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a b s t r a c t 

We propose a general scaling which allows for the results of 3D mass transfer computations in layered 

flake composites containing square, circular or hexagonal flakes to collapse on a single master curve. We 

show that the Barrier Improvement Factor ( BIF ~ 1/ D eff) of such composites is well represented by a power 

function of that scale ( M ) namely BIF = (1 + M) 2 . Our simulations are carried out in three-dimensional 

multi-particle RVEs each containing up to 40 0 0 randomly placed individual flakes. The flakes are repre- 

sented as two-dimensional squares, disks or hexagons; this representation is suitable for very thin flakes, 

such as exfoliated nano-platelets. Around 30 0 0 simulations are carried out, and the effective BIF is com- 

puted for different values of flake orientation, shape, dimensions and number density. We show that our 

scaling is consistent with the traditional representation of the BIF as a power function of ( αφ), ( α) and 

( φ) being the aspect ratio and the volume fraction of the flakes, while at the same time offering a gen- 

eralized approach that is valid for all flake shapes. When the flakes are layered at an angle ( θ ) to the 

direction of macroscopic diffusion, we propose a model for the BIF in terms of the principal diffusivity 

and ( θ ); this is found to be in very good agreement with computational results, which show that while 

the BIF increases with increasing ( M ), this increase is no longer monotonic but, instead, BIF approaches 

an asymptotic plateau value which is determined by ( θ ). 

© 2020 Elsevier Ltd. All rights reserved. 

1

 

t  

t  

d  

a  

[  

m  

t  

t  

p  

c  

t  

p  

l  

r  

b  

fl  

t  

t  

[  

h  

r  

s  

t

 

a  

D  

2  

s  

c  

a  

s  

t  

t  

L  

e  

p  

p  

h

0

. Introduction 

Flake-filled composites are of interest in applications in which

he transport of a species is to be hindered without resorting to

he use of expensive and possibly environmentally hazardous ad-

itives [1–3] . Notable examples of such “passive” barrier materi-

ls can be found in packaging applications [4,5] , sound insulation

6] , anti-corrosion coatings [7] as well as in fire-retarding poly-

ers [8] . In all cases, the impetus for the use of (essentially)

wo-dimensional flakes lies in the tortuous internal structure of

he corresponding composites, which allows for a substantial im-

rovement ( ~ ( αφ) 2 ) in barrier properties at very modest flake

oncentrations. In addition, the fluid mechanics of the manufac-

uring (injection molding, blow molding) or application (coating)

rocesses lead to orientation of the flakes that is largely paral-

el to the surface of the part and thus perpendicular to the di-

ection of diffusion. In fire-retarding plastic parts manufactured

y injection molding, the fountain flow and the shear gap-wise

ow [9] result in highly oriented surface and subsurface regions,

hus maximizing the barrier effect. The effect of flake concentra-
∗ Corresponding author. 
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ion on the barrier properties have been studied, mainly in 2D

10–14] and models have been proposed, some of which [10,11] ,

ave been found to be in excellent agreement with computational

esults in two-dimensional RVEs [15–20] . However, all these re-

ults are strictly valid for ribbon composites and their relevance

o three-dimensional reality is yet to be proven. 

There have been some notable attempts to simulate transport

cross fully three-dimensional flake-filled composites. Nagy and

uxbury [21] carried out random walk computations in large-scale

D and 3D geometries containing randomly placed unidirectional

quare-shaped platelets (sticks in 2D) of finite volume. They con-

luded that a quadratic polynomial of ( αφ), where ( α) is the flake

spect ratio and ( φ) the total flake volume fraction, can repre-

ent the BIF of such a composite over a wide range of concen-

rations, up to αφ = 30 in 3D configurations. The coefficients of

his polynomial were determined by fitting computational results.

