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Abstract

The �ow of binary gaseous mixtures between two parallel plates driven by gradients of pres-
sure, temperature and concentration is studied, based on the McCormack model of the Boltzmann
equation. The coupled kinetic equations are solved numerically by the discrete velocity method.
The mass �ow, the heat �ux and the di4usion �ux, which are the mixture quantities of prac-
tical importance, are expressed in terms of the so-called thermodynamic �uxes. The latter are
written in a form that allows us to verify the Onsager–Casimir reciprocity relations. In addition,
analytical expressions for these quantities are derived in the limit case of the hydrodynamic
regime. Thus, the numerical solution together with these expressions provides the solution in the
whole range of the gas rarefaction. The in�uence of the intermolecular interaction potential is
also investigated by comparing the results for the rigid sphere model with those for a realistic
potential. Numerical results are presented for two binary mixtures of noble gases (Ne–Ar and
He–Xe) for various values of the molar concentrations.
c© 2003 Elsevier B.V. All rights reserved.

PACS: 47.45.−n; 44.15.+a; 47.45.Gx
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1. Introduction

Internal �ows of rare?ed gaseous mixtures caused by pressure, temperature and con-
centration gradients are of major importance in several applications in physics and
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engineering. The ?rst two �ows caused by pressure and temperature gradients arise
even in single component gases and are known as the Poiseuille and thermal creep
�ow, respectively. The third �ow corresponding to a concentration gradient occurs
only in gaseous mixtures and it is known as the di4usion �ow. Compared to the huge
amount of papers in the case of a single gas [1–4], the available literature for gaseous
mixtures is very limited.
Most of the existing works on gaseous mixtures are concentrated to an estima-

tion of the viscous, thermal and di4usion slip coeHcients studying the corresponding
semi-in?nite half-space problems. The fundamental theoretical signi?cance and the great
practical importance of the slip coeHcients easily justify the interest in this area of
research. It should be pointed out that the slip coeHcients are important when the
Knudsen number is moderately small (0:1¡Kn¡ 0:001) in order to provide suitable
boundary conditions for the hydrodynamic equations. Previous calculations [5–9] have
been based on the available, at that time, kinetic models for gaseous mixtures [10–12].
One of the major diHculties in dealing with gas mixtures is the large number of pa-
rameters, which are involved in the calculations. To deal with this situation, Ivchenco
et al. [13,14] have developed recently, general and convenient expressions for the slip
coeHcients of various binary gas mixtures. More advanced calculations were carried
out in the works [15,18] applying the McCormack model [19] and in the works [20,21]
using the linearized Boltzman equation.
It should be noted that the renewed interest to internal rare?ed �ows has been

motivated by the recent development in the micro-electro-mechanical systems (MEMS)
technology. In most MEMS applications, the continuum equations are applied with the
appropriate slip boundary conditions [22,23]. It is evident, however, that the approaches
based on kinetic theory are more suitable to solve such type of the problems, since the
whole range of the gas rarefaction can be studied in an uniform manner.
In spite of the great importance of the internal rare?ed �ows of gaseous mixtures

there are very few articles in the literature concerning this topic. Numerical results
for mixture �ows through tubes and channels have been obtained in Ref. [24] by
the variational method. The Couette �ow for a gas mixture in a plane channel has
been also solved in Ref. [25] using the discrete velocity method. More recently the
�ow of a gaseous mixture through a tube is studied based on the McCormack kinetic
model [26], providing reliable results for the thermodynamic �uxes and the kinetic
coeHcients.
Nowadays, using the modern computers it becomes possible to solve the exact Boltz-

mann equation. However, the model kinetic equations continue to be a widely used
computational tool in practical calculations because they provide reliable results with
very modest computational e4orts. To guarantee the reliability of results it is necessary
to chose correctly the model equation among those proposed in numerous papers, see
e.g. Refs. [10–12,19,27–29]. All these model equations satisfy the conservation laws
and the H-theorem. However, a majority of them do not provide the correct expres-
sions for all transport coeHcients, i.e., viscosity, thermal conductivity, di4usion and
thermal di4usion ratio. Thus, the McCormack model [19] seems to be most appropri-
ate for our purpose because all transport coeHcients can be obtained from it applying
the Chapman–Enskog procedure. A comparison of the previous results based on this
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model [16–18,30] with those obtained from the Boltzmann equation [20,21] con?rmed
the reliability of the McCormack model.
In the present work, this model is applied to solve the �ow of binary gas mixtures

between two parallel plates driven by gradients of pressure, temperature and concen-
tration. The solution includes the investigation of direct and cross e4ects and it is
complete and accurate for the whole range of the gas rarefaction. Numerical results
for the mass, heat and di4usion �uxes are provided for two di4erent mixtures. The
in�uence of the intermolecular interaction law on the �uxes is also investigated using
the rigid sphere model and a realistic potential based on experimental data. Analytical
expressions for the �uxes are provided in the hydrodynamic limit.

