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Abstract Oscillatory, rarefied, linear and nonlinear fully developed flows of single
gases and binary gas mixtures, driven by external harmonic mechanisms with arbi-
trary frequency, have been recently considered by the authors in a series of works.
Here, these works are reviewed by focusing on the most notable findings. More
specifically, the effects of the oscillation frequency on the velocity overshooting
and gas separation phenomena in gas mixture flows and of the oscillation amplitude 1o
on the flow pattern in nonlinear single gas flows are presented. Modeling is based 1
in the former case on the McCormack kinetic model and in the latter one on the 12
DSMC method. In general, as the flow becomes more rarefied higher frequencies are 13
needed to trigger the overshooting phenomenon, which becomes more pronounced 14
as the molecular mass of the gas species is increased. Notably, gas separation may 1s
be present in the whole range of gas rarefaction, provided that the flow is subject 16
to adequate high oscillation frequency. Finally, the presence of strong external 17
harmonic forces does not significantly affect the oscillatory macroscopic quantities, 18
including the mass flow rate (no distortion of the amplitude-frequency curve), except 19
of the oscillatory axial heat flux, which exhibits a non-sinusoidal pattern. 20
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1 Introduction 21

Rarefied boundary-driven oscillatory flows of single gases have been extensively 22
investigated over the last two decades [1-7]. These flows are present in various res- 23
onator structures [8, 9], while acoustic enhancement or attenuation (even cloaking) 24
may be achieved in viscous-thermal fluids [10]. Propagation of sound waves due 25
to mechanical and thermal excitation through binary gas mixtures has been also 26
considered [11-13]. 27
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The corresponding rarefied pressure-driven oscillatory gas flows have attracted
much less attention, although there are employed in vapor deposition [14], microflu-
idic oscillators and pumps [15] and cryogenic pulse tubes [16]. Of course, in the
hydrodynamic regime, pressure-driven oscillatory gas flows have been thoroughly
examined and are encountered in numerous technological fields ranging from
pneumatic lines and control systems [17], reciprocating pumps [18], combustion
engines, and bioengineering to enhancement of thermal diffusion in mass and heat
transfer processes, species contaminants dispersion and gas separation or mixing
[19, 20]. Experimentally, oscillatory-type pressure-driven gas flows may be realized
by reciprocating pistons [21] or membranes [22] or by oscillating the channel itself
[23].

Although boundary and pressure gradient oscillatory flows have certain similari-
ties, such as the traveling wave disturbance causing the flow, they also have various
differences related to the involved physical phenomena and quantities of practical
interest. The general mechanisms occurring in oscillatory boundary-driven flows
include inertia and viscous forces, while in pressure gradient flows, in addition to the
above, pressure forces are also considered. In the latter case, the difference in time
scales of pressure and viscous forces may lead to unexpected results, such as the
annular effect (velocity overshooting) and enhanced gas separation, which are not
observed in former case. Also, in boundary-driven flows we are mainly interested
in velocity and shear stresses, while in oscillatory pressure gradient flows including
pulsatile flows, we are also interested in the computed flow rates.

Taking into consideration that oscillatory pressure- driven gas flows in the
hydrodynamic regime are very common, along with the progress in fabrication
techniques of micro devices, it is reasonable to expect that oscillatory pressure-
driven rarefied flows of single gases and gas mixtures will be also widely employed,
in the short future. Therefore, very recently, some theoretical studies in fully
developed oscillatory gas flows in capillaries [24—27] have been reported. Here,
the most notable results of the detailed analysis in [24—27] for linear and nonlinear
fully developed flows of single gases and binary gas mixtures are presented.

2 Linear Oscillatory Fully Developed Binary Gas Mixture
Flow

Consider the time-dependent, isothermal, rarefied flow of a binary gas mixture
between two infinite long parallel plates fixed at y/ = +H/2, connecting two
containers, as shown in Fig. 1. The pressure in the two containers harmonically
oscillates as 13j (t’) =R [Pj exp (—iwt’)], j = 1,2, resulting in the externally
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Fig. 1 Oscillatory flow configuration

imposed harmonically oscillating pressure gradient, along the parallel plates, of the
form

dP dpP .y
= R [dx’ exp (—iwt )i| . (1)
Here, P (x',t') = P (x')exp(—iot’) is the oscillatory pressure in the x'—

direction parallel to the plates, d P/dx’ and w refer to the amplitude and frequency,
respectively, of the oscillatory pressure gradient d P/dx’ and ¢’ is the time, while
R denotes the real part of a complex expression i = +/—1). The well-established
assumption that the fluid oscillates in bulk or en mass, i.e., that all quantities oscillate
with the same frequency as the pressure gradient, is applied [28]. Thus, this is an
harmonically oscillating, fully developed flow (pressure and density remain constant
at each cross section, while all other macroscopic distributions depend only in the
y’—direction normal to the plates).

