information. Two parameterized 
model classes are introduced in order to demonstrate the applicability of the proposed 
methodologies and explore their effectiveness. Certain features and the difficulties 
associated with model updating are revealed, such as the presence of multiple local 
optima, the irregularities and discontinuities of the Pareto front and Pareto optimal 
models. It is illustrated that the optimally weighted residuals method gives optimal 
models that are more reasonable than the optimal models provided from the equally 
weighted residuals method. 

8.2 Bridge Monitoring 
The need for reliable structural integrity assessment of highway infrastructure 
necessitates the continuous structural monitoring of bridges, based on real vibration 
measurements. Using these measurements, it is possible to identify the dynamic 
characteristics of the bridge and update its structural model. The results from the 
identification and updating procedures are useful to examine structural integrity after 
severe loading situations (strong winds and earthquakes), as well as the bridge 
condition deterioration due to long-term corrosion, fatigue and water scouring. Bridge 
monitoring equipment and identification methodologies offer an important tool for 
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bridge maintenance, which constitutes an indispensable part of a modern bridge 
management system (BMS). Moreover, taking advantage of modern technological 
capabilities, vibration data can be obtained remotely, allowing for an on-time 
assessment of the bridge condition. 

Several methods have been proposed in the past for determining the modal 
characteristics of bridges using forced, ambient, traffic, wind and earthquake loads 
(Huang et al. 1999, Pappa and Ibrahim 1981, Peeters and De Roeck 2001, Asmussen et 
al. 1999, Farrar and James 1997). The case of earthquake excitation offers a unique 
opportunity for the identification of the dynamic characteristics, but bridge responses 
due to seismic events require a permanent monitoring system due to the erratic 
character of earthquake occurrence. On the other hand, vibrations generated from 
traffic or wind loads are preferred since they can be obtained inexpensively without a 
permanently installed array of sensors. A critical review of modal identification 
methods based on ambient and free vibration measurements can be found in a recent 
work (Peeters and De Roeck 2001). 

8.3 Bridge Description 
The bridge under consideration is part of Egnatia Odos highway, one of the most 
challenging civil engineering European projects. The Egnatia project concerns the 
construction of a highway network in Northern Greece, consisting of a 700-km-long 
dual carriageway.  

The bridge is concrete and is located at the by-pass of the city of Kavala (Figure 8.1). It 
has two side-by-side branches. Each branch is a 180 -meter-long 13 -meter-wide four-
span concrete structure (4 m). The deck of the bridge consists of four prestressed 
(post-tensioned) concrete beams, which support the 20 -cm-thick deck, without 
internal expansion joints. Two expansion joints exist at the two ends of the deck, at the 
abutment locations. The deck  “floats” on laminated elastomeric bearings, located on 
top of the piers and the abutments. The three hollow concrete piers are significantly tall 
(30 m, m and m respectively), and have a m× m square cross-section with 

cm wall thickness. The four spans of the deck are connected through a 2 -meter-
long cm-thick plate as shown in Figure 8.1. Due to the small thickness of the 
connecting plate and because of the elastomeric bearings, each span may be regarded 
roughly as simply-supported. Some detailed drawings, showing the principal 
dimensions of the bridge, are shown in Figure 8.2. 
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Figure 8.1. Second ravine bridge of Kavala by-pass. Total length of each branch is 180 meters. 
 
 
 

(a) 

 

 

(b) 

(c) 

Figure 8.2. Detailed plans of beams and columns used in structure. 

 



8. Application on a Multi-Span Bridge Structure  166

 
8.4 Modal Identification of Bridge Using Ambient Vibration 

Measurements 

8.4.1 Field Measurements 

The experiment for acquiring ambient vibration measurements was held in April 2005. 
A special sensor array was used in the instrumentation of the bridge under 
consideration. This was a system by Kinemetrics Inc. (Figure 8.3), consisting of two 
central recording units (of type K2), each one of which can support up to 12 sensors 
(uniaxial force balance, ± 2g full scale, accelerometers of type FBA-11). The recording 
units have a 19-bit resolution, a sampling rate capacity of up to 200sps and a dynamic 
range of 108 dB @ 200 sps. The system offers the capability of setting independent 
triggering threshold (ranging from 0.01% to 100 % full scale) for each sensor, while 
the user can predetermine the sensors, or combinations of them, that will trigger the 
system. Recordings are stored in the flash memory of the system, and can be retrieved 
either in-situ, or through a modem. The seating of the sensors and the calibration of the 
acquisitions system were done in cooperation with ITSAK (Institute of Engineering 
Seismology and Earthquake Engineering) and Egnatia Odos S.A. 

     

Figure 8.3. Central recording unit of sensor system at Kavala ravine bridge. 

 

The location of the accelerometers on the structure plays a key role for obtaining 
optimum measurements, i.e. obtaining measurements that provide maximum 
information regarding the dynamic modal characteristics (Yuen et al. 2001, 
Papadimitriou 2004). In order to obtain the maximum information from the vibration 
of the bridge, an appropriately located system of 24 accelerometers was used, and 
measurements were obtained at different locations on the deck. Sensors location and 
orientation are schematically shown in Figure 8.4. As it is shown in this figure, 9 
accelerometers measure towards the transverse direction of the bridge, 6 of which are 
placed on the deck, while the rest 3 are placed at the top of the piers and under the deck 
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(sensors U). Another set of 10 accelerometers measures in the direction vertical to the 
deck. The rest 5 sensors are used to measure along the longitudinal direction of the 
bridge, with three of them placed at the top of the pears below the deck. The four 
sensors colored with red in Figure 8.4 are the moving sensors and are installed in such 
a way that they can easily be moved and relocated at any point over the deck or at the 
top of any of the piers. This offers an additional flexibility to the experimental layout 
that allows one to obtain measured data from any point and direction of the bridge. 

Ambient vibrations of the bridge have been obtained for about 30 minutes. During this 
time interval, several vehicles, cars and heavy trucks, passed through the bridge. In 
order to make clear that the measurement period is large enough, it should be stated 
that for a car moving with 120km/h (75mph) over the bridge deck of span (length) 
180m, it takes 5.4sec to cross the bridge. The vibrations caused by the vehicles are 
damped after 15 to 20 seconds. Indicative acceleration response time histories, one for 
each direction (vertical, longitudinal, transverse), are presented in Figure 8.5. These 
acceleration time histories are: B1LV (V=vertical) that is located on the left side of the 
deck, on the second span and it measures along the vertical direction, U2LL 
(L=longitudinal) that is located on the top of the second pier below the deck and it 
measures along the longitudinal direction and M2RT (T=transverse) that is located at 
the beginning of the 3rd span, at the right side and it measures along the transverse 
direction.  

Upon acquisition of the signals, the acceleration records are treated appropriately with 
filters in order to alleviate the various errors stemming from the entire recording 
procedure (e.g. elimination of instrument and environmental noise, baseline – offset 
corrections etc). 
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Figure 8.6. Power spectra density for the acceleration time histories in Figure 8.5. 

 

Examining the Figure 8.5 one can observe that when the bridge is under excitation, the 
amplitude of the acceleration in the vertical direction is 5 times higher than that of the 
longitudinal direction and 10 times higher than that of the transverse direction. This is 
expected since the excitation caused by traffic loads is mainly consisting by forces in 
the vertical direction.  

In Figure 8.6, the corresponding power spectra density, for the acceleration time 
histories presented in Figure 8.5, are shown in the frequency range from 0 to 20 Hz. 
Examining the power spectra density for each channel, one can readily identify the 
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modal frequency characteristics of the bridge. Generally, large picks of the power 
spectra density occur at a modal frequency so that the location of the peak in the 
frequency axis is indicative of the modal frequency of the bridge. For example, one can 
estimate directly from the peaks of the power spectra density that there is a natural 
frequency at about 0.8Hz and another at about 13Hz along the transverse direction 
(sensor M2RT), a modal frequency at about 8Hz and another at 17Hz in the 
longitudinal direction (sensor U2LL) and one modal frequency of 3.5Hz in the vertical 
direction. However, in order to accurately estimate the values of these modal 
frequencies, as well as identify the corresponding modal damping ratios and 
modeshapes, one need to use specialized software. 

8.4.2 Structural Identification Using Ambient Vibration Data 

The acceleration time histories were analyzed and more accurate and detailed structural 
modal characteristics (frequencies, modal damping ratios and modeshapes) were 
identified. This was done using an ambient vibration methodology described in 
Pavlidou (2003). The optimal values of the modal characteristics for the case of 
operational loads are estimated by minimizing a measure of fit between the cross-
spectral density matrix function of the measured response of the structure and the 
predicted cross-spectral density matrix function based on a modal model, considering 
broadband, white noise excitation (Papadimitriou et al. 2002, Pavlidou et al. 2002). 
The minimization of the measure of fit is performed using the Quasi-Newton gradient 
optimization method. Appropriate, user-friendly software has been developed in 
Matlab programming environment, extending the capabilities of previously developed 
software (Paulidou et al. 2003). 

Time history recorded by the sensor M1RT, located on the deck, over the left pier of 
the structure and measuring along the transverse direction of the bridge, is not taken 
into consideration in the analysis. This is because there is a discontinuity in its signal 
(at about 1080 sec) due either to an unexpected event happening during the 
measurement close to the area of the sensor or to malfunction of the sensor. For 
illustration purposes, the signal of the sensor that is not taken into consideration is 
shown in Figure 8.7. 

One longitudinal mode, one rotational around the vertical axis of the bridge, two 
transverse and three bending modes were clearly excited by the traffic loads and 
identified. The optimal values of the identified modal frequencies and the 
corresponding modal damping ratios are presented in Table 8.1. It should be noted here 
that the frequencies of the three bending modes are very close. The task of 
distinguishing these three bending modes using ambient vibration data was not trivial. 
The corresponding modeshapes are shown in Figures 8.8(a)-8.8(e). The arrows are 
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located at the measured locations and their length is proportional to the value of the 
corresponding modeshape component. For illustration purposes the modeshapes of the 
updated FE model, described in a next section, are also presented. 
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Figure 8.7. Signal of a sensor that is not taken into consideration due to a discontinuity at about 
1080sec. 