2. Statement of the problem and de�nitions

Consider a binary gaseous mixture con?ned between two parallel plates ?xed at
y′=±H=2. The �ow is caused by longitudinal small gradients of pressure, temperature
and concentration de?ned as

XP =
H
P
9P
9x′ ; XT =

H
T
9T
9x′ ; XC =

H
C
9C
9x′ ; (1)

respectively. The smallness of the gradients means that

|XP|�1; |XT |�1; |XC |�1 : (2)

Here, x′ is the longitudinal coordinate, P, T and C are pressure, temperature and molar
concentration of the mixture in a given cross section. The molar concentration C of
the mixture is de?ned as

C =
n1

n1 + n2
; (3)

where n� (�= 1; 2) is the number density of gaseous species �. Moreover, we neglect
the end e4ects and consider only the longitudinal components of the hydrodynamic
(bulk) velocity u′ and heat �ow vector q′, which are functions only of the transverse
coordinate y′, i.e.,

u′ = (u′(y); 0; 0); q′ = (q′(y); 0; 0) : (4)

The quantities of practical interest include the mass �ow rate, the heat �ux and the
di4usion �ux given by

JM =
∫ H=2

−H=2
%u′ dy′ ; (5)

JH =
∫ H=2

−H=2
q′ dy′ ; (6)

JD =
∫ H=2

−H=2
%1(u′1 − u′) dy′ =

∫ H=2

−H=2

%1%2
%
(u′1 − u′2) dy

′ ; (7)
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respectively. Here, % is the mass density of the mixture

%= %1 + %2 ; (8)

%� = n�m� is the mass density of each species and m� (�=1; 2) denotes the molecular
mass. The hydrodynamic velocity of the mixture is de?ned as

u′ =
1
%
(%1u′1 + %2u′2) ; (9)

where u′1 and u′2 are the bulk velocities of each species. It is also convenient to introduce
the mean velocity of the mixture

w =
1
n
(n1u′1 + n2u′2) (10)

and the so-called peculiar heat �ow

q∗ = q′ − 5
2
P(w − u′) : (11)

The calculations are carried out in the whole range of the gas rarefaction parameter
de?ned as

�=
HP0
�

√
m
2kT0

; (12)

where P0 and T0 are the equilibrium pressure and temperature of the mixture, respec-
tively, � the stress viscosity coeHcient of the mixture at the temperature T0, k is the
Boltzmann constant and m is the mean molecular mass of the mixture given by

m= C0m1 + (1− C0)m2 (13)

with C0 to denote the equilibrium molar concentration.
Owing to the smallness of the thermodynamic forces given in Eq. (2), the Boltz-

mann equation can be linearized by the standard manner representing the distribution
function as

f�(x′; y′; v�) = f0�(x
′; v�)[1 + h�(y′; v�)]; |h�|�1 ; (14)

where

f0�(x
′; v�) = n�(x′)

[
m�

2�kT (x′)

]3=2
exp

[
− m�v2�
2kT (x′)

]
(15)

is the local Maxwellian and h�=h�(y′; v′) is a perturbation function. Further, it is con-
venient to use the dimensionless molecular velocity c� (�=1; 2) and the dimensionless
coordinates x and y de?ned as

c� =
√

m�

2kT0
v�; x =

x′

H
; y =

y′

H
: (16)

Then, the system of the two linearized Boltzmann equations reads

c�y
9h�

9y = !�

2∑
 =1

L� h� − c�x

[
XP + "�XC +

(
c2� −

5
2

)
XT

]
; �= 1; 2 ; (17)
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where

"1 = 1; "2 =− C0
(1− C0)

(18)

and

!� = H
√

m�

2kT0
: (19)

The dimensionless moments of the perturbation function read as

u�(y) =
1

�3=2

√
m
m�

∫
c�xh�(y; c) exp(−c2�) dc� ; (20)

q�(y) =
1

�3=2

√
m
m�

∫
c�x

(
c2� −

5
2

)
h�(y; c) exp(−c2�) dc� (21)

and

#�(y) = �−3=2
∫

c�xc�yh�(y; c) exp(−c2�) dc� : (22)

The dimensional quantities are expressed in terms of the dimensionless ones as

u′� =

√
2kT0
m

u� ; (23)

w =

√
2kT0
m

[C0u1 + (1− C0)u2] ; (24)

q∗ = P0

√
2kT0
m

[C0q1 + (1− C0)q2] : (25)

In Eq. (17), the exact collision term L� has been replaced by the model proposed
by McCormack [19], which is explicitly given in Appendix A for the problem under
consideration. Using Eq. (12) and the de?nitions of Appendix A, it is easily seen that

!� = �
[
C0
$1
+
1− C0

$2

]√
m�

m
; (26)

where $� (�= 1; 2) are the collision frequencies given by Eq. (A.1).
Since Eq. (17) is linear its solution can be decomposed as

h� = h(P)� XP + h(T )� XT + h(C)� XC (27)

and, consequently, the moments of the distribution function are also split into three
independent parts:

u� = u(P)� XP + u(T )� XT + u(C)� XC ; (28)

q� = q(P)� XP + q(T )� XT + q(C)� XC ; (29)

#� =#(P)
� XP +#(T )

� XT +#(C)
� XC : (30)
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Finally, the dimensionless velocity and heat �ow pro?les are integrated to yield the
reduced mass �ow rate

U (i)
� =−2

∫ 1=2

−1=2
u(i)� (y) dy (31)

and the heat �ux

Q(i)
� =−2

∫ 1=2

−1=2
q(i)� (y) dy (32)

for �= 1; 2 and i = P; T; C.
We are going to solve Eq. (17) assuming di4use boundary conditions, and to compute

the velocity, heat �ow and stress pro?les as well as the mass and heat �uxes, given
by Eqs. (31) and (32).