usti et al. [22] presented a small number (40 geometries) of finite

lement simulation results in systems containing ~ 50 disks (as-

ect ratio 3, 10 and 100) dispersed randomly in a cubic RVE. They

resented the first quantitative comparison between randomly ori-

nted and aligned composites, expressing the difference in terms

f a dimensionless parameter. Greco et al. [23,24] , considered com-

osites containing stacks of unidirectional disks; a total of 85 sim-

https://doi.org/10.1016/j.ijheatmasstransfer.2020.119962
http://www.ScienceDirect.com
http://www.elsevier.com/locate/hmt
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijheatmasstransfer.2020.119962&domain=pdf
mailto:athpapathan@mie.uth.gr
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Fig. 1. Flake shapes considered in this study with their geometrical characteristics. 

l is the side of the square flake, R is the radius of the disk and S the side of the 

hexagon. 
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ulations were run, in which orientation angle, the number of disks

in a stack and the volume fraction varied. Greco [25] , carried out

3D simulations also in disk-containing systems, in which the vol-

ume fraction, the aspect ratio (from 10 to 50) and the orientation

angle were varied. Recently, Roding at al. [26] presented results of

a large-scale study in systems each containing 10 0 0 disks of cir-

cular or elliptical shape. They carried out ~ 10 0 0 transient diffu-

sion simulations, using a dynamic random walk particle tracking

scheme. After [21] these were the first dynamic simulations for

transport across flake filled systems and also the first attempt to

model large-scale 3D systems. The influence of several morpholog-

ical factors, such as flake misorientation, flake shape, flake thick-

ness and flake polydispercity, was discussed. The works of [26] and

[21] not-withstanding, it is fair to say that there has been no de-

tailed study of three-dimensional diffusion in flake composites that

covers a comprehensive range of the pertinent parameters. Beyond

disks or squares, the effect of the flake shape on effective diffu-

sivity remains largely unknown, even though hexagonal flakes are

known to occur, (eg. in Graphene, MgO 2 , hBN) - with the excep-

tion of the work of [27] who suggested a heuristic modification of

the model of Cussler et al. [11] to be used in the case of hexag-

onal flakes. In addition, the effect of misorientation has only re-

ceived spotty attention and remains to be quantified. Finally, the

relevance of existing and well-studied models for fully-aligned sys-

tems [10–12] to three-dimensional reality is not proven. In fact, the

study of Roding [26] has raised significant questions on the valid-

ity of existing 2D models. In this study we carry out a compre-

hensive ( ~ 30 0 0 simulations) computational study of steady state

diffusion in three-dimensional, multi-particle (up to 40 0 0 flakes in

each RVE) and periodic RVEs with the objective of giving answers

to some of these questions. 

2. Computational 

Steady-state diffusion computations in three-dimensional Rep-

resentative Volume Elements (RVEs) were carried out using the

open source package OpenFoam. Each RVE is a parallepiped of di-

mensions L, H, D (along the X, Y and Z axes respectively) and con-

tains a number ( N ) of flakes placed in random positions. We con-

sider flakes of square, circular and hexagonal shape, as shown in

Fig. 1 . For the purpose of geometry generation, the circular flakes

are inscribed in the corresponding rectangular flake and the hexag-

onal flake is inscribed in the corresponding circular geometry. The

thickness dimension of the flakes was taken to be zero; this is not

far from reality since in flake systems of practical importance flake

thickness is very small compared to the planar dimensions. We de-

fine the planes that are formed from the X-Y axis, X-Z axis and Y-Z

axis as PXY, PXZ and PYZ respectively ( Fig. 2 ). The plane PXZ is per-

pendicular to the direction of diffusion ( Y ); PXY is perpendicular to

the Z -axis where the flake rotation is taking place and PYZ is nor-
Fig. 2. (a) Schematic of the RVE and the geometrical characteristics of rectangular
al to the X -axis. The diffusion direction is taken to be along the

 -axis with C = 0 at y = 0 and C = 1 at y = H. The equation solved

s the steady-state diffusion equation : 

 

2 C = 0 (1)

he above equation was solved on RVEs generated using an in-

ouse software solution that can create any variety of 2D and 3D

VEs with any combination of boundary and geometrical periodic

onditions, including a user-specified number of flakes with any

ombination of sizes, shapes, spatial distributions and orientations.

ubsequently the geometry files were imported to the mesh gen-

rator GMSH [28] and a triangular mesh was created with element

ount in the order of 100 M. Finally the simulations were solved

sing the OpenFoam toolkit [29] . 

