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ABSTRACT

Analytical solutions based on two 13-bit (hexagonal and square) and
one 17-bit square lattice Boltzmann BGK models have been obtained
for the Couette flow, with a temperature gradient at the boundaries.
The analytical solutions for the unknown distributions functions are
written as polynomials in powers of the space variable and the
coefficients of the expansion are estimated in terms of characteristic
flow quantities, the single relaxation time and the lattice spacing. The
analytical solutions of the two 13-bit models contain some nonlinear
deviations from the thermal hydrodynamic constraints and the
analytical solutions, while the 17-bit square lattice model results
into an exact representation of the nonisothermal Couette flow
problem.
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43 I. INTRODUCTION
44
45 In the last few years the lattice Boltzmann method (LBM) has been

46 developed into an effective computational scheme for a broad variety of
47  thermo-fluid physical systems (Chen and Doolen, 1998). Since the appear-
48 ance of the LBM and its predecessor, the lattice gas automata (LGA) some
49 analytical solutions have been obtained for these methods for two and
50 three dimensional flows (Cornubert et al., 1991; Henon, 1987; Luo,
51 1997; Luo et al., 1991). More recently, analytical solutions of the distribu-
52 tion functions for Poiseuille and Couette flows are found for the triangular
53 and square LBM models (He et al., 1997; Zou et al., 1995). All these results
54 allow one to calculate the viscosity from given collision rules, to improve
55 the implemented boundary conditions and to justify the accuracy to expect
56 from the method. Overall analytical LB approaches are enhancing our
57 understanding of the method. Nevertheless no analytical solution has
58 Dbeen previously reported for thermal flow problems. It is well known
59 that one of the major shortcomings of the LBM is the lack of a satisfactory
60 thermal model for heat transfer problems. One of the methodologies to
61 develop thermal lattice Boltzmann models is the so-called “‘multi-speed
62 approach” (Alexander et al., 1993; Chen et al., 1994). Although this
63 approach has been shown to suffer from numerical instability
64 (McNamara et al., 1995), some recent work has provided new alternatives
65 and potential in this approach (Pavlo et al., 1998a; 1986b). Some of the
66 velocity discretization models studied in previous work include 13-bit
67 models for ecither the hexagonal (Alexander et al., 1993) or the square
68 (Qian, 1993) grids, as well as typical 17-bit square lattices.

69 In the present work an investigation on the accuracy to expect from
70 the aforementioned multi-speed models is attempted. The nonisothermal
71 Couette flow is chosen as a typical thermal flow model problem and an
72 analytical LBM formulation approach developed earlier (He et al., 1997;
73 Zou et al., 1995) is extended to include heat transfer effects. Analytical
74 expressions of the distribution functions are obtained and some guidance
75 is given for thermal flow applications.

76 The well-known lattice Boltzmann evolution equation is given by
77

1
78 fodX e B 80— [ (%) = = (% 0) = (X 1) (1

79

80 where f, ;(x, ) is the distribution function of the particle of type (o, i) at
81 position x and time ¢, fﬁ)g(x, t) is the corresponding equilibrium function
82 of the particle, e, ; are the unit velocity vectors along the specified direc-
83 tions and t is the single relaxation time, which controls the rate at which
84 the system relaxes to the local equilibrium. All quantities in Eq. (1) are in
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nondimensional form (Sterling and Chen, 1996). The choice off[ff?(x, 1) is
critical in thermal lattice Boltzmann models. To accurately simulate
hydrodynamic phenomena Eulerian and Navier—Stokesian descriptions
of real fluids must be fully recovered. In two dimensions this may be
achieved by requiring that the moments of f (0)(x 1) satisfy the relations
(McNamara and Alder, 1993)

3 79 = (2a)

a, i

Z €u,0,i. (O) = nuy (2b)