The binary gas mixture consists of two monatomic species of molecular masses
my, with the index “o = 1,2, always referring, without loss of generality,
to the light and heavy species of the mixture, respectively. The corresponding
local number densities of the mixture components, defined by 7, (t’ ), oscillate
harmonically as 7 (') = R[ngexp (—iwt’)], where ny, & = 1,2, is the local
amplitude of the oscillating number density of each species. The number density
of the mixture is 71 (t') = 71y (t') + 72 ('), while the molar fraction of the mixture
is defined as the ratio of the number density of the light species over the mixture
number density, given by C (') = R[Cexp(—iwt')], with C = ni/n =
ni/ (n1 + n2), being the local amplitude of the molar fraction. The molar fraction
amplitude of the heavy species is | — C. The mean molecular mass of the mixture
is given by m = Cmj 4+ (1 — C) ma. The number densities of the species and
the mixture are related to the corresponding pressures with the equation of states
as Py, = figkT and P = 7ikT, respectively, where P, are the partial pressures,
P = Py + P is the total pressure, T is the reference temperature. The mass densities
of the species and the mixture are defined as p, = myn, and p = mn, respectively.

The deduced time-dependent flow quantities of practical interest include the bulk
velocity U (¢, '), shear stress , (', y") and heat flow Ou (¢, ') of the two
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species o = 1,2, which depend on y’, the space independent variable vertical to
the plates and vary harmonically with time " as

Zo (t',Y) =R[Za (y') exp (—iwt)], 2)

where Zo (1,y) = [Ou(023) (1. 5) . Ou (¢, )] while Zq (v) =
[Us (), Mo ('), Qu (')] is a vector of the corresponding complex functions.

In addition, the oscillatory particle flow rates of the two species are given by

_ H/2

Jo (') = R[Juexp(—iot')], where Jo = ng [ Usdy', as well as the

—~H/2

corresponding mixture particle flow rate J = J; + J>, are complex functions.
Furthermore, the dimensionless independent space and time variables x =

x'/H,y = y//Hand t = t'w, are introduced. The dimensionless amplitude of the

local oscillatory pressure gradient is

H dP (X)) 1 dP(x)

TpPw) dy Py dx b ®)

The bulk velocity, shear stress and heat flow in Eq. (2) are nondimensionalized by

(vX), (2P X) and (vPX), respectively, with v = \/ 2kT / m being the characteristic
speed of the mixture, to yield:

B (1.3) = R[ g (0 exp (=in)] = 9 () cos [t = o7 ()] )

where ¢y (f,y) = [ﬁa t,y), o (t,y),qq (t, y)]. In Eq. (4) the superscripts (A)
and (P) refer to the amplitude and the phase angle, respectively, of each complex
quantity.

Furthermore, the flow rates J, (t’ ) are nondimensionalized by (PXH/mv) to
obtain the dimensionless oscillatory particle flow rates of each species

Go () =R [Ga exp (—it)] =R [GéA) exp [i (G((XP) - t)]] = GéA) cos [t - GéP):l ,
(5)

where

Go = GW exp (iGgf’)) =2 f o ©6)

Also, the dimensionless oscillatory particle flow rate of the mixture is given by
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G =R [G exp (—it)] =R [G(A) exp [i (G(P) - t)]] =G cos [t - G(P)] ,
(7)

where G = CG1 + (1 — C) G», with the superscripts (A) and (P), always referring
to amplitudes and phase angles, respectively.

The oscillatory binary gas mixture flow between parallel plates is also character-
ized by the gas rarefaction and oscillation parameters, given by

PH P
§ = and 6 = , (3
wu U

respectively, where p is the gas viscosity at some reference temperature 7', v is the
characteristic speed of the mixture, the ratio (P/u) is the intermolecular collision
frequency. The composition of the binary gas mixture, i.e., the molecular masses 71
and mo, as well as the amplitude of the molar fraction C, must be also specified.

