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Abstract
Thermal transpiration pumping in multistage assemblies is computationally investigated. Each stage is formed by combining 
in series-long microchannels with (a) uniform–uniform (“uni–uni”), (b) converging–uniform (“con–uni”), (c) diverging–uni-
form (“div–uni”) and (d) converging–diverging (“con–div”) rectangular cross sections. In all four investigated assemblies 
the generated pressure difference with the associated mass flow rate is fully assessed, in terms of inlet pressure, inclination 
parameter and number of stages. The analysis is based on linear kinetic modeling and is valid in the whole range of gas 
rarefaction. It is concluded that the “con–uni” and “div–uni” assemblies provide higher pressure differences and lower mass 
flow rates than the “uni–uni” assembly and they may be more suitable for specific pumping applications. The characteristics 
of the “con–uni” and “div–uni” assemblies are very close to each other. The multistage “uni–uni”, “con–uni” and “div–uni” 
assemblies are more stable when operating at small inlet pressures, where the pressure difference remains almost constant 
in wide ranges of mass flow rate. It is advisable to add as many stages as possible to increase, depending on the application, 
either the pressure difference or mass flow rate or both. Furthermore, the “con–div” assembly provides smaller pressure dif-
ferences and mass flow rates than the other three, but it is suitable for diode applications. It is characterized by the so-called 
blocking inlet pressure, where the deduced pressure difference in the converging and diverging channels is the same. A 
detailed parametrization of the blocking inlet pressure in terms of inclination ratio, mean height, temperature difference and 
gas species, has been performed. It is concluded that multistage “con–div” assemblies may be ideally applied as thermally 
driven microfluidic diodes to control or block the flow, as well as to separate the species in multicomponent gas mixtures.

1  Introduction

Following the pioneering studies of (Maxwell 1878), (Reyn-
olds 1879) and (Knudsen 1909,1910), thermally driven rar-
efied gas flows in capillaries have been extensively inves-
tigated both computationally (Sone 1966; Chernyak et al. 
1979; Ohwada et al. 1989; Sharipov and Seleznev 1998; 
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Sharipov 1996,1999; Naris et al. 2005; Alexeenko et al. 
2006; Graur and Sharipov 2009; Ritos et al. 2011; Pantazis 
et al. 2013) and experimentally (Rojas-Cárdenas et al. 2013; 
Yamaguchi et al. 2014; Rojas-Cárdenas et al. 2011). The 
theoretical justification of such flows, where the gas is flow-
ing from the cold towards the hot regions of the capillary, 
well-known as thermal creep or thermal transpiration flows, 
has been provided by (Sone 2000, 2007).

Various geometrical configurations of pumping devices, 
based on thermal transpiration, known as Knudsen pumps, 
have been proposed. They are capable of producing a pres-
sure difference, a mass flow rate or both at the same time, 
without the need of imposing external pressure gradients or 
using moving mechanical parts. In addition to the typical 
setup, consisting of narrow and wide channels of constant 
cross section (Sone et al. 1996; Aoki et al. 2007; Sheng et al. 
2014; López Quesada et al. 2019), alternative pump designs 
have been examined. They include curved channels with 
constant and varying width (Aoki et al. 2007, 2008; Leonti-
dis et al. 2014; Bond et al. 2014), channels with ratchet-type 
walls (Chen et al. 2016; Rovenskaya 2020), piping elements 
arrayed in a matrix form (Bond et al. 2016) and tapered 
channels (Tatsios et al. 2017).

The range of technological applications is broadened by 
enhancing pumping effects, based on cascade systems with 
successive stages and periodic temperature difference at 
each stage. Each pump stage contains two sub-stages: the 
pumping sub-stage, which consists of one or more narrow 
channels or a porous medium or membrane, where a positive 
temperature gradient is imposed; and the counter-flow sub-
stage, which consists of one wide channel, where a nega-
tive temperature gradient is imposed. Therefore, thermal 
transpiration is higher in the pumping sub-stage than in the 
counter-flow one and net pumping effects are achieved while 
keeping moderate temperature differences between the res-
ervoirs. The performance characteristics are defined by the 
achieved mass flow rate and the pressure difference between 
the inlet and outlet of the pump. The pressure difference is 
increased with the number of stages.