Ze e -f(o? = nugyug + nes (2¢)
«,0,i%B,0,i)q,i a”p af

o,i

0
Z €a, 0.8, 5,1y, 0, 1. (5,) = nugug, + ne(uydp, + ugdy, + 1,8,5)  (2d)

o,
(0) 2 2
Z €5.10,0,i€p,0,if 5.1 = (" + 6&)nuyug + (u” + 4e)ned,p (2e)

where Greek subscripts indicate Cartesian components. For a thermal
fluid taking into account the symmetry of the moments under exchange
of any pairs of indices there are 13 such constrains in two dimensions
(26 constraints in three dimensions). This suggests the need for at least
13 different particle velocities in order to guarantee the linear indepen-
dence of the left hand side of Eq. (2) and the full recovery of the thermal
Navier—Stokes equations up to the fourth order terms. Typical
equilibrium function has the polynomial form (Pavlo et al., 1998b)

f(O) [ + Ba(ea i u) + Ca(ea i ll) + D Ll + Ea(ea i’ )3
+ Fa(ea i’ u)u + GU“ + Ha(ea i’ u)Zu + Ia(ea i’ ll) ] (3)

where the coefficients are functions of the local density n =} ; f, ; and
the internal energy 2ne =), f; (€5 ; — u)’, while the bulk velocity is
defined by nu=}__ ; f; i€, ;. The form of expression (3) is based on a
Taylor expansion of the Maxwellian equilibrium distribution in the local
velocity u keeping terms up to the fourth power. The coefficients of the
relaxation distribution (3) are obtained in such a manner to remove dis-
crete lattice effects and consequently the resulting relaxation distribution
is not the Maxwellian.

The Couette thermal-flow problem under investigation consists of a
fluid contained between two plates, the upper one moving with velocity uq

AQ2
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and the lower one is stationary, while a temperature
between the boundaries. The x and y components
u = (uy,u,) and normalized energy profiles must satisfy

uy(y) = upy
u(») =0
and
e(y) = [y + %u?)y(l - y)}

respectively, where y is the normalized distance from

Valougeorgis and Naris

difference exists
of the velocity

(4a)

(4b)

(4)

the lower plate

and the Brinkman number Br is the product of the Prandtl and Eckert

numbers.

II. ANALYTICAL SOLUTIONS OF THE

13-BIT MODELS

First the 13-bit hexagonal lattice is considered.

consisting of one rest particle,
€ri = 05
for o = 0, and two nonzero speeds for which

ni—1) . #i—-1)
3 Sin—— ),

€5 = o(cos

This model is

(5a)

(5b)

for c =1,2 and i =1,2,3,4,5,6. Taking into account the constrains
mentioned above one can easily solve for the unknown coefficients of

the equillibrium distribution function.
(Alexander et al., 1993):

One possible

solution 1is

5 4 4 11
A0:1—§8+282, A1:§8—§82, A2:—%5+§32,

4 4 11
B1:§—§8, BZ__%+9‘93

8 4 11

=c—= =—— 6
G=573% GQ=—53+p% ©)
Do Sige po 2.2 1

0= 7T F1= TS T TR

4 1

El:_ﬁ» Ezzﬁ, Fi=F=
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At this point we note that using the above set of estimates for the
coefficients only the zeroth, first, and second moments of the imposed
constraints corresponding to Egs. (2a), (2b), and (2c) respectively are
satisfied, while for the third moments, given by Eq. (2d), cubic deviations
are present. Actually none of the possible solutions satisfy exactly the
required constraints.

Now suppose that there is a solution f; ;(x, ) of Eq. (1) that exactly
represents the Couette flow with a temperature gradient between the
boundaries. The solution must contain the following properties:

J5.i(x, ?) is time independent denoted by f; ;(X) (7a)

J5.i(x) is a function of one space variable denoted by f; ;(») (7b)

;fa,i(y) =n (7¢)
Z o i) oi = () = nugy (7d)
> Soil$ey0i =0 (7¢)
Z;/;,f(y)@zns(y) =n[y+%uéy(1 —y)] (7)

Equations (7a) and (7b) are due to the fact that the particular flow under
investigation is steady and fully developed. Equations (7c—7f) are derived
using the definitions of the local density, the x and y components
of velocity and the internal energy respectively supplemented by the
well-known analytical velocity and temperature profiles given in Eqgs. (4).