3. Thermodynamic analysis

A general thermodynamic analysis of many types of thermodynamic systems is given
in the book [31], which is based on the local equilibrium principle, i.e., it is valid
only in the hydrodynamic regime. Such an analysis allows us to obtain the Onsager–
Casimir reciprocity relations and to reduce the number of kinetic coeHcients needed
to determine non-reversible phenomena. In Refs. [32–34] the Onsager–Casimir reci-
procity relations were obtained in general form for rare?ed gas �ows without the local
equilibrium principle, i.e., for the whole range of the gas rarefaction. In the case of
gaseous mixture in a tube these relations are given in the paper [26]. Here we repeat
only the key elements of this thermodynamic analysis properly modi?ed for the case
of the channel �ow.
It has been shown that although the �uxes JM , JH and JD, de?ned by Eqs. (5)–(7)

linearly depend on the thermodynamic forces XP , XT and XC the kinetic coeHcients
of these equations do not satisfy the Onsager–Casimir reciprocity relations. However,
the reciprocity relations are ful?lled when the following thermodynamic �uxes are
introduced [34]:

JP =−n0

∫ H=2

−H=2
w dy′ ; (33)

JT =− 1
kT0

∫ H=2

−H=2
q∗ dy′ ; (34)

JC =−n01

∫ H=2

−H=2
(u′1 − u′2) dy

′ : (35)

Then the thermodynamic �uxes are related to the thermodynamic forces in the matrix
form 


JP
JT
JC


=




(′
PP (′

PT (′
PC

(′
TP (′

TT (′
TC

(′
CP (′

CT (′
CC







XP

XT

XC


 : (36)
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Since all thermodynamic forces considered here do not change their own sing under
the time reversal the Onsager–Casimir relations take the form

(′
PT = (′

TP; (′
PC = (′

CP; (′
TC = (′

CT : (37)

All kinetic coeHcients have the same dimension and for further derivations it is con-
venient to use the reduced kinetic coeHcient in the form

(ij =
2

n0H

√
m
2kT0

(′
ij : (38)

The coeHcients (PP , (TT and (CC corresponding to the Poiseuille �ow, thermal con-
ductivity and di4usion �ux, respectively, describe the so-called direct e4ects, while the
non-diagonal coeHcients (ij (i �= j) are related to the so-called cross e4ects.
Thus, once the set of coeHcients (ij (i; j= P; T; C) is known, the �uxes JP , JT and

JC can be easily calculated via Eq. (36). Then, the �uxes JM , JH and JD, which are
of practical interest, can be deduced from the expressions

JM =−mJP + (m2 − m1)(1− C0)JC ; (39)

JH =−kT0

[
JT +

5
2

m2 − m1
m

(1− C0)JC

]
; (40)

JD =−m1m2
m

(1− C0)JC : (41)

At this stage it is important to express the reduced kinetic coeHcients (ij (i; j =
P; T; C) in terms of the reduced mass �ow and heat �ux given by Eqs. (31) and (32).
After some algebraic manipulation, combining Eqs. (33)–(35) with Eqs. (10), (11),
(28) and (29) we ?nd

(Pi = C0U
(i)
1 + (1− C0)U

(i)
2 ; (42)

(Ti = C0Q
(i)
1 + (1− C0)Q

(i)
2 ; (43)

(Ci = C0[U
(i)
1 − U (i)

2 ] ; (44)

where i = P, T , C. Thus, the total number of the nine unknowns is reduced down to
six due to the application of the Onsager–Casimir relations.

4. Hydrodynamic regime

In the hydrodynamic regime, the Navier–Stokes equation with the viscous [16], ther-
mal [17] and di4usion [18] slip coeHcients provides the following velocity pro?le for
the problem under question

u′ =−P0H
2�

(
1
4
− y2 +

*P

�

)
XP +

�
H%
(*TXT + *CXC) : (45)
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To calculate the heat and di4usion �ows the Fourier and Fick equations are applied.
According to the ?rst Chapman–Enskog approximation [1] we have

q∗ =−+
T0
H

XT + P0C0(1− C0)�T (u′1 − u′2) ; (46)

u′1 − u′2 =−D12
H

[
m2 − m1

m
XP + �TXT +

1
1− C0

XC

]
; (47)

where + is the heat conductivity, D12 is the di4usion coeHcient and �T is the thermal
di4usion ratio. The expressions of the transport coeHcients �, +, D12 and �T are
given in Ref. [26]. Note that in front of the right-hand side of Eq. (73) in Ref.
[26], a minus sign has been omitted by mistake. The slip coeHcients *P , *T and *C

based on the McCormack kinetic model are given in Refs. [16–18], respectively. As
it is known Eqs. (46) and (47) are not complete because some ?rst order terms with
respect to the Knudsen number, i.e., O(1=�), appear in the second-order Chapman–
Enskog approximation. Moreover, the heat and di4usion �ows in the Knudsen layer
also have terms of the ?rst order. So, if one obtains the coeHcients (CP and (TP

from Eqs. (46) and (47), they will not satisfy the reciprocity relations given by Eqs.
(37). However, since Eq. (45) contains all terms of O(1=�) we obtain the coeHcients
(PC and (PT and then the coeHcients (CP and (TP are calculated from Eqs. (37).
Following this procedure, and after some considerable algebra the kinetic coeHcients
in the continuum limit read

(PP =
�
6
+ *P (48)

(TT =
%
�

[
+

T0
P0
+ C0(1− C0)�2TD12

]
1
�

; (49)

(CC =
C0%D12
(1− C0)�

1
�

; (50)

(PC = (CP =
[
n01D12

�
(m2 − m1)− *C

]
1
�

; (51)

(PT = (TP =
[
n01(1− C0)D12�T

�
(m2 − m1)− *T

]
1
�

; (52)

(TC = (CT =
n01mD12�T

�
1
�

: (53)

Eqs. (48)–(53) represent a complete set of closed-form expressions for the unknown
kinetic coeHcients at the hydrodynamic limit.