Next, the kinetic formulation, based on the McCormack model [29], is shortly
presented. Due to the condition X < 1 the unknown time-dependent distribution
function of each species can be linearized in a standard manner and the linearized
distributions are accordingly projected to yield the following set of kinetic equa-
tions:

5 [my 0D,
_19 m Dy + Cay 3y + WY o Pu =

1 m 1 1 2 m
_2\/ma v {y“ua B U‘E‘ﬂ) (a —up) - 2v<§fﬂ) <qa - m;qﬂ> "

m 3
12, [(ve = o2+ o) — o) @+ gt
a

2 6 ® © [mp 5 @ ) 1
w3 | (ra a0 @ = o) oo = 03 - n)| (-5 ) ]
)

L my 6 oY,
—1i m e'lfa—i—cay ay +w0¢yal1/a =

4 5 6 m 5 2
= con[(ra oD+ 0 o) a0 + U;;\/mﬂqﬁ_ 2 aug) |- (0)
a

Here, @, and ¥, are complex perturbed distribution functions for each species,

we = §(C/yi+1=0C)/n) \/ma/m and ¥, (a =1,2) are the collision
frequencies of each species [30]. Also, o, 8 = 1,2, with « # g, while the

112
113
114
115

116
17
118
119
120
121
122
123
124

125

126

127

128

129

130

131

132



268 A. Tsimpoukis et al.

expressions for the quantities ngs) are given in terms of the Chapman-Cowling
integrals as in [30]. The macroscopic quantities uy, @, and g, at the right hand
side of Egs. (9) and (10) are defined in Eq. (4), respectively, and after applying the
linearization and projection procedures, they are obtained as moments of &, and

Y, as follows:

1 o
Ug (y) = \/7_[ / D, exp <_Cczty) dcays a1
1 a [
@y (y) = Jr \/’:1 /; DyCay CXp <_Ciy) dcay, (12)
1 o0 1
©wO= /_ N [% + (cﬁy - 2) %} exp (—ciy ) deay. (13)

In the present work purely diffuse reflection at the walls is assumed.

The above set of equations is computationally solved based on the discrete
velocity method in the ¢, space and on the second-order diamond finite difference
scheme in the y space. The discretized equations are solved in an iterative manner
between the kinetic equations (9) and (10) and the moment equations (11)—(13).
More information about the numerical scheme may be found in [27].

Computational results are presented for the mixture flow rate amplitude and
phase angle (Fig.2), the velocity and shear stress distributions (Fig.3) and the
ratio of the flow rate amplitudes of the species (Fig.4) in a wide range of the
gas rarefaction and oscillation parameters § and 6, as well as of the molar fraction
C € [0, 1] for the He—Xe mixture with m>/m| = 32.8.

In Fig. 2, the He—Xe flow rate amplitude G4 and phase angle GP) are presented
in terms of §, with & = [1,100] and C = [0, 0.5, 0.9]. The results with C =

—5—C=0 15
12 $C=0.5 [
—o—C=0.9 I
10 —0=1 I
i ----0=100 1
_ 8F ~
< F & L
O, O |
4t 0.5
2 i
0f
1 To

Fig. 2 Mixture flow rate amplitude G‘4) and phase angle G'*) of He-Xe vs §
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Fig. 3 Velocity uE,A) (y) and shear stress wm(A) (y) amplitudes of each species of He-Xe for § = 10
and 6 = 0.1. Reprinted with permission from [27]. Copyright (2022) by the American Physical
Society
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Fig. 4 Ratio of flow rate amplitudes G(lA)/ G(ZA) of the species of He-Xe vs § € [10_4, 102].
Reprinted with permission from [27]. Copyright (2022) by the American Physical Society

0 correspond to the oscillatory single gas flow reported in [25]. The flow rate 153
amplitudes and phase angles of the mixture (C # 0) depend on the flow parameters 154
similarly to the corresponding single gas ones (C = 0). Always, the mixture flow 155
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rate amplitude is larger and the phase angle is smaller than the corresponding ones of
the single gas. At large 0 the dependency of G on 8, is not monotonic, indicating
that there is a critical 8 to obtain the maximum flow rate, while at small 8, G@ is
decreased monotonically. This is due to the fact that at low oscillation frequencies
and as long as § < 6, the variation of G™ with § has some resemblance with the
steady one, including the presence of the Knudsen minimum. Then, as § is further
increased the effect of the inertia forces becomes significant and G is decreased.
In addition, as 6 is decreased (the oscillation frequency is increased), G4 is always
decreased, while G*) (the phase angle lag with respect to the pressure gradient) is
always increased reaching the limiting value of /2 .