 

 

TABLE 8.1. Optimal estimates of modal frequencies and damping ratios for the seven main 
modes identified.  

 
Mode Type 

Modal Frequency 
(Hz) 

Damping ratio 
(%) 

1 1st transverse 0.807 2.59% 

2 1st longitudinal 1.293 4.77% 

3 1st rotational around z-axis 1.614 3.71% 

4 2nd transverse 2.358 0.88% 

5 1st bending 3.405 1.00% 

6 2nd bending 3.455 0.98% 

7 3rd bending 3.510 0.96% 
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1st transverse mode at 0.807Hz 
 

Figure 8.8a. Identified and FE model-based modeshapes of the bridge. 
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1st longitudinal mode at 1.293Hz 
 

Figure 8.8b. Identified and FE model-based modeshapes of the bridge. 
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1st rotational mode around vertical axis –z at 1.614Hz 
 

Figure 8.8c. Identified and FE model-based modeshapes of the bridge. 
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2nd transverse mode at 2.358Hz 
 

Figure 8.8d. Identified and FE model-based modeshapes of the bridge. 
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1st bending mode at 3.405Hz 

 
Figure 8.8e. Identified and FE model-based modeshapes of the bridge. 
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2nd bending mode at 3.455Hz 
 

Figure 8.8f. Identified and FE model-based modeshapes of the bridge. 
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3rd bending mode at 3.510Hz 
 

Figure 8.8g. Identified and FE model-based modeshapes of the bridge. 
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8.5  Finite Element Model of Bridge 
To implement the model updating techniques described in Chapter 2 and 3, an 
appropriate parametric finite element model of the bridge is considered. The bridge is 
simulated using three-dimensional two-node beam-type finite elements exclusively to 
model the deck, the piers and the bearings. This model is shown in Figure 8.9 and has 
900 degrees of freedom. The entire simulation is performed within the Matlab 
programming environment.  

   

      (a)      (b) 

z 
x 

y 

 
Figure 8.9. Bridge Model: (a) General view and (b) Model detail at the area of 
elastomeric bearings 

Each span consists of four longitudinal beams, representing the post-tensioned beams 
supporting the deck, and six transverse beams, which form a horizontal grid, shown in 
Figure 8.9a. The cross-sectional parameters of each one of the longitudinal beam 
elements are those of an “equivalent” cross-section that accounts for the section of the 
post-tensioned beam, as well as the corresponding effective width of the deck plate 
(Figure 8.2c). The transverse beams at the two ends of the span correspond to the 
existing cross-beams above the bearings, whereas the other four transverse beams 
represent the coupling of the longitudinal beams in the transverse direction due to the 
presence of the deck.  

The superstructure (deck) is supported at the three piers and the two abutments through 
laminated elastomeric bearings. The elastomeric bearings are simulated as equivalent 
beam elements, with appropriate geometric and material properties, so that they 
provide equivalent axial and transverse stiffness of the actual bearings, whereas the 
torsional stiffness of the bearings is considered negligible. The position of these beam 
elements in the finite element model is shown in Figure 8.3b. The beams that represent 
the bearings connect the centroid of the longitudinal beams in the superstructure (deck) 
with the top of the piers or the abutments.  

Adjacent spans are connected with a 20-cm-thick 2-meter-long plate, which is also 
simulated in the finite element model. The abutments are considered as non-
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deformable (rigid foundation). On the other hand, piers are simulated with beam 
elements. The cross-section of those elements is equivalent to the m× m×0. m 
hollow section of the piers. The cross-beam on the top of each pier is considered non-
deformable, whereas the piers are assumed to be rigidly connected with the foundation. 

4 4 4

8.5.1 Parameterized Model Classes 

Two parameterized model classes are employed in order to demonstrate the 
applicability of the proposed methodologies, explore their effectiveness, as well as 
point out the issues and computational difficulties associated with the optimization 
problem. The model classes along with their parameters are schematically shown in 
Figures 8.10a and 8.10b. The model classes are based on the same finite element model 
and they only differ on the number and type of parameters used. 

Model Class I 
The model class I involves three parameters ,  and . The first parameter  
accounts for the stiffness of the three piers assumed to be fully correlated, the second 
parameter  accounts for the stiffness of the elastomeric bearings at the piers and the 
abutments and the third parameter  accounts for the stiffness of the deck, assumed to 
be fully correlated. The parameters multiple the nominal values of the model properties 
that they account for, so that the finite element model for  corresponds 
to the nominal finite element model used during the design phases of the bridge. This 
parameterized model class is schematically shown in Figure 8.10a. 

1θ 2θ 3θ 1θ

2θ
3θ

1 2 3 1θ θ θ= = =

Model Class II 
The model class II involves 6 parameters. The parameter  accounts for the stiffness 
of the two side piers,  accounts for the stiffness of the central pier,  accounts for 
the stiffness of the bearings of the two abutments,  accounts for the stiffness of the 
bearings of the two side piers,  accounts for the stiffness of the bearings of the 
central pier and  accounts for the stiffness of the deck. This parameterized model 
class is schematically shown in Figure 8.10b. 

1θ
2θ 3θ

4θ
5θ

6θ

 

   
       (a)      (b) 

Figure 8.10. Parameterization of the finite element model (a) model class I (b) model class II. 
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8.6 Model updating 
The parameterized finite element model classes are updated using the seven modal 
frequencies and modeshapes obtained from the structural modal identification method. 
The modal grouping scheme B, described in Section 2.4.3, is used for model updating. 
This grouping scheme involves two modal groups. The first modal group contains the 
modal frequencies, while the second modal group contains the modeshapes 
components. The measures of fit for the two groups are  and  given by 
equations (2.13) and (2.14), respectively. The overall measure of fit is given by 
equation (2.9) for n =2. 

1( )J θ 2( )J θ

Results are obtained and compared for the Pareto points corresponding to the following 
selection of the weight parameters in equation (2.9): (a) , referred to as 
the equally weighted residuals method, (b)  and , corresponding to the 
case where the fit is based on modal frequencies only, (c)  and , 
corresponding to the case where the fit is based on modeshape components only, and 
(d)  and , referred to as the optimally weighted residuals method, 
where  is optimal weight value. Also, the Pareto optimal front and the 
corresponding optimal models are also obtained. In the case of two objectives, the 
Pareto front is one-dimensional manifold in a two dimensional objective space. The 
optimal models for the cases (b) and (c) correspond to the two boundary points of the 
one dimensional Pareto front. These points, drawn in the objective space, provide a 
measure of the size of the Pareto front. 

1 2 1w w= =
1 1w = 2 0w =

1 0w = 2 1w =

1 1w = 2 optw w=
optw

8.6.1 Presence of Multiple Local Optima 

Simulated Data 
In order to reveal the features and the difficulties associated with model updating, the 
model class I is used and the model parameters are updated based on the seven modal 
properties using simulated data. Specifically, the “measured” modal frequencies are 
generated by the model corresponding to values of  given by ,  and 

. The seven model-based modal frequencies and modeshape components 
that correspond to the same type as the measured one are used as measured modal data. 
In this way the measured data are free of measurement and model error. It should be 
noted that the Pareto front in this case of zero measurement and model error consists of 
a single point. These simulated data are then fed to the optimization method to 
compute the optimal values of the model parameters  and . The value of the third 
parameter was purposely kept constant and equal to  so that the contour 
plots of the objective function with respect to the two parameters can be visualized and 
the existence of multiple local/global optima can be easily identified. The contour plots 
of the objective function in the two-dimensional parameter space are shown in Figure 

θ 1 1θ = 2 1θ =
3 1.51θ =

1θ 2θ
3 1.51θ =
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8.11(a)-(d) for the four cases considered. Areas with the deep blue correspond to the 
location of the minima of the function. For case (a) besides the expected global 
optimum at , several local optima are also revealed. For case (b) only one 
optimum, the global one, is obtained at . For case (c) besides the global 
optimum at , several local optima exist. Comparing the first three cases, it 
can be concluded that the existence of the multiple local optima in the objective 
function is caused by the fit in the modeshape components. In order to further identify 
which modeshapes cause the existence of multiple local optima, Figure 8.12 presents 
the contour plots of  for the case (a) but excluding the fit in the bending 
modeshapes in the objective function , i.e. only the rest four modeshapes are 
kept in the second group, while the bending modeshapes are removed from the group. 
A unique (global) and well-defined optimum is observed in Figure 8.12, which verifies 
that the existence of the local optima is due to the three closely spaced bending modes 
arising for this type of bridge structure. 

1 2 1θ θ= =
1 2 1θ θ= =

1 2 1θ θ= =

)(J θ
2 )(J θ
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Figure 8.11. Contour plot of the objective function using simulated data, for (a) , 
(b)  and , (c)  and , (d) optimally weighted method.  
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Figure 8.12. Contour plot of the objective function using simulated data, for case (a) 

 excluding the bending modeshapes from the second modal group.  1 2 1w w= =

Experimental Data 
The model updating is repeated using the seven experimentally obtained modal 
frequencies and modeshapes. Similar contour plots of the objective functions for the 
aforementioned cases (a) to (d) are shown in Figures 8.13 and 8.14. Figure 8.15 shows 
contour plots for the case (a) in the region near the two local optima A and B of the 
parameter space observed in Figure 8.13a. It is clearly shown that more multiple local 
optima exist that are not shown in Figure 8.13a due to relatively large step increment 
of both parameters used to generate the contour plots. A behavior similar to the one 
observed for simulated data is shown in these figures. Multiple local optima are 
observed for the cases (a) and (c), while only a single local/global optimum is observed 
in cases (b) and (d). The unique (global) optimum shown in Figure 8.14 for the case (a) 
with the bending modeshapes excluded from the second group, verify that the closely 
spaced local bending modes are responsible for the multiple local optima observed in 
Figure 8.13a.  