5. The numerical scheme

Since the �ow is one-dimensional and fully developed in the longitudinal direction
x, it is convenient to eliminate the c�x and c�z components (�= 1; 2) of the molecular
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velocity by introducing the functions

.�(y; c�y) =
1
�

√
m
m�

∫ ∞

−∞

∫ ∞

−∞
h�(y; c�)c�xe−c2�x−c2�z dc�x dc�z (54)

and

/�(y; c�y) =
1
�

√
m
m�

∫ ∞

−∞

∫ ∞

−∞
h�(y; c�)c�x(c2�x + c2�z − 2)

×e−c2�x−c2�z dc�x dc�z : (55)

Eq. (17) is multiplied by the functions

0�(c�x; c�z) =
1
�

√
m
m�

c�xe−c2�x−c2�z (56)

and

 �(c�x; c�z) =
1
�

√
m
m�

c�x(c2�x + c2�z − 2)e−c2�x−c2�z (57)

successively and the resulting equations are integrated with respect to c�x and c�z. From
these projections we ?nd a set of four coupled integro-di4erential equations written as

c�y
9.�

9y + !�$�.� =−1
2

√
m
m�

[
XP + "�XC +

(
c2�y −

1
2

)
XT

]

+!�

{
$�u� − 2(1)� (u� − u )− 1

2
2(2)� 

(
q� − m�

m 
q 

)

+2
√

m
m�
[($� − 2(3)�� + 2(4)�� − 2(3)� )#� + 2(4)� # ]c�y

+
2
5

[
($� − 2(5)�� + 2(6)�� − 2(5)� )q� + 2(6)� 

√
m 

m�
q 

− 5
4
2(2)� (u� − u )

](
c2�y −

1
2

)}
; �= 1; 2;  �= � ;

(58)

and

c�y
9/�

9h + !�$�/� =−
√

m
m�

XT + !�
4
5

[
($� − 2(5)�� + 2(6)�� − 2(5)� )q�

+2(6)� 

√
m 

m�
q − 5

4
2(2)� (u� − u )

]
; �= 1; 2;  �= � ;

(59)
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where

u�(y) =
1√
�

∫ ∞

−∞
.�e−c2�y dc�y ; (60)

q�(y) =
1√
�

∫ ∞

−∞

[
/� +

(
c2�y −

1
2

)
.�

]
e−c2�y dc�y ; (61)

#�(y) =
1√
�

√
m�

m

∫ ∞

−∞
.�c�ye−c2�y dc�y : (62)

The discretization in the phase space is performed using the discrete velocity method
(DVM). The roots of the Hermite polynomial of order N is chosen to de?ne the set
of discrete molecular velocities cn�y; n= 1; 2; : : : ; N , and all integrals are approximated
using the corresponding Gauss–Hermite quadratures. The discretization in the physical
space is implemented by the so-called diamond-di4erence (DD) scheme [35]. The slab
is divided in K intervals and then Eqs. (58) and (59) are discretized at the center
of each interval k = 1; 2; : : : ; K . The ?rst derivatives are approximated by centered
?nite di4erences, while all other terms are expressed in terms of the corresponding
quantities at the edges of each interval using weighted averages. When the weights are
equal the scheme is known as the DD scheme. As a result the spatial discretization is
second-order accurate.
As it is well known, when the rarefaction parameter is large the convergence rate

of the DVM is slow. Also, the large number of iterations does not always improve
the accuracy of the results, since it may result to accumulated round-o4 error. In these
cases an accelerated algorithm of the DVM is implemented to reduce signi?cantly the
required number of iterations and ensure accurate results [36]. In addition an optimized
version of the DVM is used in the hydrodynamic limit to reduce the required number
of grid points [37]. Both improvements reduce signi?cantly the required CPU time and
are particularly important in multi-dimensional problems [30].

6. Results and discussion

The results presented here, are based on the numerical scheme described in the
previous section. Their convergence has been extensively examined, by modifying the
number of discrete velocities and grid points. The tabulated results have converged
to all ?gures shown and they are based on a 128 point Gauss–Hermite quadrature to
simulate the velocity space and on a discretization of 101 grid points (Mh = 10−2)
to approximate the physical space. The relative convergence criterion is 10−6. The
accuracy of the numerical results has also been veri?ed in several other ways. In all
cases tested, we have seen that our results con?rm the Onsager–Casimir reciprocity
relations listed in Eq. (37) to many signi?cant ?gures. Also, when we allow our data
to reduce to the case of a single gas by taking m1 =m2, d1 = d2, the known results of
the S model [38], are recovered. Finally, by comparing our results with the analytical
results in the hydrodynamic limits, obtained by Eqs. (48)–(53), we have found that
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the asymptotic behavior of our numerical solution in this limit is correct. All these
veri?cations have been performed by two di4erent computer codes, implementing the
typical discrete velocity method and its accelerated version.
The numerical results presented here refer to the gaseous mixtures of Ne–Ar and