In Fig. 3, the distributions of the velocity and shear stress amplitudes ufo) (y) and
wo(lA) (y) of each species of the He—Xe gas mixture, with C = [0.1, 0.4,0.7, 0.9],
are provided for § = 10 and & = 0.1. The specific values of § and 6 are suitable
for investigating the velocity overshooting phenomenon in the light and heavy
species of the mixture. Velocity overshooting is due to the fact that close to the
wall, viscous and pressure gradient forces actually add to each other due to the
large phase angle lag between them. As a result, the combined effect accelerates the
fluid to higher velocities than those produced in the core by the pressure gradient
forces acting alone. For Xe, compared to He, the velocity overshooting becomes
sharper, appearing, along with its maximum value, closer to the wall inside a
much thinner layer. In the core of the flow, the velocity amplitudes of both He
and Xe become flat and they are close to the corresponding analytical amplitudes
ul = (6/28) (m/my) (see Section 3 in [27]). In parallel, @™ (y) for both He
and Xe take their highest values at the wall and they are monotonically decreased
towards the channel center. The attenuation of the shear stress amplitude of He is
smooth, diffused in the whole distance from the wall to the center, while the one of
Xe is rapid in a narrow zone close to the wall and far from the wall the shear stress of
Xe becomes zero. Since the viscous forces in the case of He act in the whole distance
between the plates, while in the case of Xe only in thin zones close to the walls,
the above observations on the velocity overshooting of He and Xe are physically
justified. This description of the velocity and shear stress amplitudes remains valid
for all molar fractions tested [27]. In brief, it is seen that as the molecular mass
of the gas species increases, the species shear stress, which is created at the wall
and is diffused into the flow, attenuates more rapidly, i.e., the Stokes layer becomes
thinner and the Richardson effect more pronounced. Velocity overshooting may be
also present in even lower rarefaction parameters provided that higher oscillation
frequencies are applied [24].

The gas separation phenomenon for various values of § and 9 is discussed next.
Gas separation in rarefied steady-state pressure-driven binary gas flows though
capillaries may be analyzed by computing the ratio of the particle flow rates J;/Ja,
which is monotonically increased as § is decreased up to its maximum value, equal
to /my/m1 (1 — C) /C, in the free molecular limit (§ — 0) [31].

In Fig. 4, the ratio of the flow rate amplitudes G(IA) / GEA) is provided in terms of §
for the He—Xe gas mixture, with C = [0, 05, 0.35, 0.65, 0.95] and 6 = [0.1, 1, 10].

199



Oscillatory Rarefied Gas Flows in Long Capillaries 271

At 6 = 10 the ratio GgA) / G;A) varies qualitatively similarly as in the steady-
state binary gas flow setup. It is about constant or slightly reduced in the free
molecular regime (at § = 0 it is equal to the corresponding steady one) and then
it is monotonically decreased asymptotically going in the slip and hydrodynamic
regimes to one. In the free molecular regime, with regard to the gas rarefaction
parameter, as 6 — 0, with 6 > 0, Eqgs.(9) and (10) tend to the corresponding
ones for steady-state binary gas flow in the free molecular limit [30]. However, at
6 = 1 and 6 = 0.1 the behavior of G(IA) /G(ZA) is completely different. It remains
about constant in free molecular regime, but then, it is increased in the transition
regime and finally, as § further increases, it keeps asymptotically increasing to some
constant value, which is the molecular mass ratio of the heavy over the light species
ma/m (G;?e) / GE(AE) = 32.8). This is in accordance to the closed-from expression
that as & — 0, G1/Gy = my/my [27]. This behavior, with the minimum and
maximum values of GgA) / G;A) appearing at the free molecular and hydrodynamic
limits, respectively, and the increase in the transition regime (completely reversed
compared to the steady-state behavior) becomes more pronounced as 6 is decreased.