Comparing with the results obtained from the simulated data, the number of local 
optima in the case of experimental data is significantly larger. This is due to the 
additional model and measurement errors contributing in the model updating estimates 
for the case of experimental data. Comparing Figure 8.13a with Figure 8.14 where the 
fit in the bending modeshape components is excluded from the objective function, one 
can see that the global optima has moved to the left over the parameter space from the 
value of  =0.861 and  =11.389 in Figure 8.13a to the value of =0.398 and 

=12.369 in Figure 8.14. 
1̂θ 2̂θ 1̂θ

2̂θ
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Figure 8.13. Contour plot of the objective function using experimental data, for (a) 

, (b)  and , (c)  and , (d) optimally weighted 
method.  
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Figure 8.14. Contour plot of the objective function using experimental data, for case 
(a)  excluding the bending modeshapes from the second modal group.  1 2 1w w= =

 



8. Application on a Multi-Span Bridge Structure  186

 
One can conclude that the objective function using experimental data manifests similar 
behavior to the objective function using simulated data. The existence of multiple local 
optima is due to the existence of multiple local bending modes, while the amount of 
measurement error for the identified modeshape components and the model error tend 
to increase the number of local optima. This increase complicates further the problem 
of locating the global optimum. 

The optimal values of the model parameters corresponding to the three local optima 
and the global one for case (a), are shown in Table 8.2. The values of the objective 
function at the local/global optima are also shown in the Table. The four local/global 
optimal solutions in Table 8.2 are also shown in Figures 8.13 and 8.14. These local 
optima are obtained using the gradient-based algorithms and starting values close to 
the local optima observed in Figure 8.13a. It is worth noting that the optimal solutions 
for the local optima 1 and 2 belong to very different areas in the parameter space, while 
the overall measure of fit for both local optima is very close. Specifically, the value of 
parameter  is 19.89 for local optimum 1 and 5.99 for local optimum 2, while the 
measure of fit is approximately equal to 0.137 for both local optima.  
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Figure 8.15. Detailed contour plot of the objective function in the regions near the two local 
optima A and B 

TABLE 8.2. Local and global optimal estimates for parameters ,  and the overall measure 
of fit for the weight case (a) ( ). 

1θ 2θ
3 1.51θ =

3 1.51θ =  Optimal values 
Parameters Local 1 Local 2 Local 3 Global  

1θ  (piers) 0.9520 0.9396 0.9309 0.9149 

2θ (bearing) 19.8916 5.9989 6.5026 11.2195 

)̂(J θ  0.1373 0.1369 0.1323 0.1155 
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Table 8.3 compares the experimentally obtained modal frequencies with the optimal 
model-based modal frequencies that correspond to the local and global optimal models 
shown in Table 8.2. The percentage error between the experimentally obtained and the 
model based modal frequencies is also given in Table 8.3. It is shown that there is a 
great variability among the predicted modal frequencies of each local/global optimal 
model for the first four modes. For the bending mode, this variability is relative small. 
The percentage error for the optimal (global) model is quite small for the three bending 
modes and the 2nd transverse mode. For the first three modes, the error in the modal 
frequencies is relatively high and of the order of 4%. Further reduction in the error can 
be achieved by modifying the model class, for example, including additional free 
parameters into the model class.  

 

TABLE 8.3. Modal frequencies predicted by the local and global optimal model in Table 8.2, 
along with their percentage difference from the measured modal frequencies 

Mode 
Measured 

freq. 
(Hz) 

Local 1
freq. 
(Hz) 

( ˆ
ˆ

ω ω
ω
− )

(%) 

Local 2
freq. 
(Hz) 

( ˆ
ˆ

ω ω
ω
− )

(%) 

Local 3
freq. 
(Hz) 

( ˆ
ˆ

ω ω
ω
− )

(%) 

Global 
freq. 
(Hz) 

( ˆ
ˆ

ω ω
ω
− )

(%) 
1st transverse 0.807 0.870 7.8 0.796 -1.4 0.801 -0.7 0.835 3.5 
1st longitudinal 1.293 1.556 20.4 1.001 -22.6 1.027 -20.6 1.242 -3.9 
1st rot. z-axis 1.614 1.891 17.2 1.380 -14.5 1.417 -12.2 1.662 3.0 
2nd transverse 2.358 2.792 18.4 2.009 -14.8 2.053 -12.9 2.395 1.6 
1st bending 3.405 3.410 0.2 3.380 -0.7 3.380 -0.7 3.388 -0.5 
2nd bending 3.455 3.427 -0.8 3.384 -2.1 3.385 -2.0 3.399 -1.6 
3rd bending 3.510 3.532 0.6 3.505 -0.1 3.507 -0.1 3.518 0.2 

 

Summarizing, it can be concluded that multiple local/global optima may exist that may 
complicate the estimation of the optimal (global) model from the proposed model 
updating methods. Gradient-based methods are incapable of driving the solution to the 
global optimum. Evolution strategies are more appropriate and effective to find the 
global optima in such cases. In particular, hybrid optimization algorithms 
(Haralampidis et al. 2005) that exploit the advantages of evolution strategies and 
gradient-based methods should be employed for finding the optimal solutions. 
Specifically, an evolution strategy (Beyer 2001) is used to explore the parameter space 
and detect the neighborhood of the global optimum. Then the method switches to a 
gradient-based algorithm starting with the best estimate obtained from the evolution 
strategy and using gradient information to accelerate convergence to the global 
optimum.  
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8.6.2 Irregularities and Discontinuities of Pareto Front and Pareto Optimal 

Models 

Results are next presented for the Pareto front and the corresponding Pareto optimal 
models for the model class shown in Figure 8.10a. In order to be able to graphically 
demonstrate the solutions in the parameter space, the value of the third parameter  is 
kept constant and equal to  so that the model class involves two parameters 

 and . Similarly, the two objectives 

3θ
3 1.5θ =

1θ 2θ 1( )J θ  and 2 ( )J θ  allow us to graphically 
demonstrate the Pareto front in a two-dimensional objective space. The objective of the 
analysis is to present the difficulties one may face in order to construct the Pareto front 
and the Pareto optimal solutions.  

For comparison purposes, the Pareto front and the corresponding Pareto optimal 
solutions are obtained using different methods. Firstly, the Pareto front is obtained by 
keeping the first weight constant, , and varying the second weight in the region 

. The hybrid optimization method (Haralampidis et al 2005), combining 
evolution strategies and gradient-based methods, are used to find the optimal solution 
of the objective function for each value of . This is required in order to identify the 
global optimum from the existing multiple local ones. It should be pointed out that the 
number of weight values used to construct the Pareto front was kept to a minimum 
number due to the time consuming operations involved using the hybrid optimization 
algorithm.  

1 1w =
2 (0, )w ∈ ∞

2w

A detailed search has been done by carefully varying the values of the weights and 
taking into consideration that the Pareto front is expected to be a piecewise continuous 
function of the weight . The Pareto front in the objective space, shown in Figure 
8.16a, is computed using the weight values , , 

,  and . The corresponding Pareto 
optimal solutions in the parameter space are presented in Figure 8.16b.  

2w

2 0w = 2 0.001w =
2 [0.01, 0.03548]w ∈ 2 [0.03552,100]w ∈ 2w =∞

It can be seen that weight values in the region  result in Pareto points 
inside the region denoted by I in Figure 16a with optimal solutions 

2 [0, 0.03548]w ∈
θ̂  that give almost 

the same fit in the modal frequencies corresponding to measure of fit values of 
approximately 1

ˆ( )J θ =5.615e-4, while the fit in the modeshape components varies in 
the region 2

ˆ( )J ∈θ [0.1426,0.2554]. These Pareto points correspond to Pareto optimal 
solutions with 1̂θ ∈ [0.8586, 0.8649] and 2̂θ ∈[11.3674, 11.4289]. Similarly, weight 
values in the region  result in Pareto points inside the region denoted 
by II in Figure 8.16a with optimal solutions 

2 [0.3552, )w ∈ ∞
θ̂  that give almost the same fit in the 

modeshapes corresponding to measure of fit values of approximately 2
ˆ( )J =θ 0.1149, 

while the fit in the modal frequencies varies in the region 1
ˆ( )J ∈θ [5.95e-4, 7.37e-4]. 

These Pareto points correspond to Pareto optimal solutions with 1̂θ = 0.915 and 2̂θ  
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values varying from 11.188 to 11.869. Values 2̂θ  increases as the weight  is 
increasing, with value 

2w

2̂θ =11.869 corresponding to the solution for . 2w =∞
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Figure 8.16. (a) Pareto solutions obtained for several values of , while =1 
in all cases, (b) the corresponding solutions in the parameter space 

2 (0, )w ∈ ∞ 1w

 

Among all Pareto points, the most important ones seem to be only two points in the 
objective space. Specifically, these points are ˆ( )I IJ θ =[5.615e-4, 0.1426] in region I 
and ˆ( )II IIJ θ =[5.95e-4, 0.1149] in region II of the objective space, corresponding to 
optimal Pareto solutions Ι̂θ =(0.8648, 11.4105) in region I and Ι̂Ιθ =(0.9146, 11.1889) 
in region II in the parameter space. From the engineering point of view, the rest of the 
Pareto points make insignificant improvements in the fit of a modal group, while 
deteriorate significantly the fit in the other modal group. It is worth noting that the 
optimally weighted residual method corresponds to a point very close to one of these 
two points. Specifically, it corresponds to the optimal solution very close to 

Ι̂Ιθ =(0.9146, 11.1889). This demonstrates that the proposed optimally weighted 
residual method selects, among the infinitely many Pareto optimal solutions, one of the 
two most reasonable solutions.  