He–Xe. The molecular masses of these species are mNe = 20:183, mAr = 39:948, mHe =
4:0026 and mXe = 131:3 in atomic units. Thus, the study includes one mixture with
particles of about equal masses and another one with particles of very di4erent masses.
To study the in�uence of the intermolecular interaction potential upon the kinetic

coeHcients two molecular models are used: the rigid spheres and a realistic potential of
the intermolecular interaction. In the case of the rigid spheres the molecular diameters
d� of every species � are calculated via the expression obtained in Refs. [39,40]

�� = 1:016034
5
16

√
�m�kT
�d2�

(63)

and the experimental data on the viscosities �� of the single gases He, Ne, Ar and
Xe at the temperature T = 300 K given in Ref. [41]. The diameter ratios d2=d1 are
taken equal to 1.406 and 2.226 for the mixtures Ne–Ar and He–Xe, respectively. For
the realistic potential the omega integrals are calculated using the expressions given in
Ref. [41] assuming the same temperature as that for the rigid spheres, i.e., T =300 K.
These expressions of the omega integrals reproduce all transport coeHcients for the
mixtures within the experimental error.
The reduced kinetic coeHcients (ij; (i; j = P; T; C), for the two mixtures under

investigation are tabulated in Tables 1–6. The computations have been carried out for
the wide range of the rarefaction parameter � (10−36 �6 102) and for three values
of the molar concentration C0 = 0:1, 0.5 and 0.9. Also, in Table 7, the coeHcients
(ij; (i; j=P; T; C) obtained from Eqs. (48)–(53), which are valid in the hydrodynamic
limit (� → ∞), are given.

Table 1
Kinetic coeHcients vs. the gas rarefaction � for the Ne–Ar mixture with C0 = 0:1

� (PP (TT (CC −(TP =−(PT (CP = (PC −(CT =−(TC

Rigid spheres
1.0 (−3) 4.3447 9.7492 6.4513 (−1) 1.8873 1.8428 (−1) 8.1291 (−2)
1.0 (−2) 3.1034 6.8492 4.5540 (−1) 1.2688 1.3247 (−1) 5.6814 (−2)
1.0 (−1) 2.0720 4.1235 2.7329 (−1) 7.4568 (−1) 8.0588 (−2) 3.5950 (−2)
1.0 1.5687 1.7789 1.1282 (−1) 3.7077 (−1) 3.2054 (−2) 1.9736 (−2)
1.0 (1) 2.7873 3.4517 (−1) 1.9851 (−2) 9.9167 (−2) 5.0455 (−3) 4.5728 (−3)
1.0 (2) 1.7696 (1) 3.7667 (−2) 2.1184 (−3) 1.1678 (−2) 5.2409 (−4) 5.0614 (−4)

Realistic potential
1.0 (−3) 4.3453 9.7505 6.4668 (−1) 1.8875 1.8581 (−1) 8.1919 (−2)
1.0 (−2) 3.1039 6.8511 4.5746 (−1) 1.2690 1.3398 (−1) 5.6872 (−2)
1.0 (−1) 2.0725 4.1272 2.7706 (−1) 7.4553 (−1) 8.2050 (−2) 3.4078 (−2)
1.0 1.5690 1.7848 1.1856 (−1) 3.7046 (−1) 3.3021 (−2) 1.5421 (−2)
1.0 (1) 2.7878 3.4757 (−1) 2.1980 (−2) 9.9420 (−2) 4.9308 (−3) 2.8686 (−3)
1.0 (2) 1.7697 (1) 3.7961 (−2) 2.3673 (−3) 1.1727 (−2) 4.9367 (−4) 3.0279 (−4)
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Table 2
Kinetic coeHcients vs. the gas rarefaction � for the Ne–Ar mixture with C0 = 0:5

� (PP (TT (CC −(TP =−(PT (CP = (PC −(CT =−(TC

Rigid spheres
1.0 (−3) 4.4871 1.0069 (1) 4.4730 1.9502 8.1505 (−1) 3.5955 (−1)
1.0 (−2) 3.2072 7.0807 3.1365 1.3128 5.8409 (−1) 2.5149 (−1)
1.0 (−1) 2.1371 4.2620 1.8589 7.7176 (−1) 3.5201 (−1) 1.6092 (−1)
1.0 1.5996 1.8305 7.4601 (−1) 3.8123 (−1) 1.3514 (−1) 8.9259 (−2)
1.0 (1) 2.8052 3.5491 (−1) 1.2603 (−1) 1.0133 (−1) 2.0280 (−2) 2.0031 (−2)
1.0 (2) 1.7712 (1) 3.8768 (−2) 1.3357 (−2) 1.1965 (−2) 2.1005 (−3) 2.2052 (−3)

Realistic potential
1.0 (−3) 4.4870 1.0069 (1) 4.4740 1.9501 8.1457 (−1) 3.5861 (−1)
1.0 (−2) 3.2071 7.0825 3.1423 1.3125 5.8416 (−1) 2.4797 (−1)
1.0 (−1) 2.1373 4.2692 1.8800 7.7062 (−1) 3.5395 (−1) 1.4870 (−1)
1.0 1.5999 1.8444 7.8372 (−1) 3.7999 (−1) 1.3815 (−1) 6.6998 (−2)
1.0 (1) 2.8053 3.6047 (−1) 1.3882 (−1) 1.0187 (−1) 1.9870 (−2) 1.2030 (−2)
1.0 (2) 1.7712 (1) 3.9437 (−2) 1.4819 (−2) 1.2066 (−2) 1.9990 (−3) 1.2688 (−3)