The boundary conditions on the top and bottom surfaces of the

nit cell are: 

 (XY plane ) ,Y =0 = 0 and C (ZX plane ) ,Y =1 = 1 (2)

eriodic conditions are applied at the sides of the RVE, namely 

 (X Y plane ) ,X =0 = C (X Y plane ) ,X =1 and C (ZX plane ) ,Y =0 = C (ZX plane ) ,Y =1 

(3)

n 2D models, use of periodic conditions has been shown [15] to

liminate artifacts due to the shape of the unit cell and we see,

rom the results shown in Fig. 3 , that this is true in 3D models as

ell. 

The flakes are placed within the RVE using a random sequential

ddition procedure, in which random numbers assign the centroid

oordinates of the flake. For a flake to be placed in the chosen

osition a triangle-triangle collision detection algorithm [30] was

sed since each flake is represented as a combination of triangles.

f any triangle of the candidate flake overlaps with any triangle of

he pre-existing flakes the position is rejected and a new combina-

ion of coordinates and appropriate angle is chosen until the RVE is

lled with the desired number of flakes or a predetermined num-

er of tries (10 7 ) is reached. During the collision detection stage

 small safety distance between flakes was introduced in order to
 flakes. (b) a sample geometry containing N = 40 0 0 square flakes at θ = 0 ◦ . 
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Fig. 3. Invariance of computational results for D eff with size/shape of the RVE. Shown are values of D eff calculated for various sizes and shapes of RVE’s at θ = 0 and having 

M = 0 . 25 . In all cases the height of the RVE was kept constant. In (a) and (b) the height and depth were kept constant ( H = D = 1 ) and the length was changed ( L < H ). In 

case (c) the RVE is a cube of unit length ( L = H = D = 1 ). In (d) and (e) the depth and the length changed while L and D are kept equal ( L = D < H). The middle case (c) has 

N = 40 0 0 flakes. In the other cases the number of flakes ( N ) was changed accordingly in order to keep the flake number-density, N / �V , and thus the scale M , constant. 

Fig. 4. Example geometries containing oriented flakes at θ = 0 and various shapes. (a) hexagonal, (b) disk and (c) square. In all cases N = 40 0 0 . 
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void the creation of degenerate cells at the later stage of meshing.

n randomly oriented configurations, the orientation vectors are as-

igned random values and the flakes are rotated at the X axis then

he Y axis and finally at the Z axis. In the cases where the flakes

re unidirectional, the rotation is applied only to the Z axis thus

otating the flakes perpendicular to the direction of diffusion, as

llustrated in Fig. 2 a. In Fig. 4 we can see additional example ge-

metries of various shapes. The RSA algorithm used in this study

nsures spatial homogeneity at the unit cell scale, while allowing

or randomized small-scale aggregation, as was shown for 2D sys-

ems in Tsiantis and Papathanasiou [31] . Specifically in our work,

he RVE was subdivided into a number of equal-sized voxels and it

as verified that each voxel contained, on average (over the several

ealizations used at each level of ( αφ) and ( θ )), the same number

f flakes. 