A disadvantage of the method of varying weights for generating the Pareto front is that 
significant Pareto regions can be missed due to the highly nonlinear relation between 
the distance of the Pareto points along the Pareto front and the step increment in the 
weight values used to generate these points. In fact, the step increments required for 
representing a well-distributed Pareto front are completely unknown in the region 

. However, the Pareto points within the regions I and II can be generated 
by searching the weight values in the intervals , . 

2 (0, )w ∈ ∞
2 [0, 03548]w ∈ 2 [0.03552, ]w ∈ ∞
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Another notable region in the objective space is the one denoted by region III, confined 
in the domain 108 4 5.956 4,{5.6 ( )e eS J− ≤ ≤ −∈ θ 20.1426 0.1150}( )J≤ ≤θ . Despite 
the small increments used in the weight values to generate Pareto points in the region 
III, the search was unsuccessful. The search has resulted in the following conclusion. If 
Pareto points exist in the region III then they will correspond to weight values in the 
region . This region was not search further due to the 
computational cost involved. Although reliable conclusions cannot be made on 
whether a Pareto front can be generated in the region III since it requires continuing the 
search with extremely small increments of weight values in , 
one can assume that either the Pareto front is discontinuous in the region III, consisting 
of regions I and II only, or its construction in the region III is practically impossible 
due to extremely small increment of weight values required.  

2 [0.03548, 0.03552]w ∈

2 [0.03548, 0.03552]w ∈

Next, the SPEA algorithm (Zitzler and Thiele 1999, Haralampidis et al. 2005) is used 
to obtain the Pareto front and the corresponding Pareto optimal solutions. These Pareto 
solutions in the objective space are presented in Figure 8.17a for 100 and for 1000 
number of generations. The number of parent and offspring elements required in the 
algorithm is kept constant and equal to 15 and 100, respectively. As it was expected, 
the Pareto front computed using 1000 generations is significantly lower than the Pareto 
front computed using 100 generations which means that the 100 generation are not 
enough to achieve convergence with satisfied accuracy. The solutions in the parameter 
space, using 100 and 1000 number of generations, respectively, are presented in Figure 
8.17b. For comparison purposes, it is stated that it takes one day for running the 
algorithm for 1000 generations, using a PC with Pentium Processor in 3GHz and 
512Mb Ram. 
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   (a)     (b) 
Figure 8.17. Pareto front and Pareto optimal solutions obtained by SPEA algorithm for 100 and 
1000 number of generations: (a) Objective space, (b) Parameter space. 
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In Figure 8.18, the Pareto solutions in Figures 8.16 and 8.17 computed from both 
methods, in the objective and in the parameter spaces, are presented together. It is 
worth noting that using the SPEA algorithm with 1000 generations, several Pareto 
points have been located in the region III. It is worth pointing out that it can be shown 
theoretically that the first method generates solutions that correspond to Pareto points. 
However, the opposite is not true. That is, there are extra Pareto points that cannot be 
generated by varying the weight values. This seems to be the case of Pareto points 
generated by the SPEA algorithm in the region III in the objective space. These Pareto 
points do not correspond to any values of the weights and thus the first method can 
miss part of the Pareto solutions. 

Finally, the Pareto optimal solutions are obtained using an exhaustive search over the 
parameter space. The Pareto front and the corresponding Pareto optimal solutions for 
two different step increments for the structural parameters are presented in Figures 
8.19a and 8.19b, respectively. It is shown, that for this specific case, the Pareto front 
and the corresponding Pareto optimal solutions provided by scanning the parameter 
space are very sensitive to the increment used. In Figure 8.20 Pareto solutions, using a 
more refined scan over the parameter space is presented so as to better describe the 
Pareto front in the region III. 
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Figure 8.18. Pareto solutions obtained by SPEA algorithm for 100 and 1000 number of 
generations and by varying the weighting factor : (a) Objective space, (b) Parameter 
space. 
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   (a)     (b) 
Figure 8.19. (a) Pareto fronts obtained using an exhaustive search over the parameter space for 
two different step increment of the parameters, (b) a close up look of the area of interest. 
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   (a)     (b) 
Figure 8.20. Pareto solutions obtained using an exhaustive search over the parameter space 
with a very small step increment of the parameters: (a) objective space, and (b) parameter 
space.   
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   (a)     (b) 
Figure 8.21. Pareto solutions for all cases: (a) objective space, and (b) parameter space.  

 

In Figure 8.21, the Pareto solutions using all three methods are presented for 
comparison purposes, both in objective and parameter spaces. The locations of the 
Pareto points corresponding to cases (a) to (d) are also shown. Observing that the 
Pareto front provided by SPEA algorithm for 1000 number of generation, has almost 
the same shape with that provided by the very dense search over the parameter space, 
one could conclude that the SPEA algorithm with 1000 generation has converged and 
provides reliable results. Putting all solutions obtained from all three methods in the 
same set and re-computing the Pareto optimal solutions, one derives that the points 1 
and 2 shown in the objective space and obtained from the SPEA method are not Pareto 
points. Thus, a discontinuous Pareto is obtained with the discontinuity appearing inside 
the domain III. 

The aforementioned analysis presented the difficulties one can face in order to obtain 
the Pareto front and the corresponding Pareto optimal solutions. In particular, an 
irregular Pareto set was obtained, manifesting discontinuity in the objective space. 
Also, despite the large extent of Pareto front, from engineering point of view, regions I 
and II can be replaced by two Pareto points. Such irregularities were not observed in 
the Pareto solutions obtained in Chapter 7 for the small-scaled three-story laboratory 
structure. These irregularities and difficulties depend on the type of the structure, the 
model class considered and the measured data available. 

8.6.3 Optimal Models Using Experimentally Obtained Modal Data  
 (2-Parameter Model Class) 

The hybrid optimization algorithm is used to obtain the global optima and the 
corresponding Pareto points for the four weight cases (a)-(d). For convenience, the 
optimal model for each weight case is denoted by , where i  and  are the values of îjθ j
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) )
)

the weighting factors  and , respectively. So for the four weight cases, the 
corresponding optimal models are , ,  and . The optimal weight values 
estimated from the optimally weighted method (case (d)) are =1 and =0.34. The 
optimal estimates of the model parameters are given in Table 8.4. Moreover, the 
measure of fit of each one of the modal groups  and , and the 
corresponding probabilities , ,  and  normalized by the 
probability  for the four weight cases, are also shown in Table 8.4.  

1w 2w
11θ̂ 10θ̂ 01θ̂ ôptθ

1ŵ 2ŵ

( )1
ˆJ θ ( )2

ˆJ θ
11
ˆ( )p θ 10

ˆ( )p θ 01
ˆ(p θ ˆ( optp θ

ˆ( optp θ
 

TABLE 8.4. Optimal estimates  for the four weight cases, along with optimal measures of fit 
for the two modal groups, the total measure of fit and the normalized probability of each Pareto 
point. 

θ̂

Case (a) 
Parameters 

11θ̂  
Case (b) 

10θ̂  
Case (c) 

01θ̂  
Case (d) 

ôptθ  

1θ  (piers) 0.9152 0.8643 0.9159 0.9149 

2θ  (bearings) 11.4175 11.3699 11.8691 11.2269 

( )1
ˆJ θ  0.000613 0.000560 0.000738 0.000596 

( )2
ˆJ θ  0.114827 0.255278 0.114797 0.114860 

)̂(J θ  0.115440 0.255838 0.115534 0.115456 
ˆ ˆ)/ )( ( optp pθ θ  0.868 2.23E-56 0.247 1.000 

 

From the results in Table 8.4, it can be seen that the solution provided by the equally 
weighted residuals method (case (a)) is slightly less probable ( =0.868) 
than the solution provided by the optimally weighted residuals method (case (d)), while 
the solution provided by the weight case (b) is highly improbable since 

=2.23E-56. The solution provided by weight case (c), using only the 
modeshape components, is significantly more probable than the solution provided by 
the weight case (b) using only the modal frequencies. However, the solution provided 
by the weight case (c) is four times less probable ( =0.247) than that 
provided by case (d). This is indicative of the key role the modeshape components play 
for structural identification in this problem. Moreover, as it was expected, the better fit 
in the first modal group  is provided by model , while the better fit in the 
second modal group  is provided by model . 

11
ˆ ˆ( )/ ( optp pθ θ )

)10
ˆ ˆ( )/ ( optp pθ θ

01
ˆ ˆ)/ )( ( optp pθ θ

( )1
ˆJ θ 10θ̂

( )2
ˆJ θ 01θ̂

The solutions provided by the optimal models for the four weight cases, in the 
objective and in the parameter space, are shown in Figures 8.22a and 8.22b, 
respectively. It can be seen that the optimal values ,  and  corresponding to 11θ̂ 01θ̂ ôptθ
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weight cases (a), (c) and (d) are very close to 0.915 for the pier parameter, while differ 
by up to 6%, from 11.2 to 11.9, for the bearing parameter. These optimal models 
provide almost equally fit 0.115 to the modeshape components. Among the 3 
optimal models ,  and , the model  provides the best fit  
0.000596 in modal frequencies. From engineering point of view, the  is the 
preferred optimal model.  

( )2
ˆJ ≈θ

11θ̂ 01θ̂ ôptθ ôptθ ( )1 ôptJ ≈θ
ôptθ

The optimal model , based on the fit of the modal frequencies only, differs from the 
other three models ,  and  in that the optimal pier value is 6%, while the 
optimal bearing value is close to the value provided by model . 
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Figure 8.22. Solutions for the four weight cases in the (a) objective space (b) parameter space. 

 

The experimentally obtained modal frequencies are compared to the modal frequencies 
obtained from the optimal models , .  and  in Table 8.5. The percentage 
error between the optimal model based frequencies and the experimentally obtained 
modal frequencies (

11θ̂ 10θ̂ 01θ̂ ôptθ

( )̂
r

Jω θ ) is given in Table 8.6, while the corresponding 
percentage error for the modeshape components ( ( )̂

r
Jφ θ ) is given in Table 8.7.  