Table 3
Kinetic coeHcients vs. the gas rarefaction � for the Ne–Ar mixture with C0 = 0:9

� (PP (TT (CC −(TP =−(PT (CP = (PC −(CT =−(TC

Rigid spheres
1.0 (−3) 4.3585 9.7803 2.9107 (1) 1.8934 1.2469 5.5008 (−1)
1.0 (−2) 3.1133 6.8715 2.0194 (1) 1.2730 8.8891 (−1) 3.8520 (−1)
1.0 (−1) 2.0781 4.1368 1.1729 (1) 7.4812 (−1) 5.2735 (−1) 2.5042 (−1)
1.0 1.5723 1.7845 4.4955 3.7157 (−1) 1.9109 (−1) 1.4014 (−1)
1.0 (1) 2.7914 3.4649 (−1) 7.1414 (−1) 9.9462 (−2) 2.7081 (−2) 3.0258 (−2)
1.0 (2) 1.7700 (1) 3.7817 (−2) 7.4973 (−2) 1.1720 (−2) 2.8044 (−3) 3.3117 (−3)

Realistic potential
1.0 (−3) 4.3578 9.7787 2.9213 (1) 1.8930 1.2345 5.4249 (−1)
1.0 (−2) 3.1127 6.8706 2.0333 (1) 1.2726 8.7892 (−1) 3.7339 (−1)
1.0 (−1) 2.0779 4.1381 1.1964 (1) 7.4742 (−1) 5.2509 (−1) 2.2465 (−1)
1.0 1.5722 1.7886 4.8040 3.7102 (−1) 1.9714 (−1) 1.0067 (−1)
1.0 (1) 2.7907 3.4806 (−1) 8.0466 (−1) 9.9585 (−2) 2.7400 (−2) 1.7437 (−2)
1.0 (2) 1.7699 (1) 3.8002 (−2) 8.5091 (−2) 1.1741 (−2) 2.7743 (−3) 1.8383 (−3)

The negative sign at some of the kinetic coeHcients, corresponding to cross e4ects,
imply that in these cases there is a mass �ow or a heat �ux opposite to the main �ow
or �ux due to the imposed thermodynamic force (gradient). For example, the negative
sign in front of (PT and (CT , imply that there is �ow caused by the temperature
gradient, from a lower to a higher temperature, known as thermal creep and thermal
di4usion (or Soret e4ect) �ows, respectively.
For all cases considered here (PP has the so-called Knudsen minimum at (Kn ∼ 1),

while all other coeHcients are decreased when the rarefaction parameter � is increased.
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Table 4
Kinetic coeHcients vs. the gas rarefaction � for the He–Xe mixture with C0 = 0:1

� (PP (TT (CC −(TP =−(PT (CP = (PC −(CT =−(TC

Rigid spheres
1.0 (−3) 6.1070 1.3711 (1) 2.4824 2.6612 2.0307 8.9070 (−1)
1.0 (−2) 4.3703 9.6813 1.7710 1.8010 1.4530 6.1063 (−1)
1.0 (−1) 2.8593 5.8247 1.0868 1.0605 8.9365 (−1) 3.6299 (−1)
1.0 1.9267 2.4557 4.7538 (−1) 5.1259 (−1) 3.8871 (−1) 1.6808 (−1)
1.0 (1) 2.8820 4.7045 (−1) 9.2012 (−2) 1.2896 (−1) 7.3750 (−2) 3.4461 (−2)
1.0 (2) 1.7736 (1) 5.1425 (−2) 1.0008 (−2) 1.5045 (−2) 7.9721 (−3) 3.7634 (−3)

Realistic potential
1.0 (−3) 6.1456 1.3800 (1) 2.5232 2.6801 2.0715 9.1041 (−1)
1.0 (−2) 4.4088 9.7807 1.8132 1.8180 1.4943 6.2762 (−1)
1.0 (−1) 2.8981 5.9572 1.1343 1.0710 9.3699 (−1) 3.7077 (−1)
1.0 1.9622 2.6120 5.2821 (−1) 5.1558 (−1) 4.3168 (−1) 1.6443 (−1)
1.0 (1) 2.8951 5.2953 (−1) 1.1353 (−1) 1.3108 (−1) 8.8919 (−2) 3.1817 (−2)
1.0 (2) 1.7739 (1) 5.8759 (−2) 1.2636 (−2) 1.5441 (−2) 9.7205 (−3) 3.3798 (−3)

Table 5
Kinetic coeHcients vs. the gas rarefaction � for the He–Xe mixture with C0 = 0:5

� (PP (TT (CC −(TP =−(PT (CP = (PC −(CT =−(TC

Rigid spheres
1.0 (−3) 1.0844 (1) 2.4360 (1) 1.0833 (1) 4.7462 7.7122 3.3852
1.0 (−2) 7.8049 1.7358 (1) 7.7462 3.2467 5.5364 2.3294
1.0 (−1) 5.0465 1.0539 (1) 4.8018 1.9278 3.4447 1.4007
1.0 3.0158 4.4534 2.1872 9.1884 (−1) 1.5625 6.7512 (−1)
1.0 (1) 3.2652 8.7344 (−1) 4.4886 (−1) 2.2321 (−1) 3.1405 (−1) 1.4608 (−1)
1.0 (2) 1.7955 (1) 9.6574 (−2) 4.9343 (−2) 2.6175 (−2) 3.4287 (−2) 1.6087 (−2)