Solution of Eq. (1) supplies the concentration ( C ) and the con-

entration gradient ( ∂ C / ∂ n ) at each position of the domain. Fig. 5

hows a representative concentration field as well as a representa-

ive distribution of the corresponding flux field on the top surface

f the RVE. Once the normal gradient ( ∂ C / ∂ n ) is computed on the

op surface, an effective diffusivity ( D eff) of the unit cell can be cal-

ulated from Fick’s law as: 

 e f f = 

H · D 0 

�C · D · L 

∫ D 

0 

∫ L 

0 

∂C 

∂n 

d xd z (4)

he so computed D eff is the D yy principal diffusivity that will be

sed in later section of this paper. In the following we will inves-

igate the effect of flake size, shape, orientation and number den-
ity on the computed effective diffusivities. In the process we will

ropose a novel scaling that allows for a generalization of the ob-

erved behavior. 

. Results and discussion 

.1. Scaling of the results 

At first we will focus our attention on the analysis and scal-

ng of computational results. A suitable scale should be based on

bservations [26] that, among various parameters, the flake area

nd flake shape (elongated vs. square) affect the effective diffusiv-

ty. We have therefore chosen to represent our results in terms of

 dimensionless parameter ( M ) defined as: 

 = 

N · (A ) 2 

�V · (P ) 
(5) 

here ( A ) is the flake area, ( P ) its perimeter, �V is the volume of

he RVE and the ratio ( A / P ) can be taken as a characteristic length

f the flake, expressing also the flake shape. In the case of flakes

f square shape, A = l 2 and P = 4 l, resulting in 

 

sq = 

N · l 3 

4 · �V 

(6) 

his result is consistent with earlier work in 2D flake systems

10,18] , where it was shown that for flakes of zero thickness (in 2D

hese are represented by straight lines) a suitable scale is N ( l / H ) 2 .

he expressions for ( M ) in the case of disk-shaped and hexagonal
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Fig. 5. Concentration fields in a 3D flake system containing randomly placed circular and rectangular flakes. (a) & (b) show circular flakes oriented at 45 ◦ to the direction of 

diffusion. (a) shows the concentration distribution, along a clipping plane at Z = 1 , from the bottom of the RVE where C = 1 (colored red) to the top where C = 0 (colored 

blue) in the periodic surface of the RVE and on the flakes. On the middle (b) a close-up view is shown near the bottom of the RVE (the colors in the image are out of scale 

for illustration purposes). (c) Shows a typical flux distribution on the top surface of an RVE with square flakes. The placement of flakes near the top surface can be inferred 

from the local variations in the flux field. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 

Fig. 6. Computational results obtained for different geometries and their comparison to Eq. (8) . The formula used in the computation of ( M ) is different at each geometry, 

depending on flake shape ( Eqs. (6) and (7) for flakes of square, disk and hexagon shape respectively). 
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flakes can be shown to be 

M 

c = 

1 

2 

N 

�V 

πR 

3 ( circular ) , M 

h = 

27 

24 

N 

�V 

S 3 ( hexagonal ) (7)

Our results for all flake shapes and concentrations, scaled in terms

of the parameter ( M ), are summarized in Fig. 6 . It is observed that

use of the scale ( M ) collapses all data, irrespective of flake shape,

on a single master curve. The form of the scaled data suggests that

the effective diffusivity ( D eff) of a three-dimensional flake compos-

ite can be expressed as a power function of ( M ). The simplest pos-

sible such function which follows our results very closely, is 

D e f f = D 0 
1 

(1 + M) 2 
(8)

in which the scale ( M ) is based on the general definition of

Eq. (5) and is expressed by Eqs. (6) and (7) for the case of square,

disk and hexagonal shaped flakes. The form of the power func-

tion of Eq. (8) is in line with earlier studies in 2D systems (10),

(18) and it essentially confirms, also in 3D, that in systems with

flakes aligned perpendicular to the direction of macroscopic trans-

port, the BIF will asymptotically grow with the square of the ap-

propriate scale, in our case ( M ). 