It is evident that the oscillation parameter 6 has a dominant effect on the
amplitude ratio of He over Xe, which is significantly increased as 6 is decreased
(at 8 = 0.1 the flow rate amplitude of He is about thirty times larger than of
Xe). This behavior is due to the corresponding behavior of the velocity amplitudes
and it is contributed to inertia forces, which are increased with the oscillation
frequency and they influence the bulk velocity amplitude of the heavy species much
more than of the light one. Therefore, as 6 is decreased, the flow rate amplitude
of the heavy species decreases much more significantly than the light one and
although both amplitudes are decreased the velocity amplitude ratio of the light
over the heavy species is increased. This effect is magnified as the flow becomes
less rarefied overcoming diffusion effects due to increased intermolecular collisions
and therefore, as § increases the amplitude ratio keeps increasing. There is no
contradiction to general theory, since oscillatory flows approach the hydrodynamic
regime, only when both § and 6 are adequately large.

3 Nonlinear Oscillatory Fully Developed Single Gas Flow

Consider the oscillatory nonlinear fully developed flow of a monatomic rarefied
gas, confined between two parallel infinite plates at temperature 7y located at
y' = +H/2, due to an external harmonic force acting on the gas per unit mass
in the x—direction parallel to the plates [26]. The external force is defined as
F (w, 1) = F'cos(wt’), where F’ is the force amplitude. The convenient
complex factor exp (—i a)t’) previously used, cannot be employed since the force
amplitude F’" may be arbitrarily large and in nonlinear oscillatory flows the real and
imaginary parts are not separable.
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The oscillatory macroscopic distributions of practical interest, characterizing
the flow, include the x —component U,/ (y/ Ny ) of the velocity vector, the number
density N (y/ Ny ), the temperature T (y/ Ny ), and the axial and normal heat flow
components Q, (y', 1) and Q (y', t'), respectively, with —H/2 < y’ < H/2 and
0 < ¢’ < 27 /w. The most important overall quantities are the mass flow rate and
axial heat flow

HJ2 ) | [HPR2
M () = m/ N(y. 1)Uy (¥, 1')dy and Qy (1) = 0dy',
—HJ]2 HJ up

respectively, where m is the molecular mass.

The parameters defining the above dimensional flow setup include the rarefaction
parameter and oscillation parameter defined in Eq.(8). Also, the external force
parameter, defined as F = F'H/ vg, is needed. It is the inverse of the square of the
Froude number (Fr). The effect of the external force on the flow is increased with
F and nonlinear effects are becoming dominant. On the contrary, as F is decreased
the corresponding linear oscillatory flow, which is linearly proportional to the force
magnitude, is gradually recovered.

The following dimensionless variables are introduced:

/ d / / d / t/
x:x,dx= x,yzy,dyz y,t: (15)
H H H H (H/vp)
" N v — U, . — T _foy/ . P . O, . Oy
No’ * vy TO,ny 2P P 2P()’qx U()P()’qy vk
(16)

The equation of state becomes p = nt/2.
Then, the dimensionless external force acting on the gas per unit mass becomes

F (5,0, 1) = Fcos(Z t), (17)

while the dimensionless flow rate and axial heat flow are given by

M 172 ) 1/2
M (1) = 2Py (H Juo) =/1/2n(t,y)u(t,y)dy, qx (1) =[1/2qx (v, dy.
(18)

Next, the typical DSMC approach, with the No Time Counter (NTC) scheme
proposed by Bird [32], is implemented. The time evolution of the particle system
within a small time interval Az’ is split into two consecutive steps: free motion of all
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particles and binary collisions of particles. The time step A¢’ is nondimensionalized
as At = At'/ (H/vp). Purely diffuse boundary conditions are considered at the
walls, while periodic boundary conditions are applied in the x — and z— directions.
Hard sphere (HS) molecules are assumed. The external force is introduced by
accordingly altering the particle velocities at each time step, during the free motion.

Numerical results of the dimensionless flow rate and axial heat flow are provided
in terms of the force amplitude F = [0.05, 0.1, 0.5], corresponding to small,
moderate, and large force amplitudes, in a wide range of § and 6. Since the results
of the nonlinear gas flow are similar with the linear ones in terms of é and 6, only
the effect of the force amplitude is here discussed.