Realistic potential
1.0 (−3) 10.909 (1) 2.4512 (1) 1.0899 (1) 4.7773 7.7831 3.4182
1.0 (−2) 7.8720 1.7541 (1) 7.8236 3.2739 5.6125 2.3543
1.0 (−1) 5.1240 1.0830 (1) 4.9192 1.9405 3.5411 1.3968
1.0 3.1057 4.8564 2.3691 9.1427 (−1) 1.6882 6.3291 (−1)
1.0 (1) 3.3024 1.0386 5.3403 (−1) 2.2543 (−1) 3.6447 (−1) 1.2377 (−1)
1.0 (2) 1.7966 (1) 1.1732 (−1) 5.9880 (−2) 2.6926 (−2) 4.0148 (−2) 1.3112 (−2)

This behavior is similar to the single gas case. In the hydrodynamic regime, i.e., for
large values of �, the numerical values of the coeHcient (PP tend to those calculated by
Eq. (48). All other kinetic coeHcients (ij; (i; j=P; T; C) approach to the corresponding
ones, given in Table 7. In particular, for �= 100, in most cases there is an agreement
at least up to two signi?cant ?gures.
The dependence of the results on the choice of the intermolecular interaction potential

is studied, by comparing the corresponding results given in Tables 1–6, for the rigid
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Table 6
Kinetic coeHcients vs. the gas rarefaction � for the He–Xe mixture with C0 = 0:9

� (PP (TT (CC −(TP =−(PT (CP = (PC −(CT =−(TC

Rigid spheres
1.0 (−3) 8.3897 1.8842 (1) 2.0977 (1) 3.6684 6.8039 2.9814
1.0 (−2) 6.0517 1.3434 (1) 1.4964 (1) 2.5081 4.8737 2.0480
1.0 (−1) 3.9984 8.2473 9.3289 1.4968 3.0633 1.2513
1.0 2.6609 3.6657 4.4633 7.4169 (−1) 1.4885 6.4810 (−1)
1.0 (1) 3.3488 7.6774 (−1) 9.8977 (−1) 2.0137 (−1) 3.3468 (−1) 1.4860 (−1)
1.0 (2) 1.8109 (1) 8.5864 (−2) 1.1022 (−1) 2.4422 (−2) 3.7385 (−2) 1.6410 (−2)

Realistic potential
1.0 (−3) 8.3444 1.8740 (1) 2.1058 (1) 3.6454 6.7448 2.9494
1.0 (−2) 6.0122 1.3347 (1) 1.5065 (1) 2.4862 4.8264 2.0110
1.0 (−1) 3.9790 8.2093 9.5047 1.4768 3.0581 1.1946
1.0 2.6827 3.7005 4.7820 7.2377 (−1) 1.5686 5.6157 (−1)
1.0 (1) 3.3706 7.8756 (−1) 1.1645 1.9279 (−1) 3.9485 (−1) 1.0659 (−1)
1.0 (2) 1.8111 (1) 8.8275 (−2) 1.3235 (−1) 2.3187 (−2) 4.5275 (−2) 1.1023 (−2)

Table 7
Kinetic coeHcients in the hydrodynamic regime computed by Eqs. (49)–(53)

C0 Ne–Ar He–Xe

0.1 0.5 0.9 0.1 0.5 0.9

Rigid spheres
�(TT 3.8018 3.9134 3.8170 5.1916 9.7619 8.6891
�(CC 0.2134 1.3441 7.5348 1.0099 4.9843 11.148
�(PC 0.0529 0.2108 0.2811 0.8038 3.4614 3.7819
−�(TC 0.0512 0.2228 0.3343 0.3799 1.6253 1.6583
−�(PT 1.1880 1.2172 1.1928 1.5291 2.6621 2.4926

Realistic potential
�(TT 3.8318 3.9815 3.8358 5.9413 11.884 8.9347
�(CC 0.2386 1.4922 8.5606 1.2779 6.0606 13.413
�(PC 0.0498 0.1995 0.2776 0.9818 4.0560 4.5922
−�(TC 0.0305 0.1276 0.1849 0.3401 1.3191 1.1061
−�(PT 1.1933 1.2279 1.1945 1.5716 2.7441 2.3645

sphere and the realistic potential cases. First, it is clearly seen that the coeHcient
(PP is practically insensitive to the intermolecular potentials, while the coeHcients
(TT and (PT or ((TP) are slightly sensitive to the potential in most cases studied
here. From the other hand, the discrepancy in the values of (CC , (CT or ((TC) and
(CP or ((PC) for the two potentials become signi?cant, particularly when �¿ 10−1.
Thus, the implementation of the rigid sphere model in the two gaseous mixtures tested
here, provide accurate results for the four among the nine reduced kinetic coeHcients
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Fig. 1. Kinetic coeHcients vs. the concentration C0 for � = 1 and realistic potential.