Is observed that the optimal models ,  and  for weight cases (a), (c) and (d) 
provide almost the same fit in the modal frequencies of the three bending modes and 
all seven modeshapes. Compared to  and  the optimal model  for case (d) 
provides a better fit in the modal frequencies of the 1

11θ̂ 01θ̂ ôptθ

11θ̂ 01θ̂ ôptθ
st rotational and the 2nd transverse 

mode. However, the fit that all four optimal models , ,  and  provide to 
the modeshape components (Table 8.7) is not good corresponding to quite high values 
of the percentage errors between measured and model predicted modeshapes. In 
particular, for the weight case (b), the percentage error for the bending modes is 
significantly higher than that for the weight cases (a), (c) and (d) 

11θ̂ 10θ̂ 01θ̂ ôptθ
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TABLE 8.5. Measured and predicted modal frequencies from the optimal models for all four 
cases (a) – (d). 

Measured 
 ˆrωMode 

(Hz) 

Case (a) 

11
ˆˆ ( )rω θ  

(Hz) 

Case (b) 

10
ˆˆ ( )rω θ  

(Hz) 

Case (c) 

01
ˆˆ ( )rω θ  

(Hz) 

Case (d) 
ˆˆ ( )r optω θ  

(Hz) 
1st transverse 0.807 0.836 0.826 0.838 0.835 
1st longitudinal 1.293 1.251 1.241 1.269 1.243 
1st rot. z-axis 1.614 1.670 1.661 1.686 1.662 
2nd transverse 2.358 2.406 2.400 2.433 2.395 
1st bending 3.405 3.388 3.377 3.389 3.388 
2nd bending 3.455 3.399 3.377 3.401 3.399 
3rd bending 3.510 3.518 3.515 3.519 3.518 

 

 

TABLE 8.6. Percentage difference 100 ( )̂
r

Jω θ  between the measured and the optimal model 
predicted frequencies for all four cases (a) – (d). 

Case (a) 
Mode 

11θ̂  
Case (b) 

10θ̂  
Case (c) 

01θ̂  
Case (d) 

ôptθ  

1st transverse 3.60 2.30 3.88 3.47 
1st longitudinal -3.28 -4.01 -1.86 -3.89 
1st rot. z-axis 3.44 2.94 4.48 2.99 
2nd transverse 2.05 1.80 3.17 1.57 
1st bending -0.50 -0.83 -0.47 -0.51 
2nd bending -1.61 -2.27 -1.57 -1.62 
3rd bending 0.24 0.14 0.26 0.23 
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TABLE 8.7. Percentage difference 100 ( )̂

r
Jφ θ  between the measured and the optimal model 

predicted modeshape for all four cases (a) – (d). 

Case (a) 
Mode 

11θ̂  
Case (b) 

10θ̂  
Case (c) 

01θ̂  
Case (d) 

ôptθ  

1st transverse 8.07 8.14 8.21 8.01 
1st longitudinal 17.73 17.83 17.83 17.69 
1st rot. z-axis 26.71 26.71 27.09 26.57 
2nd transverse 41.27 40.85 41.00 41.38 
1st bending 28.95 56.53 28.94 28.95 
2nd bending 62.26 80.52 62.26 62.26 
3rd bending 22.97 73.64 22.84 23.02 

8.6.4 Optimal Models Using Experimentally Obtained Modal Data  
  (3-Parameter Model Class I) 

Next, the third parameter  in the model class shown in Figure 8.10a is also left free 
in order to be identified by the modal data. The hybrid optimization algorithm is used 
to find the optimal (global) estimates of the model parameters ,  and  
corresponding to the four Pareto points associated with the four weight cases (a) – (d). 
The optimal values , .  and  predicted for the four cases are shown in 
Table 8.8. The optimal weight values estimated from the optimally weighted method 
are  and 0.36. In Table 8.8, it is shown that the solutions  and  
provided respectively by the equally weighted method (case (a)) and the optimally 
weighted method (case (d)) are almost the same, despite the differences in the weight 
values.  

3θ

1θ 2θ 3θ

11θ̂ 10θ̂ 01θ̂ ôptθ

1ˆ 1w = 2ŵ = 11θ̂ ôptθ

TABLE 8.8. Optimal estimates  for the four weight cases along with optimal measures of fit 
for the two modal groups, the total measure of fit and the normalized probability of each Pareto 
point. 

θ̂

Case (a) 
Parameters 

11θ̂  
Case (b) 

10θ̂  
Case (c) 

01θ̂  
Case (d) 

ôptθ  

1θ  (piers) 0.8937 0.8727 0.8529 0.8937 

2θ  (bearings) 11.4064 11.3105 11.8817 11.4064 

3θ  (deck) 1.4732 1.5098 1.4000 1.4732 

( )1
ˆJ θ  0.00060 0.00056 0.00103 0.00060 

( )2
ˆJ θ  0.11456 0.18230 0.11411 0.11455 

)̂(J θ  0.00480 0.18286 0.11514 0.00480 
ˆ ˆ)/ )( ( optp pθ θ  0.985 5.00E-33 0.042 1.000 
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Figure 8.23. Pareto solutions provided by SPEA algorithm for 100 and 1000 number of 
generations and the solutions for the four weight cases (a) –(d). 

The Pareto optimal solutions using the SPEA evolution strategy algorithm for 100 and 
1000 numbers of generations and the solutions provided by the four weight cases (a)- 
(d) are shown in Figure 8.23. The shape of the Pareto front provided by SPEA 
algorithm for 1000 number of generations is, as it was expected, lower than that 
provide for 100 generation. The fact that the optimal Pareto points for case (a) and (d) 
are lower than the Pareto front for 1000 generations means that the SPEA algorithm 
with 1000 has not converge. More generations are required for convergence. The 
Pareto points for cases (a), (b), (c) and (d) indicate that from the practical point of view 
the Pareto point is a single point corresponding to almost equal solution for case (a) 
and (d). 

The solution  provided by the weight case (b) (based on the modal frequencies fit 
only) differs slightly (approximately by up to 3%), while the solution  provided by 
the weight case (c) (based on the modeshape components fit only) differs by up to 5% 
from the other two optimal solutions  and . The optimal solution provided by 
weight case (b), is improbable as it can be seen by the very small value of the 
probability ratio =5.00E-33, while the solution for weight case (c) 
although it is more probable than that of case (b) is still much less probable than that of 
case (a) and (d). The estimate  provided by weight case (b) has very small value of 
the probability ratio =5.00E-33, while the solution for weight case (c) 
although it is more probable than that of case (b) is still much less probable than that of 
case (a) and (d). The estimate  provided by weight case (b), slightly improves the 
fit in the modal frequencies from values of 6e-4 to 

10θ̂
01θ̂

11θ̂ ôptθ

10
ˆ ˆ( )/ ( optp pθ θ )

)
10θ̂

10
ˆ ˆ( )/ ( optp pθ θ

10θ̂
( )1 ôptJ =θ ( )1 11

ˆJ =θ
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)
)

ˆ ˆ ˆ ˆ

( )1 10
ˆJ =θ 5.6e-4, in the expense of significantly deteriorating the fit in the modeshape 

components from = =0.1145 to 0.1823. The estimate  
provided by weight case (c), slightly improves the fit in the modeshape components 
from = =0.1145 to 0.1141, in the expense of significantly 
deteriorating the fit in the modal frequencies from values of  
6e-4 to 0.001.  

( )2 ôptJ θ (2 11
ˆJ θ ( )2 10

ˆJ =θ 01θ̂

( )2 ôptJ θ (2 11
ˆJ θ ( )2 10

ˆJ =θ
( )1 ôptJ =θ ( )1 11

ˆJ =θ
( )1 01
ˆJ =θ

The experimentally obtained modal frequencies are compared to the modal frequencies 
obtained from the optimal models , ,  and  in Table 8.9. The percentage 
error between the optimal model based frequencies and the experimentally obtained 
modal frequencies (

11θ 10θ 01θ optθ

( )
r

Jω θ̂ ) is given in Table 8.10, while the corresponding 
percentage error for modeshape components ( ( )

r
Jφ θ̂ ) is given in Table 8.11. 

 

TABLE 8.9. Measured and predicted modal frequencies from optimal models for all four cases 
(a) – (d) 

Measured 
 ˆrωMode 

(Hz) 

Case (a) 

11
ˆˆ ( )rω θ  

(Hz) 

Case (b) 

10
ˆˆ ( )rω θ  

(Hz) 

Case (c) 

01
ˆˆ ( )rω θ  

(Hz) 

Case (d) 
ˆˆ ( )r optω θ  

(Hz) 
1st transverse 0.807 0.828 0.827 0.814 0.828 
1st longitudinal 1.293 1.247 1.240 1.260 1.247 
1st rot. z-axis 1.614 1.661 1.660 1.660 1.661 
2nd transverse 2.358 2.395 2.397 2.401 2.395 
1st bending 3.405 3.348 3.378 3.268 3.348 
2nd bending 3.455 3.359 3.380 3.279 3.359 
3rd bending 3.510 3.476 3.514 3.392 3.476 

As it is shown in Table 8.10 and Table 8.11 the optimal models  and  fit 
equally well the measured modal properties. On the other hand, optimal model  
significantly improves the fit in 5 modes (frequencies and modeshapes) while 
simultaneously deteriorates significantly the fit in the 3

11θ̂ ôptθ
10θ̂

01θ̂

rd bending modeshape 
components. This is due to the fact that this model is based only on modal frequencies 
fit only. Optimal model , maintains the same fit in the modeshape components, 
improves the fit in the first two modal frequencies, while simultaneously deteriorates 
significantly the fit in the last three bending modal frequencies. From Table 8.11, it can 
be seen that the percentage error for modeshape components ( ( )̂Jφ θ

r
) for each 

optimal solution is quite high. In particular, the percentage error in the 2nd transverse 
and the 2nd bending modeshapes is significantly high for all four cases. 
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TABLE 8.10. Percentage difference 100 ( )̂
r

Jω θ  between the measured and the optimal 
model predicted frequencies for all four cases (a) – (d). 