We can easily notice from Eqs. (6) and (7) that M scales with a

power of (3) of the corresponding flake characteristic length. This
eads to inclusions whose size grows fast with ( l ), as can be seen

n Fig. 7 where comparisons between geometries corresponding to

arious M for square geometries are shown. While at large values

f ( M ) ( Fig. 7 ) the flake dimensions seem large compared to the

VE, we have shown that the use of periodic geometries and pe-

iodic boundary conditions eliminates the edge effects even in ex-

remely elongated RVEs ( Fig. 3 ). 

.2. Relation to earlier work 

As elaborated in the Introduction, all previous studies were con-

erned with disk-shaped or square flakes. These are geometries in

hich a definition of the flake aspect ratio ( α) can be given with-

ut much ambiguity. It is natural therefore that the product ( αφ),

 φ) being the flake volume fraction, was the scale of choice. For

he case of 3D flakes of square shape ( φ = Nl 2 t/ �V ), the BIF was

ound in Nagy and Duxbury [21] to be represented by 

IF = 1 + C 1 (αφ) + C 2 (αφ) 2 (9)

n Eq. (9) , t is the flake thickness and α = l/t is a definition

f the flake aspect ratio. The constants C 1 and C 2 were deter-

ined in Nagy and Duxbury [21] by fitting computational results

f (BIF − 1) / (αφ) vs. ( αφ) and were found to be C = 0 . 44 ± 0 . 03
1 
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Fig. 7. Scaling of geometries according to different M . The top view of the RVE is shown with square geometries at θ = 0 . M = 0 . 01 (left), M = 1 . 0 (center) and M = 10 

(right). In all cases the dimensions of the unit cell remain the same therefore the relative size of the flakes is clearly seen. 

Fig. 8. Computational results for square flakes at θ = 0 plotted as suggested by Eq. (9) . The intercept gives C 1 = 0 . 4987 and this compares favourably with the value of 0.5 

anticipated from Eq. (11) . The slope gives C 2 = 0 . 0591 ; this is very close to the result C 2 = 0 . 05 of [21] and also compares to 0.0625 = 1/16 anticipated from Eq. (11) . 
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nd C 2 = 0 . 05 ± 0 . 005 . It is instructive to compare the results of

he proposed model ( Eq. (8) ) to those of [21] , and Eq. (9) . Ac-

ording to Eq. (8) , BIF = (1 + M) 2 = 1 + 2 M + M 

2 . For the case of

quare flakes Eq. (6) can be rearranged by dividing and multiply-

ng with flake thickness ( t ) so that 

 

sq = 

1 

4 

· N · l 2 t 

�V 

· l 

t 
= 

αφ

4 

(10) 

herefore, for the case of square flakes, our proposed model for the

IF gives 

IF sq = (1 + M sq ) 
2 = 1 + 

1 

2 

αφ + 

1 

16 

(αφ) 2 (11)

esulting in C 1 = 0 . 5 and C 2 = 0 . 0625 . A comparison between our

esults and Eq. (9) is shown in Fig. 8 in which we plot (BIF −
) /αφ vs αφ. 

The values for C 1 and C 2 obtained from our computational re-

ults are very close to those of [21] , the differences probably orig-

nating from the different numerical method used and also from

he fact that in our study the flake thickness has been neglected,

akes being in our case essentially 2D entities. In the case of cir-

ular and hexagonal flakes, it can be shown that the concentra-

ion metric ( αφ) is related to the scaling parameters M 

h and M 

c 

s αφ = 4 M 

c for the case of circular and αφ = M 

h for the case of
exagonal flakes. In obtaining these, the aspect ratio of the disk is

efined as α = 2 R/t, while for the hexagon, α = L C /t, where L C is

 characteristic length defined as ( Area )/( Perimeter ) ( L C = 

√ 

3 · S/ 4 ).

t is therefore, 

IF c = 1 + 

1 

2 

· αφ + 

1 

16 

· (αφ) 2 (12)

ielding C 1 = 1 / 2 and C 2 = 1 / 16 for disks and 

IF h = 1 + 2 αφ + (αφ) 2 (13)

ielding C 1 = 2 and C 2 = 1 for hexagons. If, alternatively, the aspect

atio of the hexagon is based on its longest diagonal, which is 2S ,

hen it can be shown that 

φ = 

8 √ 

3 

M 

h (14) 

n that case, 

IF h = 1 + 

√ 

3 

4 

αφ + 

3 

64 

(αφ) 2 (15)

ielding C 1 = 

√ 

3 / 4 and C 2 = 3 / 64 . 