Using properties (7a) and (7b) for 0 = 1,2 and i =0, 1,4, which
correspond to the rest particle and the two particles with motion along
the x-axis, Eq. (1) may be written as

Fo) = Fok ) = s ) S, ®)

Hence for 0 = 1,2 and i =0, 1,4 we obtain £, ;(») :fé?;(y). To find the
remaining distribution functions we note that the equilibrium distribu-
tions are functions of powers of y up to »° through linear dependence
on the x-component of the velocity. Thus, the following form of the
remaining unknown distribution functions is suggested:

Joi(D) =10y + by iy +coi V" +dy i 3), )
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for o=1,2 and i=2,3,5,6. The 32 unknown coefficients are
estimated by implementing evolution Eq. (1) in all eight velocity
directions accordingly. For example for 0 = 1 and i = 2 we have

a4 8) = i) = i)~ F, (10)

where § is the vertical spacing between the lattice rows. The expressions
for fi »(y) and fl(oz)(y) given by Eqgs. (3) and (9) respectively, are sub-
stituted in Eq. (10) and then the left hand side of Eq. (8) is expanded
using Taylor series. Equating terms of equal powers in y in the resulting
equation leads to an algebraic system of linear equations to be solved for
the unknown coefficients. Applying the same procedure to all directions
for which the distribution function is unknown and solving the systems
symbolically yields

ay s =ays= Ay — by 28T — ¢, ,8°T — dy 18,
3
01’3 = 01’6 = Al — b1’361' — C1’382T — d1’35 T,
2
ay ) =dy 5= A2 — 2[72’281' — 4C2723 T— 8d27263l',

02,3 = az’é = Az — 2b2’381' — 46‘2’3821' — 8d2’3831',

B
bl,Z = —b1’5 = 711/{0 — 2C1’28T — 3d1’282T,

B
b1’3 = _bl,é = —711/{0 — 2(,’1’381' — 3dlﬁ3821',

b2,2 = —b2’5 = Bzuo — 402’281' — 12d2’2821',

b2’3 = _b2,6 = —Bzuo — 402’381' — 12d2’3827:, (11)
C,+4D
01’2 = (,'1’5 = %u% - 3d1’28":,
4D
€13 =06 = %”5 — 3d, 30,

2.0 = €5 = (Cy + Dy)ug — 64y 187,

02,3 = €26 = (Cy + Dy)ug — 6d5 357,
dyo=—d 5= %U?}a di3=—di = —%Ua,
dry = —dy s = Exiy,  db 3 = —d> g = —E>ui.

Putting these results into Eq. (9) we obtain analytical expressions for
all 13 distribution functions. These analytical expressions are substituted
finally into Eqgs. (7¢—7f) to find

D Soi=n (122)
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1 2
> i =ny + 372 — 13 (12b)
o,i
> ey oifei =0 (12¢)

2
Z(e""'#“)fa,i = ne — Enyzr(zr —1)- %nar@r - 1)} 8 (12d)
o,i

Itis noticed that the conservation of mass and y-momentum equations
are satisfied exactly, while there is a second order discrepancy in the
x-momentum and energy equations. It is seen that the derived analytical
solutions although represent an exact solution of the LB model, Eq. (1)
do not represent an exact solution of the nonisothermal Couette flow
problem. The analytical solution depends on t and 8. It is seen that as &
goes to zero or t approaches 1/2 the exact solution is recovered.