Case (a) 
Mode 

11θ̂  
Case (b) 

10θ̂  
Case (c) 

01θ̂  
Case (d) 

ôptθ  

1st transverse 2.63 2.50 0.91 2.63 
1st longitudinal -3.57 -4.10 -2.57 -3.57 
1st rot. z-axis 2.88 2.86 2.82 2.88 
2nd transverse 1.58 1.67 1.81 1.58 
1st bending -1.68 -0.78 -4.02 -1.68 
2nd bending -2.77 -2.16 -5.08 -2.77 
3rd bending -0.96 0.11 -3.35 -0.96 

 

 

TABLE 8.11. Percentage difference 100 ( )̂
r
Jφ θ  between the measured and the optimal 

model predicted modeshape for all four cases (a) – (d). 

Case (a) 
Mode 

11θ̂  
Case (b) 

10θ̂  
Case (c) 

01θ̂  
Case (d) 

ôptθ  

1st transverse 8.14 8.11 8.47 8.14 
1st longitudinal 17.77 17.80 17.95 17.77 
1st rot. z-axis 26.89 26.66 27.82 26.89 
2nd transverse 41.11 40.97 40.51 41.11 
1st bending 28.86 28.36 28.68 28.86 
2nd bending 62.21 61.72 62.10 62.21 
3rd bending 22.80 73.32 22.37 22.80 

 

Comparing the results in Tables 8.4 to 8.7 for the two parameter model class, with the 
results in Tables 8.8 to 8.11 for the three parameter model class, one may say that the 
introduction of a third parameter  did not overall improve significantly the fit in the 
modal frequencies and the modeshape components. This is due to the fact that in the 2-
parameter model class, the value of the third parameter  was chosen to be =1.51, 
which is very close to the optimal value derived for the 3-parameter model class. 

3θ

3θ 3θ
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8.6.5 Optimal Models Using Experimentally Obtained Modal Data  

  (6-Parameter Model Class II) 

Next, the model class with the 6 parameters, shown in Figure 8.10b is identified using 
the modal data. The hybrid optimization algorithm is used to find the optimal (global) 
estimates of the model parameters , . The optimal values  and  
predicted for the equally weighted (case (a)) and the optimally weighted (case (d)) 
method, respectively, are shown in Table 8.12. The percentage difference  
between the optimal values of each parameter in  and  is also shown. The 
optimal weight values estimated from the optimally weighted method are  and 

0.32. It is shown that the solutions  and  provided by the equally weighted 
and the optimally weighted residuals method, respectively, differ significantly. Only 
the parameter , accounting for the stiffness of the deck is predicted by both optimal 
models to have the same value. The optimal values for the parameters  and  
accounting for the stiffness of the two side piers and the central pier differ by 5% and 
7%, respectively, while the values for the parameters ,  and  accounting for the 
stiffness of the bearings the differ from 25% to 54 %.  

iθ 1,....,6i = 11θ̂ ôptθ

Δθ
11θ̂ ôptθ

1ˆ 1w =
2ŵ = 11θ̂ ôptθ

6θ
1θ 2θ

3θ 4θ 5θ

 

TABLE 8.12. Optimal estimates  for the weight cases (a) and (b) along with optimal 
measures of fit for the two modal groups, total measure of fit and normalized probability. 

θ̂

Parameters Case (a)  11θ̂ Case (d)  ôptθ Δθ  (%) 

1θ  (piers M13) 0.6858 0.7208 5.09 

2θ  (piers M2) 1.0048 0.9327 -7.17 

3θ  (bearing abutments) 8.5898 11.9221 38.79 

4θ  (bearing M13) 12.4461 9.3172 -25.14 

5θ  (bearing M2) 44.8635 20.3242 -54.70 

6θ  (deck) 1.5673 1.5516 -0.99 

( )1
ˆJ θ  0.00398 0.00156  

( )2
ˆJ θ  0.10143 0.10828  
)̂(J θ  0.10541 0.10983  

ˆ ˆ)/ )( ( optp pθ θ       0.0039    1.000  

 

The optimal solution  provided by the weight case (a) is less probable than that 
provided by the weight case (d), which is denoted by the small value of the probability 
ratio =0.0039. Comparing the optimal models  and , it can be 
seen that the optimal estimate  provided by equally weight method (case (a)), 

11θ̂

11( )/ ( optp pθ θˆ ˆ ) ˆ ˆ
ˆ

11θ optθ
11θ
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( )ˆ

( )ˆ =
( )ˆ ( )ˆ

slightly improves the fit in the modeshape components from =0.10828 to 
0.10143 in the expense of deteriorating significantly the fit in the modal 

frequencies from values of 0.00156 to 0.00398.  

2 optJ θ
2 11J θ

1 optJ =θ 1 11J =θ
The experimentally obtained modal frequencies are compared to the modal frequencies 
obtained from the optimal models  and  in Table 8.13. The percentage errors 
100

11θ̂ ôptθ
( )̂
r

Jω θ  between the modal frequencies obtained from the optimal models and the 
experimentally obtained modal frequencies are also given. The corresponding 
percentage errors 100 ( )̂

r
Jφ θ  for modeshape components are given in Table 8.14. 

As it is shown in Table 8.13 and Table 8.14, the optimal model  provides a very 
good fit to the measured modal frequencies, while the fit in the modeshape components 
is quite high from 9% to 60%. Specifically, it gives a perfect fit to the 1

ôptθ

st transverse 
modal frequency, a very good fit to the three bending modal frequencies and 
acceptable fits, of the order of 3.5%, to the 1st longitudinal, the 1st rotational about z-
axis and the 2nd transverse modal frequencies. 

 

TABLE 8.13. Measured and predicted modal frequencies from optimal models for the two 
weight cases (a) and (d), along with the percentage difference 100 ( )̂

r
Jω θ  between the 

measured and the optimal model-based modal frequencies. 

Measured 
 ˆrωMode Type 

(Hz) 

Case (a) 

11
ˆˆ ( )rω θ  

(Hz) 

Case (a) 
100 ( )̂

r
Jω θ

Case (d) 
ˆˆ ( )r optω θ  

(Hz) 

Case (d) 
100 ( )̂

r
Jω θ  

1st transverse 0.807 0.796 1.39 0.806 0.14 
1st longitudinal 1.293 1.102 14.75 1.244 3.78 
1st rot. z-axis 1.614 1.530 5.23 1.668 3.35 
2nd transverse 2.358 2.237 5.12 2.444 3.64 
1st bending 3.405 3.460 1.62 3.420 0.43 
2nd bending 3.455 3.462 0.20 3.430 0.71 
3rd bending 3.510 3.570 1.72 3.551 1.16 
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TABLE 8.14. Percentage difference 100 ( )̂

r
Jφ θ  between the measured and the optimal 

model-based modeshapes for the two weight cases (a) and (d). 

Case (a) 
Mode 

11θ̂  
Case (d) 

ôptθ  

1st transverse 9.07 8.10 
1st longitudinal 18.38 18.02 
1st rot. z-axis 25.78 26.78 
2nd transverse 44.14 41.38 
1st bending 22.73 26.54 
2nd bending 57.06 60.74 
3rd bending 17.16 18.74 

 

Compared to , the optimal model , obtained from the equally weighted method, 
slightly improves the fit in modeshape components in the expense of significantly 
deteriorating the fit in modal frequencies. Specifically, the percentage difference 
between the measured modal frequencies and the modal frequencies provided by the 
optimal model  are 1.4% for the 1

ôptθ 11θ̂

11θ̂ st transverse modal frequency, 0.2% to 1.7% for 
the three bending modal frequencies, 15% for the 1st longitudinal modal frequency and 
5% for the 1st rotational about the z-axis and the 2nd transverse modal frequencies. 

The Pareto optimal solutions using the SPEA algorithm for 2000 number of 
generations and the solutions provided by the two weight cases (a) and (d) are shown 
in Figure 8.24. In Figure 8.25, the corresponding Pareto optimal solutions in the 
parameter space are shown, distributed in an increasing order of  so as the first 
solution from the left side corresponds to , while the last solution 
corresponds to . Although, the number of generations is relatively high, 
only 9 Pareto solutions were found from the maximum number of  non-
dominant solutions requested. This is usually indicative of the slow convergence of the 
SPEA algorithm. From the results in Figure 8.25, it can be seen that the nine Pareto 
optimal models vary considerably. This variability results in significant variability in 
the predictions (response and reliability) from the Pareto optimal models. 

( )1
ˆJ θ

( )( 1
ˆmin J θ )

)( )( 1
ˆmax J θ

' 40P =
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   (a)     (b) 
Figure 8.24. (a) Pareto front provided by the SPEA algorithm for 2000 number of generations 
and the solutions for the two weight cases (a) and (d). (b) Zoom in the area of interest. 
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Figure 8.25. Pareto optimal solutions in parameter space for 2000 number of generations along 
with the optimal solutions for the two weight cases (a)( ) and (d)( ). 

 

The Pareto fronts provided by SPEA algorithm for model classes with 3 and 6 
parameters are compared in Figure 8.26. As it was expected the Pareto front 
corresponding to the model classes with 6 parameters is lower than that provided by 
the model classes with 3 parameters. 

 



8. Application on a Multi-Span Bridge Structure  205

 

0 0.002 0.004 0.006 0.008 0.01

0.08

0.1

0.12

0.14

0.16

0.18

0.2

0.22

J
1
 (fit in modes)

J 2 (
fit

 in
 m

od
es

ha
pe

s)

Pareto solutions using 6θ           
equally weighted method case (a) 6θ 
optimaly weighted method case (d) 6θ
Pareto solutions using 3θ           

 
Figure 8.26. Pareto solutions provided by SPEA algorithm for the two model classes I and II 
with 6 and 3 parameters, respectively. 