The computational results for disk-shaped and hexagonal flakes

re plotted as suggested by Eqs. (12) , (13) and (15) in Fig. 9 . As in

he case of square flakes, we find that the computational results
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Fig. 9. Computational results for circular and hexagonal flakes at θ = 0 plotted as suggested by Eq. (9) . The intercept gives C 1 = 0 . 4715 for disks and C 1 = 1 . 91 for hexagons 

when the aspect ratio is based on L C . These compare with the values of 1/2 and 2 suggested by Eqs. (12) and (13) . The slopes give C 2 = 0 . 0498 and C 2 = 0 . 876 and these 

compare to 1/16 (for disks) and 1.0 (for hexagons) suggested by Eqs. (12) and (13) . In Fig. 9b the linear fit corresponding to the alternative definition of the aspect ratio 

(based on the long diagonal of the hexagon, Eq. (15) ) is also shown. The corresponding best-fit values are C 1 = 0 . 4015 and C 2 = 0 . 0413 . 

Table 1 

Values of the polynomial coefficients C 1 and C 2 obtained from our computational 

results ( Figs. 8 and 9 ) for various flake shapes. 

Squares 

Squares 

[21] Disks 

Hexagons 

( α = L C /t) ( α = 2 S/t) 

C 1 0.4987 0.44 0.4715 1.910 0.4015 

C 2 0.0591 0.05 0.0498 0.876 0.0413 

Implied from Eq. (8) 

C 1 0.5000 0.5000 2.0 0.43250 

C 2 0.0625 0.0625 1.0 0.04687 
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follow closely the behavior suggested by Eq. (9) , with suitably de-

fined coefficients. Our results are summarized in Table 1 . 

3.3. Comparison to predictions of existing models 

In the following we compare the results of our 3D computa-

tions and the proposed model ( Eq. (8) ) with the predictions of fre-

quently used models for the BIF of flake composites, namely those

of [10,11] . The relevant equations are: 

D o 

D e f f 

= 

(1 + αφ/λ) 2 

1 − φ
(16)

and 

D o 

D e f f 

= 1 + 

α2 φ2 

β(1 − φ) 
(17)

where ( λ) and ( β) are geometrical factors, reflecting the tortuous

path the diffusing species follows as it travels around individual

flakes. It is understood that these geometrical factors will depend

on flake shape. In the original work of [11] it was suggested that

λ = 3 . Computational results of [17] in 2D geometries (in which

flake cross sections are represented as lines or rectangles) have

given a best fit for λ = 2 . 5 . In the present study the flakes are in-

finitely thin and thus 1 − φ ∼ 1 , yielding 

BIF = (1 + αφ/λ) 2 = 1 + 

2 

λ
αφ + 

1 

λ2 
(αφ) 2 (18)

Comparing this expression to the previously derived expressions

for the BIF of composites containing square, circular and hexagonal

flakes, we are able to obtain estimates of the geometrical parame-

ter ( λ) for each flake shape. 

1. For squares λ = 4 , ( 2 /λ = 0 . 5 and 1 /λ2 = 1 / 16 ) 
2. For disks λ = 4 , ( 2 /λ = 1 / 2 and 1 /λ2 = 1 / 16 ), when aspect ra-

tio is defined as α = 2 R/t . 