involved. As a consequence, it may be concluded that the rigid sphere model should
be avoided in gaseous mixture �ows, particularly when the di4usion �ow problem is
studied. It may be also stated that the e4ect of the intermolecular interaction potential
is more dominant in the He–Xe mixture rather than in the Ne–Ar mixture.
The behavior of the kinetic coeHcients in terms of the molar concentration C0 for

both mixtures and � = 1 is shown in Fig. 1. It is useful to remind that, due to the
de?nition of the molar concentration, higher values of C0 correspond to higher values
of n1, which is taken always to be the lighter species. As it was expected the variation
of C0 has a much more signi?cant e4ect on the results of the He–Xe mixture, which
has a larger ratio of the molecular masses than the Ne–Ar mixture. Actually, the
coeHcients (PP , (TT and (PT or ((TP) have a small variation for 06C06 1. The
coeHcient (CC is the one with the most strong dependency on C0 and it increases by
increasing the concentration of the lighter component. Note, the values of the kinetic
coeHcients (CC , (CP (or (PC) and (CT (or (TC) at C0 = 1 must be considered as
limit values because the concentration C0 = 1 means that the ?rst component of the



16 S. Naris et al. / Physica A ( ) –

ARTICLE IN PRESS

mixture is single and the corresponding phenomena do not exist. In other words, the
limit values correspond to the concentration very close to unity but not equal to unity.
The behavior of the (ij in terms of C0, shown in Fig. 1 for �=1, is similar for other
values of �. The main di4erence is that as � increases, the value of the concentration
where the peak values of the (ij occurs, moves from left to right (from zero to one).
Finally, the velocity pro?les of each species of the two mixtures are presented in

Figs. 2–7, for � = 0:1; 1 and 10 and for C0 = 0:1; 0:5 and 0:9. For � = 0:1 and 1
the velocities of each component are di4erent. For �= 10 the velocities are parabolic
and almost equal to each other that corresponds to the hydrodynamic solution. When
the �ow is due to pressure or temperature gradients the lighter component has always
the higher velocity even near the hydrodynamic regime. When the �ow is due to a
concentration gradient the velocities of each component have the opposite directions.
In this case, for small values of C0 the light particles have higher, but for high values
of C0 it is the other way around.

7. Concluding remarks

The �ow of binary gaseous mixtures between two parallel plates driven by gradi-
ents of pressure, temperature and concentration has been studied on the bases of the
McCormack model. The solution is complete in the sense that it includes the inves-
tigation of both direct and cross e4ects and it is accurate for the whole range of the
gas rarefaction. Numerical results are presented for two binary mixtures of noble gases
(Ne–Ar and He–Xe) with various values of the molar concentration. The results in-
clude velocity pro?les across the channel of each component of the two mixtures and
the so-called reduced kinetic coeHcients, which satisfy Onsager–Casimir reciprocity
relations. Then the overall quantities, which are important for engineering purposes,
are deduced. Analytical expressions for the kinetic coeHcients at the hydrodynamic
limit have been derived. The in�uence of the intermolecular interaction potential is
also investigated by comparing the results for the rigid sphere model with those of a
realistic potential, based on an experimental data. It has been concluded that the rigid
sphere model should be avoided in gaseous mixture �ows particularly when the dif-
fusion �ow problem is studied. The present work provides a better understanding and
some helpful knowledge on the gaseous mixture behavior in terms of several parame-
ters, such as molecular masses and diameters ratios of the species, molar concentration,
intermolecular interaction laws and rarefaction parameter.
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Appendix A. Basic elements of the McCormack linearized collision term

The McCormack linearized collision term [19] for the �ow problems under investi-
gation reads

L� h� =−$� h� + 2

√
m�

m

[
$� u� − 2(1)� (u� − u )− 1

2
2(2)� 

(
q� − m�

m 
q 

)]
c�x

+4[($� − 2(3)� )#� + 2(4)� # ]c�xc�y +
4
5

√
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[
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+ 2(6)� 

√
m 

m�
q − 5

4
2(2)� (u� − u )

]
c�x

(
c2� −

5
2

)
; �;  = 1; 2: (A.1)

The collision frequencies $� = $�� + $� are expressed as

$� =
S�S − 2(4)� 2

(4)
 �

S + 2(4)� 

; (A.2)

where

S� = 2(3)�� − 2(4)�� + 2(3)� : (A.3)

In Eqs. (A.2) and (A.3), �= 1; 2 and  �= �. In addition

2(1)� =
16
3

m� 

m�
n 711� ; (A.4)

2(2)� =
64
15

(
m� 

m�

)2
n 

(
712� −

5
2
722� 

)
; (A.5)

2(3)� =
16
5

m2� 
m�m 

n 

(
10
3

711� +
m 

m�
722� 

)
; (A.6)

2(4)� =
16
5

m2� 
m� m 

n 

(
10
3

711� − 722� 

)
; (A.7)

2(5)� =
64
15

(
m� 

m�

)3 m�

m 
n 

[
722� +

(
15m�

4m 
+
25
8

m 

m�

)
711� 

− 1
2

m 

m�
(5712� − 713� )

]
; (A.8)

2(6)� =
64
15

(
m� 

m�

)3(m�

m 

)3=2
n 

[
−722� +

55
8

711� −
5
2
712� +

1
2
713� 

]
; (A.9)

and

m� =
m�m 

(m� + m )
: (A.10)
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The 7ij
� are the Chapman–Cowling integrals [1], which for the rigid sphere interac-

tion read

7(ij)� =
(j + 1)!
8

[
1− 1 + (−1)i

2(i + 1)

](
�kT
2m� 

)1=2
(d� + d )2 : (A.11)

For the realistic potential case the integrals 7ij
� are calculated from the expressions

given in Ref. [41].
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