 

From the Pareto front results, it can be seen that the model error corresponding to the 
selected 6-parameter model class as well as the measurement error are quite high of the 
order of 0.09, for the modeshape components and relatively small, of the 
order of 0.0003 for the modal frequencies. The equally weighted residuals 
method gives an optimal model that corresponds to measure of fit values of the order 
of 0.004 and 0.1. In contrast, the proposed optimally weighted 
modal residuals method takes into account the levels of measurement noise and model 
error, providing optimal models that are relatively insensitive to large model errors or 
bad measurement data contained in the measurements, maintaining a very good fit of 
the order of 0.0015, in the modal frequencies, while deteriorating slightly 
the fit in the modeshapes components from 0.1 to 0.103. 

( )2
ˆJ ≈θ
( )1
ˆJ ≈θ

( )1 11
ˆJ ≈θ ( )2 11

ˆJ ≈θ

( )1 ôptJ ≈θ
( )2 11
ˆJ ≈θ ( )2 ôptJ ≈θ

8.7 Conclusions  
In this Chapter vibration data taken from a four-span concrete ravine bridge were used 
to update finite element model classes of the bridge. For this, the modal characteristics 
of the bridge using ambient vibration measurements from traffic loads were identified. 
Seven modal frequencies and modeshapes were used for the structural identification of 
the bridge: two modes in the transverse direction, one mode in the longitudinal 
direction, one rotational mode around the vertical axis of the bridge and three closely-
spaced bending modes. Appropriate parametric finite element models of the bridge 
were considered in order to update the stiffnesses of the piers, the bearings and the 
deck of the bridge.  
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Special attention is given to the results obtained from the multi objective identification 
method, the proposed optimally weighted residuals method and the conventional 
equally weighted residuals method. It was revealed that the objective functions may 
have multiple local/global optima that are due to the existence of multiple local 
bending modes. The amount of measurement error for the identified modeshape 
components and the model error tends to increase the number of local optima. This 
increase complicates further the problem of locating the global optimum. Global 
optimization algorithms are required to compute the optimal models. 

It was also demonstrated that the Pareto front may have irregular behavior and may be 
discontinues. This irregular behavior was not observed for the simulated data for 
simple structures presented in Chapter 3 and the experimental data for the laboratory 
structure presented in Chapter 7. In both these cases the Pareto front was found to be 
regular, continuous and smooth. The irregularities and discontinuities depend on the 
type of the structure, the model class selected, the type and number of modal data. The 
construction of the Pareto front by varying the values of the weights and solving the 
corresponding single objective optimization problems does not guarantee that the 
whole Pareto front will be generated. There may be segments of the Pareto front that 
do not correspond to particular weight values. Generating the Pareto optimal solutions 
using an exhaustive search over the parameter space does not always guarantee 
convergence, unless an extensively fine mesh is used. The SPEA algorithm provides 
the whole Pareto front but the convergence may be slow. It is worth developing multi-
objective optimization methods for further accelerating convergence. 

The Pareto optimal models involve significant variability that can considerably affect 
the variability in the response and reliability predictions. It is illustrated that the 
optimally weighted residuals method gives optimal models that are more reasonable 
than the optimal models provided by the equally weighted residuals method. However, 
these two optimal models provide results that may differ significantly. It is verified 
experimentally that compared to conventional parameter estimation techniques based 
on pre-specified weight values, the proposed optimally weighted residuals method 
provides optimal models that are insensitive to large model errors or bad data 
contained in the measurements. 

Results obtained from the optimally weighted residuals method for the three-parameter 
model class indicate that the stiffness of the piers of the bridge is about 10% lower than 
that used during the design phase, while the stiffness of the deck is 50% higher. The 
stiffness of the bearings is almost 11 times higher, which is due to the very small 
amplitude vibration of the structure. Design values of the bearing stiffness consider 
much higher vibration levels due to earthquake excitation. These high vibration levels 
reduce significantly the equivalent bearing stiffnesses.  
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Results for the six-parameters model class indicate that the stiffness of the side piers of 
the bridge is about 28% lower than that used during the design phase, while the 
stiffness of the central pier is 7% lower. The stiffness of the bearings of the central pier 
is 20 times higher, while the stiffness of the other bearings are about 9% higher. The 
stiffness of the deck is 50% higher. Compared to the nominal design model, the higher 
stiffness values obtained from the updated model for the deck and the bearings are due 
to the small magnitude vibrations used in the updating, while design bearing and deck 
stiffness values are based on much higher vibration levels due to earthquake excitation  

 

 

 



 



9. Conclusions 

9.1 Conclusions 
In this thesis, a methodology was developed for detecting damage in structures using 
vibration measurements. The damage identification methodology was based on finite 
element model updating techniques. A significant part of this thesis was concentrated 
on developing new model updating techniques and validating them using simulated 
and experimental data from various structural systems. Model updating methods were 
presented in Chapters 2, 3 and 4. The damage detection method was developed and 
validated in Chapter 5, while an optimal sensor location methodology was reviewed in 
Chapter 6. In Chapters 7 and 8 applications were presented to investigate the 
effectiveness and validate the proposed methodologies with experimental data from a 
small scale laboratory structure and a full-scale four-span bridge structure. 

The main theme of Chapter 2 is to review the widely used weighted residuals (least-
squares) method for structural model updating and also to present the multi-objective 
identification method recently proposed in the work by Haralampidis et al. (2005). The 
similarities between those two methods were addressed. The optimal structural model 
proposed by the weighted residuals method depends on the values of the weights used. 
The multi-objective identification provides a set of acceptable Pareto optimal structural 
models. The set of all optimal models obtained by varying the values of the weights 
constitute, in general, a subset of Pareto optimal models obtained by the multi-
objective identification. However, there may be extra Pareto optimal models that do 
not correspond to particular values of the weights. Haralampidis et al. (2005) has 
demonstrated that the variability in the set of Pareto optimal models results in 
significant variability in the prediction of the response and reliability from the Pareto 
optimal models. An important issue that arises is how to select a single optimal model 
out of the infinitely many Pareto optimal models for further use in data-driven 
prediction studies. 

Appropriate software was developed in order to automatically select structural model 
parameterization scheme as well to solve the optimization problem arising in model 
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updating. Hybrid optimization methods, combining evolution strategies and gradient-
based methods were integrated into the software in order to improve the computational 
capabilities of the model updating method for reliably estimating the global optimal 
model from multiple local/global ones. 

Chapter 3 addresses the problem of rationally estimating the most probable structural 
model among the Pareto optimal models, based on measured modal data. For this, a 
Bayesian statistical framework is used to justify the selection of the most probable 
model. It was shown that the optimal weight value for a group of measured modal 
properties is asymptotically, for large number of measured data, inversely proportional 
to the optimal value of the residuals of the corresponding group of data. A 
computationally efficient algorithm was proposed for simultaneously obtaining the 
optimal weight values and the corresponding optimal model, that is, the optimal values 
of the structural model parameters. The proposed optimally weighted modal residuals 
method was illustrated using simulated data from a multi-DOF spring-mass chain 
structure. Compared to conventional parameter estimation techniques that are based on 
pre-selected values of the weights (e.g. the equally weighted modal residuals method), 
it is demonstrated that the optimal parameter values estimated by the proposed 
optimally weighted residuals method are insensitive to large model errors or bad 
measured modal data. 

The analysis presented in Chapter 3 for modal data was extended in Chapter 4 to 
handle the case where the measured response time histories are available. Thus, the 
optimally weighted residuals methodology for model updating is readily applicable to 
both linear and non-linear structural model classes. Two cases were considered. In the 
first case, the prediction errors of the response time history at different time instants are 
assumed to be independent Gaussian variables with equal variances for all sampling 
data of the response time history. However, the variances of the prediction errors 
between different responses are assumed to be independent. In the second case, the 
prediction error of a response time history is quantified by an Autoregressive (AR) 
model. The Bayesian methodology was applied for identifying the optimal structural 
models and the parameters of the AR prediction error models, as well as their 
associated uncertainties. The optimally weighted response residuals method for model 
updating was proposed, which presents certain similarities with the optimally weighted 
modal residuals method proposed in Chapter 3. 

In Chapter 5, a methodology for structural damage identification was developed based 
on model updating techniques and using measured vibration data. Specifically, a 
Bayesian statistical framework for structural model selection utilizing measured modal 
data was first developed and then applied to structural damage detection. The problem 
of selecting the best model class from a set of competing model classes as well as the 
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problem of estimating the free parameters of a model class was addressed. Then 
structural damage identification was accomplished by associating each model class to a 
damage pattern in the structure, indicative of the location of damage. Using the 
Bayesian model selection framework, the probable damage locations are ranked 
according to the posterior probabilities of the corresponding model classes. The 
severity of damage was then inferred from the posterior probability of the model 
parameters derived for the most probable model class. It was demonstrated that 
predictions of location and severity of damage depend on the sensor configuration that 
affects the information contained in the data for simultaneous monitoring of all damage 
patterns. Computational issues related to the estimation of the resulting multi-
dimensional probability integrals were discussed. Asymptotic approximations as well 
as Monte Carlo and importance sampling simulations were presented for estimating the 
multi-dimensional probability integrals arising in the formulation. 