Next the 13-bit square lattice is considered. This model has one rest
particle

e, ;=0 (13a)
for 0 = 0 and three nonzero speeds for which

€,,i = €,(cosp;, sinf;) (13a)
foro=1,3andi=1,2,3,4 where ey =1, e3 =2, 8; = (i — 1)n/2 and

e, ; = e,(cosp;, sinp;) (13a)

for 0 =2 and i = 1,2,3,4 where e, = /2, B; = (i — 1/2)m/2. Using the
constraints given by Eqgs. (2) and the above set of discrete velocities we
find the coefficients of the equilibrium function (3) to be

1 2 1
Ay =52~ 5¢+4e%), A, =36- &%), As :ﬁ(—8+482),

1 € 1
By=32-3¢). By=7, By=5,(-1+3e),
1 1
Cl __(2 38): CZ__a C3=_(_1+68)9
8 96
5 1 1 1 (14
DOZ—Z+8, D] :gg, Dzzg(—1—28), D3 :ﬁg’
1 1 1 1 1
Elzga E2:§9 E3:%a FIZ_E, FZZ—g,
1 1 1
e H ——~ Hi——.
GO 4’ 1 6’ 3 96
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The coefficients, which are not included in the above equations, are
taken equal to zero. Higher order terms have been added to the expres-
sion of the equilibrium function and as a result in this case the first four
moments of the equilibrium, given by Egs. (7a-7d), are recovered.
However, still it is not possible to find a solution to satisfy the fourth
order constraints given by Eq. (2e).

Introducing Egs. (7a) and (7b) we obtain £, (y) = £ N(y) foro = 1,3
and i = 0, 1, 3. In this case the remaining unknown distribution functions
take the form

Jo,i\YV) = Mdg i 0,iV T Co,i) o,i) Cs,iV
fo () =nla, ; +b, ;y+ 2rd v +e, v (15)

for 0 =1,2,3 and i=2,3,4,6,7,8. Following the same procedure as
before we find

a1, =ay 4= A) + 1,8 0(—1 4 20) + e 8% t(—1 + 8t — 1277),
@y =0y 3= Ay — by 16T — 02,182r —dy, 1837 — 62’1341',

ay2 =y 4= Ay — by 28T — €228 T — dy 28T — €5 8T,

a7 = 34 = A3 + de3 287 T7(—1 4 27) + 16e3 5,8 1(—1 + 87 — 1277,
biy = —by 4 = —2¢; 28T + de; 87 1(—1 + 37),

by o= —by 4 = —Byuy — 2¢5 2T — 3a’2,282r — 4ezﬂ283r,

by 1 = —by 3 = Byug — 2¢;, 16T — 3d,, 8T — 4e,, 87,

by oy = —by 4 = —4c3,8T + 323,58 1(—1 + 30),

Clo=Cl4= Dyuj + 661’252‘5(—1 + 21),

¢33 = (Cy + Dy)uy — 3dy 18T — 6e,, 1877,

= 3.4 = (Cy + Dy — 3dy 28T — Gey 5877,

€30 =0C34= Dyl + 2463’2521'(—1 + 21),

i = —d> 3 = (E + Fy)uy — 4e, 10T,

iy = —dy 4 = —(E, + Fy)uy — 4e5 50,

diy = —d 4 = —4e; 10T,

d3 5 = —d3 4 = —8e3 507,

er1 =3 =(Gy+ Hy + L),

052 = e34 = Gyup,

€22 =ey4=(Gy+ Hy + L)uj,

4
e =ey,4 = Gup.

S
N
Il

o
»
S}

|

(16)
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Once the 13 distribution functions are estimated they are substituted
back into Egs. (7) to find that all properties are fully satisfied. As a result
in the analytical solutions, based on the 13-bit square lattice model, all
flow characteristics are recovered and the LB evolution equation is
satisfied. Hence the solution is an exact representation of the thermal
Couette flow problem and it is valid for any relaxation time t and lattice
spacing. The only pitfall is that the Navier—Stokes equations are not
fully recovered since the fourth order constraints are not satisfied.
This drawback is circumvented in the next session by proposing a 17
discrete velocity model.

The obtained results of the two 13-bit models are indicative for the
accuracy to expect implementing the 13-bit hexagonal and square lattice.
It is seen that the accuracy of the 13-bit square lattice is improved
compared with the accuracy of the 13-bit hexagonal lattice. No remarks
however, can be made regarding stability issues of the two models.
Actually previous stability analysis performed on the two models
(Pavlo et al., 1998b) has shown that the 13-bit hexagonal model is
more stable than the 13-bit square model.