3. For hexagonal 

(a) λ = 1 , ( 2 /λ = 2 and 1 /λ2 = 1 ), if aspect ratio is based on

characteristic length, L C = 

√ 

3 · S/ 4 

(b) λ = 8 
√ 

3 / 3 , (2 /λ = 

√ 

3 / 4 and 1 /λ2 = 3 / 64 ) if the longest

flake diagonal is used in the calculation of the aspect ra-

tio of the flake ( α = 2 S/t). In regards to Eq.(17), compari-

son with our results gives β = 16 for squares and disks and

β = 1 for hexagonal flakes ( L C = 

√ 

3 .S/ 4 ). 

or the particular case of hexagonal flakes, [27] have proposed an

xpression for the BIF , based on a generic model of the form of

q. (17) and using heuristic diffusion path arguments. The expres-

ion offered is 

IF = 1 + 

2 

27 

(αφ) 2 (19)

While omission of the linear term is bound to affect the pre-

ictions of this model, especially in the dilute and semi-dilute

egimes, the coefficient of the quadratic term will determine the

symptotic growth of BIF vs. ( αφ) in the concentrated regime.

his coefficient, 2 / 27 = 0 . 074 , compares with the coefficient 0.0413

 Table 1 ) obtained from our computational data for hexagonal

akes ( Fig. 9 b) when the aspect ratio is based on the flake longest

iagonal and to the value 3/64 = 0.0469 inferred from Eq. (15) .

ote that this value would be very different if the flake aspect ratio

ere to be determined by using a different characteristic length. 

In regards to micromechanics-based models, our result, ex-

ressed by Eq. (8) , is found to be in good agreement with the

ork of [32] . That model has as its starting point the solution of

ricke [33] for the thermal conductivity of composites reinforced

ith spheroidal inclusions. In the limit of non-conductive, high-

spect-ratio oblate spheroids, the model of [32] for the effective

iffusivity of the composite takes the form 

D e f f 

D 0 

= (1 − φ) K (20)

here ( K ) is a function of the spheroid aspect ratio ( α), namely

 = (3 L + 2) / 3 L (2 − L ) . According to [32] the value of ( L ) is 2/3 at

= 1 (spherical particle) and decays ~ 1/ α for high aspect ratios.

 formula that reconciles these requirements is L = (2 / 3 α) . This

ields K ~ α/2 for high aspect ratio, impermeable oblate spheroids;

n deriving this we used α + 1 ∼ α and 3 α − 1 ∼ 3 α, since α � 1.

he binomial theorem can be used to expand Eq. (20) yielding for
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Fig. 10. 3D oriented flake configurations at θ = 45 ◦ . Number of flakes has been reduced to 500 for visual clarity. All flakes are rotated around the X -axis. 

Fig. 11. Computational results (points) and model predictions (lines) for various flake shapes and orientations. Model predictions based on Eq. (23) . 
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t  
he BIF , (keeping terms up to 2 nd order in ( αφ) and ignoring terms

(1/ α) n in the expansion coefficients). 

IF = (1 − φ) −K = 1 + 

1 

2 

αφ + 

1 

8 

(αφ) 2 + HOT s (21)

The Higher Order Terms in Eq. (21) , up to 5 th order, are

 αφ) 3 /48, ( αφ) 4 /384 and ( αφ) 5 /3840 - again, neglecting terms of

(1/ α) n in determining the expansion coefficients. This result is

imilar to Eqs. (11) and (12) of our work, yielding similar predic-

ions up to the semi-dilute regime ( αφ ~ 2) and overestimating the

IF afterwards. In fact they are identical in the linear term, which

s expected since the result of [32] has as starting point the solu-

ion to the corresponding diffusion problem in the dilute regime. 