The effectiveness of the methodology was demonstrated using inflicted damage 
patterns from a chain-like spring mass structure, based on simulated modal data, and a 
scaled four-story steel frame model structure using simulated ambient vibration data. 
The sensitivity of the selected family of model class, the parameterization, the model 
error, the measurement error, the location and severity of damage, on the effectiveness 
of the proposed damage detection methodology was investigated. It was illustrated for 
the four-story scaled steel frame model structure, that the proposed damage detection 
methodology successfully detects the location and size of damage for all six damage 
cases examined, provided that the family of model classes used, or equivalently the 
damage patterns considered, contain the actual “inflicted” damage pattern. The 
reliability of the damage localization methodology depends on the level of model and 
measurement error in relation to the severity of damage. Specifically, small size 
damages are more difficult to be identified due to the existence of model and 
measurement error. In particular, measurement error due to incorrect identification of 
one or more modal properties can significantly affect and misguide damage 
localization inferred by the proposed methodology. 

The importance of sensors configuration (location and number of sensors) for 
structural identification was addressed in Chapter 6. Theoretical and computational 
issues arising in the selection of the optimal sensor configuration for structural 
identification in structural dynamics were reviewed. The information entropy, 
measuring the uncertainty in the system parameters, was used as the performance 
measure of a sensor configuration. A useful asymptotic approximation for the 
information entropy, valid for a large number of measured data, was derived. The 
asymptotic estimate was then used to rigorously justify that selections of the optimal 
sensor configuration can be based solely on a nominal structural model, ignoring the 
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time history details of the measured data, which are not available in the experimental 
design stage. It was further shown that the lower and upper bounds of the information 
entropy are decreasing functions of the number of sensors. Based on this result, the 
sequential sensor placement algorithm is used to construct effective sensor 
configurations that are superior, in terms of computational efficiency and accuracy, to 
the sensor configurations provided by genetic algorithms. The theoretical 
developments were illustrated by designing the optimal configuration for a 10-degree 
of freedom chain-like spring-mass model. The effectiveness of the proposed algorithms 
was successfully verified. 

In Chapter 7, vibration experiments from a scaled three story structure carried out in 
the System Dynamics Laboratory of the University of Thessaly were used to explore 
and compare the applicability and effectiveness of the proposed model updating 
methodologies. A 3-DOF-shear model and a more detailed 546 DOF finite element 
model were considered. Various structural configurations corresponding to inflicted 
damage scenarios were introduced and the proposed model updating methodologies 
were used to update the models for these configurations. Special attention was given in 
comparing the model updating results derived for the multi-objective identification, the 
equally weighted method and the optimally weighted method.  

A relatively large variability in the Pareto optimal values of the model parameters was 
observed. The measures of fit values along the Pareto front may vary significantly at 
least one order of magnitude. The variability in the Pareto optimal models is due to the 
model and measurement error. Absence of these errors result in a simple Pareto point 
at the origin of the parameter space. The large variability in the Pareto optimal models 
is expected to result in a large variability in the response and structural reliability 
predictions. However, from the damage identification point of view, each one of the 
Pareto optimal models were capable of predicting the location and severity of damage 
for the specific small-scale laboratory structure and for the damage scenarios 
considered. 

The optimal model provided by the proposed optimally weighted residuals method and 
the conventional equally weighted residuals method, differ considerably for most 
structural configurations examined. However, compared to conventional parameter 
estimation techniques based on pre-specified equal weight values, it was also verified 
experimentally that the proposed optimally weighted residuals method provides 
optimal models that are insensitive to large model errors or bad data contained in the 
measurements. These results are consistent with the results obtained using simulated 
data in Chapter 3. 
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In Chapter 8, the proposed model updating methodologies are employed to update 
finite element models of a full-scale four-span concrete bridge based on incomplete 
modal information. The modal characteristics of the bridge were identified by 
analyzing ambient vibration measurements from traffic loads. Seven modal frequencies 
and modeshapes were used for the structural identification of the bridge: two modes in 
the transverse direction, one mode in the longitudinal direction, one rotational mode 
around the vertical axis of the bridge and three closely-spaced bending modes. Two 
parameterized finite element model classes are employed in order to demonstrate the 
applicability of the proposed methodologies and explore their effectiveness. The 
stiffnesses of the piers, the bearings and the deck of the bridge were selected as the 
parameters to be updated. Special attention is given to the results obtained from the 
multi objective identification method, the proposed optimally weighted residuals 
method and the conventional equally weighted residuals method. 

It was revealed that the objective functions may have multiple local/global optima that 
are due to the existence of multiple local bending modes. The amount of measurement 
error for the identified modeshape components and the model error tends to increase 
the number of local optima. This increase complicates further the problem of locating 
the global optimum. Global optimization algorithms combining evolution strategies 
and gradient-based methods are required for computing the optimal models. 

It was also demonstrated that the Pareto front can have irregular behavior and can be 
discontinues. This irregular behavior was not observed for the simulated data for the 
simple structures presented in Chapter 3 and the experimental data for the laboratory 
structure presented in Chapter 7. In both these cases the Pareto front was found to be 
regular, continuous and smooth. The irregularities and discontinuities depend on the 
type of the structure, the model class selected, the type and number of modal data. The 
construction of the Pareto front by varying the values of the weights and solving the 
corresponding single objective optimization problems does not guarantee that the 
whole Pareto front will be generated. There may be segments of the Pareto front that 
do not correspond to particular weight values. Generating the Pareto optimal solutions 
using an exhaustive search over the parameter space does not always guarantee 
convergence, unless an extensively fine mesh is used. The SPEA algorithm provides 
the whole Pareto front but the convergence may be slow. It is worth developing multi-
objective optimization methods for further accelerating convergence. 

The Pareto optimal models involve significant variability that can considerably affect 
the variability in the response and reliability predictions. It is illustrated that the 
optimally weighted residuals method gives optimal models that are more reasonable 
than the optimal models provided by the equally weighted residuals method. However, 
these two optimal models provide results that may differ significantly. It is verified 
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experimentally that compared to conventional parameter estimation techniques based 
on pre-specified weight values, the proposed optimally weighted residuals method 
provides optimal models that are insensitive to large model errors or bad data 
contained in the measurements. 

Results obtained from the optimally weighted residuals method for the three-parameter 
model class indicate that the stiffness of the piers of the bridge is about 10% lower than 
that used during the design phase, while the stiffness of the deck is 50% higher. The 
stiffness of the bearings is almost 11 times higher, which is due to the very small 
amplitude vibration of the structure. Results for the six-parameters model class indicate 
that the stiffness of the side piers of the bridge is about 28% lower than that used 
during the design phase, while the stiffness of the central pier is 7% lower. The 
stiffness of the bearings of the central pier is 20 times higher, while the stiffness of the 
other bearings are about 9% higher. The stiffness of the deck is 50% higher. Compared 
to the nominal design model, the higher stiffness values obtained from the updated 
model for the deck and the bearings are due to the small magnitude vibrations used in 
the updating, while bearing and deck stiffness design values are based on much higher 
vibration levels due to earthquake excitation  

Summarizing, the novel contributions in this thesis are as follows. 

• The applicability and the effectiveness of a recently developed multi-objective 
methodology were explored for the first time using experimental data from a 
scaled laboratory structure and a full-scale bridge. The Pareto optimal models 
differ significantly, resulting in large variability in response and reliability 
predictions from these Pareto optimal models. The computational tools for 
obtaining all Pareto optimal models have been developed. Certain irregularities 
and discontinuities of the Pareto front may be encountered that complicate the 
reliable generation of the whole Pareto front. It is left to the user to select one 
of the infinitely many Pareto optimal models for use in model prediction 
studies. 

• An optimally weighted residuals method for structural identification was 
developed for rationally selecting a single Pareto optimal (most probable) 
structural model, out of the infinitely many Pareto optimal models, for further 
use in model-based prediction studies. The selection was justified using a 
Bayesian statistical identification and asymptotic analysis valid for large 
number of data. Simulated and experimental data clearly demonstrated that 
compared to conventional equally weighted residuals methods based on pre-
specified values of the weights, the proposed optimally weighted residuals 
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method provide optimal models that are insensitive to large model error and 
bad measurement data.  

• The optimization problem for estimating the optimal structural model may 
involve multiple local and global optima. Efficient computational tools for 
locating the global optimum from multiple local/global optima are considered 
necessary to be integrated into software developed for model updating. 

• A novel methodology for structural damage identification was developed and 
successfully validated using simulated data from a scaled four-story steel 
benchmark structure. The methodology is based on a Bayesian statistical 
approach for model class selection with each model class associated with a 
damage pattern in the structure. 

• The advantages of recently proposed optimal sensor location methodology for 
damage detection purposes was clearly demonstrated for the first time with 
simulated data from a 10-DOF chain-like structure. 

9.2 Future Work 
In the current work, the proposed model updating methodology has been implemented 
using only measured modal data. Although the theoretical and computational issues for 
using measured time histories data have been developed, they have not been tested yet. 
The use of time histories requires more computational effort, but the large number of 
the available measured data makes the asymptotic approximations much more precise. 
Response time histories data are appropriate for examining non-linear problems, such 
as bridges and buildings under earthquake loads and vehicles with nonlinear 
suspension characteristic under road profile anomalies. The performance of multi-
objective identification and the optimally weighted response residuals method for 
identification of nonlinear structures is a topic of future research.  

Another issue is the application of the proposed damage detection methodology to real 
structures using measured instead of either modal or response time history data. Also, 
the proposed methodology for damage detection could be improved by developing new 
methods for efficiently estimating the multi-dimensional probabilities integrals derived 
by the Bayesian analysis. 

Regarding the development of model updating techniques for solving structural 
identification problems several directions may be pursued. The grouping of modal 
properties appeared to be critical in the resulting optimal values of the structural 
parameters. The more the modal groups, the more the unknown parameters of the 
problem and so the optimization of the resulting objective function becomes 
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computationally more complicated. A systematic theory and corresponding software 
for optimally grouping the available modal data should be developed. 

Finally, one important direction that requires further research is associated with the 
development of multi-objective optimization method for estimating the Pareto optimal 
solutions, accelerating convergence and representing the whole Pareto front by a finite 
number of points uniformly distributed along the Pareto front. 
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