In Fig.5, the flow rate amplitudes G4 are divided by the external force F
in order to directly compare with the corresponding linear results (the linear
solution is proportional to F) and they are presented for § = [0.1,1,10], 6 =
[0.1,1,10,20,10%] and F = [0.05,0.1,0.5]. The linear flow rate amplitudes
obtained in [26] are also provided. It is seen that for F = 0.05 and F = 0.1 the
deviation between the corresponding DSMC and linear solutions is small for § > 1
and for all values of 6, while for § = 0.1 and 6 = [10, 20, 102] the deviation
is increased. It is evident that nonlinear effects are becoming more pronounced in
highly rarefied atmospheres (small §) and low frequencies (large 8). For F = 0.5 all
deviations between DSMC and linear results are further increased due to nonlinear
effects. Again, the largest deviations are occurring at § = 0.1 and 6 = [10, 20, 102]
(8 << 0), while the deviations remain small for § > 1, even at high frequencies.
Overall, it may be stated that the presence of strong external harmonic forces does
not significantly affect the mass flow rate of the oscillatory flow, i.e., there is no
distortion of the amplitude-frequency response curve.

The space-average axial flow g, (#) is plotted over one cycle in Fig.6 for
8 =[0.1,1,10] and 6 = [0.1, 1, 10, 20, 10°] with F = [0.05, 0, 5]. It is readily
seen that there are significant qualitative differences between the corresponding
space-average heat flow for F = 0.05 and F = 0.5. For F = 0.05, g, (t) for
all values of § and 6 has a sinusoidal behavior over time. For F = 0.5, g (¢)
shows over one cycle various patterns. It is seen that for § = 0.1 with 6 = 0.1,
6 = 1 withéd = [0.1,1] and for § = 10 and & = [0.1, 1, 10], i.e., in all cases

G,/F
SOOS EEnmE MDD
_O,.NAO\OO'—‘NJAO\DOI\)NAO\OO

10

S

)
>

<L

Fig. 5 Normalized oscillatory flow rate amplitude G4 /F vs 6 € [10_1, 102]
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Fig. 6 Space-average axial heat flux g, (¢r) vs t with F = 0.05 (up) and F = 0.5 (down) and
6 =[0.1, 1, 10, 20, 100]. Reproduced from [26], with the permission of AIP Publishing

where § > 6, g, (¢) exhibits a sinusoidal pattern. On the contrary, in all cases where 293
8 < 0, gy (t) exhibits a rather complex non-sinusoidal pattern indicating that the 204
introduced nonlinearities are responsible for the generation of oscillatory motion 295
containing several harmonics. These results are in agreement with the discussion 296
in Fig. 5, where nonlinear effects are becoming more significant in highly rarefied 297
flow (small §) and low oscillation frequencies (large 6). Also, for both values of 298
F, the amplitude of g, (), as of all other macroscopic quantities, is reduced with 6 299
and almost diminishes at very high frequencies, particularly as the gas becomes less 300
rarefied. 301

4 Concluding Remarks 302

A brief overview of rarefied, oscillatory, pressure-driven, linear and nonlinear, fully 303
developed flows of single gases and binary gas mixtures is provided, while the 304
detailed analysis may be found in [24-27]. Here, the discussion is focused on 305
the most notable findings, which include velocity overshooting, gas separation and 306
nonlinear effects. The following concluding remarks are stated: 307

* Velocity overshooting (or the so-called Richardson effect) is present in oscilla- 308
tory, rarefied single and binary gas mixture flows, but as the flow becomes more 309
rarefied higher frequencies are needed to trigger this phenomenon. 310
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Gas separation in oscillatory binary gas mixture, may be present in the whole
range of gas rarefaction provided that the flow is subject to adequate high
oscillation frequency.

Range of applicability of linear theory is much wider than expected in terms
of the imposed amplitude of the oscillatory pressure gradient. The oscillatory
axial heat flux is the mostly affected quantity and the only one that, due to
nonlinearities, may exhibit a complex pattern.

The present results may be useful in the design of technological devices operating

at moderate and high frequencies in the whole range of gas rarefaction, applicable
in various technological fields.
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