III. ANALYTICAL SOLUTIONS OF
THE 17-BIT MODEL

The 17-bit model introduced here is a straightforward extension of
the 9-bit model used in isothermal problems. It is consisting of one rest
particle,

e, =0, (17a)
for 0 = 0, and four nonzero speeds for which

e, ; = e,(cosp;, sinf;), (17b)
foro=1,3and i =1,2,3,4 where e; =1, e3 =2, 8, = (i — 1)n/2 and

€5, i = €5(cosp;, sinp;), (17¢)
foro=2,4and i=1,2,3,4 where e; = v/2, e, =22, B; = (i — 1/2)r.

The analytical formulation has been described extensively in the
previous section and so we will be brief here presenting only the new
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material. The coefficients of the 17-bit equilibrium distribution functions,
expressed by Eq. (3) are

1 2 1
Ay == (2 — 5¢ + 46?), A1=§(s—52), A3=ﬁ(—8+452)

2
Bi=10-3), B=lte B=l(c1+3)
1_3 £), 2_455 3_24 €

1 1
G = 5(2 —3¢), C= E(Z — 3e),

1 1
C3=%(—1+68), C4 I?’sﬁ(—l+68)

1 1
Dy = —§(5+78)» D, Zg(—l + 4e),

1 1 1 (18)
Dy =—7e, D3=@(1—8), Dy=—35¢
1 1 1 1
Bi=m3 h=myn beg B
F _ = ] = :
A S R TN
1 | |
GO_Za GZ_ﬁa G4_ %5
1 1 1 1
Mi==5 M=—5 Mm=5 M=3g

Again the coefficients, which are not included in the above expres-
sions, are taken equal to zero. The set of equilibrium functions resulting
from the above constants, unlike the ones obtained by the two 13-bit
models, satisfy all 13 constraints given in Eq. (2).

The distribution functions for o = 1,3 and i = 0, 1, 3 are equal to the
corresponding equilibrium distributions. The unknown distribution
functions for the remaining directions have a polynomial form identical
to Eq. (15). The unknown coefficients for o0 = 1,3 withi =2,4and 0 =2
with i = 1,2,3,4 are given by Eq. (16), while the coefficients for o = 4
and i = 1,2,3,4 are given by

ag ) = ag3 = Ay — 2by 167 — 4y 87T — 8dy 18T — 1684’154‘5,
Q49 = ag4 = Ay — 2by 267 — 4c4’2821: — 8d4’283t — 1664’2847,',
by = —by 3 = 2Byuy — dcy (8T — 12d, 8T — 32e4 1871,
bar = —by 4 = 2Byuy — 4y 28T — 12d, 2871 — 32e, 5,871,
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cq1 =cCq3=(4C, + Dy — 6dy 10T — 24ey, 8%,

C40 = C44 = (4Cy + Dy)u§ — 6dy 28T — 24ey 2871,

dy ) = —dy 3 = 2(4E; + Fyup — 8ey 167,

dy s = —dy 4 = —2(4E4 + Fup — 8ey 501,

ey = ey = (Gy+4H, + 161)u,

€4 = e4 4 = (G4 + 4Hy + 161,)up. (19)

The resulting analytical distribution functions satisfy exactly all
properties described by Egs. (7) and the LB Eq. (1) and can be considered
as an exact representation of the thermal Couette flow. The analytical
solution is independent of 7 and 4.

IV. CONCLUDING REMARKS

In conclusion we have developed analytical solutions of the thermal
Couette flow with a temperature difference at the boundaries using
three different discrete velocity models. The analytical solutions for the
discretized distribution functions must satisfy all 13 thermal hydrodynam-
ic constraints in order to ensure full recovery of the Navier—Stokes
equations, the flow characteristics and the profiles of the macroscopic
solutions. It is seen that the solutions based on a 17-bit square lattice fulfils
all above requirements. The solution based on the 13-bit square lattice
although represents exactly the thermal flow problem does not recover
the fourth order constraint. Finally the solution based on the 13-bit
hexagonal model posses a second order error in the thermal flow solutions
and a third order deviation in the third order constraints.
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