.4. The effect of flake orientation 

Having proposed Eq. (8) , we further investigate the effect of

ake misalignment, by considering unidirectional systems in which

he flakes form an angle ( θ ) with the direction of diffusion, as

hown in Fig. 10 . We carry out simulations for θ = 15 ◦, 30 ◦ and

5 ◦, for various flake shapes and dimensions. In all simulations

 = 40 0 0 . If D 11 and D 22 are the principal values of the two-

imensional diffusivity tensor, D , the diffusivity tensor D 

′ ( θ ) cor-

esponding to flakes oriented at an angle θ as shown in Fig. 10 ,

an be determined through the tensor transformation relation
 

′ = Q DQ 

T , where Q is the rotation tensor. Hence, 

D e f f (θ ) 

D 0 

= D 11 cos 2 (θ ) + D 22 sin 

2 (θ ) (22)

or D 11 we use the model derived in this study, expressed by

q. (8) , while D 22 can be described by the model of Nielsen [34] ,

n line with similar work in 2D [17] . Since the flake thickness is

nsignificant in our work, flakes being essentially two-dimensional,

~ 0 and D 22 = D 0 . Therefore, a model for D eff( θ ) is: 

D e f f (θ ) 

D 0 

= 

1 

(1 + M) 2 
cos 2 θ + sin 

2 θ (23) 

Fig. 11 summarizes the results of our computations as well as

he predictions of Eq. (23) . It is clear that misalignment reduces

he barrier factor. In a manner similar to what has been observed

n 2D systems, our results also show that when θ > 0 the BIF does

o longer grow with the square of ( M ), but that it approaches a

lateau value as ( M ) increases. From Eq. (23) it is clear that this

lateau value is a function of the misalignment angle ( θ ). 

. Conclusions 

We have investigated computationally three dimensional trans-

ort in composite systems consisting of randomly placed unidirec-

ional flakes of square, circular and hexagonal shape. Analysis of
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the results reveals that use of a scale of the form M = (N/ �V ) ·
(A ) · (A/P ) is capable of reducing the BIF for composites contain-

ing flakes oriented perpendicular to the direction of macroscopic

diffusion on one single master curve. This master curve is repre-

sented by a power function of the form BIF = (1 + M) 2 . The pro-

posed scale requires knowledge of the number density and dimen-

sions (area, perimeter) of the flakes. We show how the common

description of the BIF as a quadratic polynomial of ( αφ) can be de-

duced from our general model and we find the appropriate polyno-

mial coefficients for each flake shape. We show that beyond disks

and squares, these coefficients are very sensitive to the length

used in the calculation of the flake aspect ratio ( α). Our model is

also compared to established models which, being developed using

heuristic diffusion path arguments, include an adjustable geomet-

ric constant; we derive values for these geometrical constants at

each flake shape. Additional simulations in systems in which the

flakes form an angle ( θ ) with the direction of the macroscopic dif-

fusion, have resulted in a model for the BIF in terms of the prin-

cipal diffusivity and ( θ ); this is found to be in very good agree-

ment with computational results, which show that while the BIF

increases with increasing ( M ), this increase is no longer monotonic

but, instead, BIF approaches an asymptotic plateau value which is

determined by ( θ ). It should be pointed that due to the similar-

ity in the governing equation, the formulation and methods im-

plemented in this study, as well as the results derived, could be

directly applicable to analyzing heat transfer in flake-filled com-

posites. In that case, the predicted reduction in effective diffusiv-

ity expressed through Eq. (8) should be usable to predict an up-

per limit in the reduction in effective thermal conductivity of such

composites reinforced with insulating flakes. A notable difference

between the diffusion problem dealt with in the present study and

the corresponding heat transfer problem lies in the conductivity of

the dispersed phase (flakes). While it is perfectly within physical

reality that flakes act as impermeable barriers to diffusing species,

such an assumption is not so readily realized in heat transfer ap-

plications, in which conduction across flake thickness may be sig-

nificant or even faster than conduction in the matrix material. In

the case of high aspect ratio flakes, such as those considered in

the present study, this would necessitate the adoption of special

boundary conditions on the flake surface; we are working towards

implementing such a capability within the OpenFoam computing

environment. 
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