The range of tentative technological applications of 
Knudsen pumps in the MEMS industry is broad. Indica-
tively, Knudsen micropumps may be included in lab-on-chip 
miniaturized systems for gas sensing and analyzing (Qin and 
Gianchandani 2014, 2016; Cheng et al. 2017), gas separa-
tion (Nakaye et al. 2015; Nakaye and Sugimoto 2016), self-
sustained power generation (Zeng et al. 2013), actuation of 
heat pumps (Kugimoto et al. 2016, 2018) and vacuum pump-
ing (Gupta et al. 2012; An et al. 2014; Toan et al. 2018). 
However, depending on the target application, the required 
pump performance can vary considerably. For example, 
in gas chromatography microanalyzers the mass flow rate 
should be in the range of 10−7 − 10−8 kg/s, with a pressure 
difference between 1 − 10 kPa (Qin and Gianchandani 2014; 

Kim et al. 2011), while in vacuum maintaining apparatus the 
sustainable pressure difference should cover several orders 
of magnitude (from 100 kPa down to 100 Pa) with mass flow 
rates lower than 10−10 kg/s (An et al. 2014; Liu et al. 2009; 
Beek and Puers 2012).

The first microfabricated single-stage Knudsen pumps 
are reported in (Vargo 2001), where nanoporous aerogel 
is used as the transpiration membrane and in (McNamara 
and Gianchandani 2005), where the pump is formed from 
microchannel layers of the constant cross section. The fully 
integrated MEMS-based architecture, introduced in (McNa-
mara and Gianchandani (2005)), has been expanded through 
a series of works and several multistage Knudsen pumps 
with various operation characteristics have been developed 
(Gupta et al. 2012; An et al. 2014; Gupta and Gianchandani 
2011; Qin et al. 2015). Recently, an electronic micro gas 
chromatograph integrating all necessary fluidic components, 
including a bi-directional Knudsen pump, has been achieved. 
This Knudsen pump consists of a mesoporous mixed cel-
lulose‒ester membrane sandwiched between two glass dies 
and this architecture significantly reduces fabrication com-
plexity and cost (Qin and Gianchandani 2016; Cheng et al. 
2017). So far, however, the pumping effect in all fabricated 
micropumps is based on thermal transpiration flow through 
either microchannels of constant cross section or porous 
media with rather simple geometrical configuration.

Taking into consideration the great potential of these 
pumps in microfluidics, along with recent advancements in 
microfabrication, it would be interesting to consider more 
advanced thermal transpiration pump modules, based on 
the alternative pump designs described in (Aoki et al. 2007, 
2008; Leontidis et al. 2014; Bond et al. 2014,2016; Chen 
et al. 2016; Tatsios et al. 2017). In particular, the prelimi-
nary computational investigation performed in (Tatsios et al. 
2017) for temperature-driven flow between converging and 
diverging plates, paying specific attention to the diode effect 
(Tatsios et al. 2017; Szalmás et al. 2015; Graur et al. 2016), 
has indicated that, depending on the operating pressure, 
additional effects such as bidirectional flow and flow block-
ing may be observed. In addition, with this design some 
microfabrication and temperature control pitfalls related to 
the combination of narrow/wide constant cross-section chan-
nels are circumvented. Since nowadays straight and tapered 
microchannels are manufactured with the same degree of 
difficulty, assemblies based on the latter design are becom-
ing attractive.

Based on the above, in the present work, the computa-
tional methodology introduced in (Tatsios et al. 2017) is 
extended to computationally investigate and parametrize 
thermal transpiration pumping in multistage assemblies 
consisting of series of long rectangular microchannels with 
converging, diverging and constant cross sections. Combina-
tions of these different channels, taking into account actual 
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manufacturing and operational constraints, are assessed 
and fully characterized. The characteristic curves of these 
pumping devices in terms of geometry, operating pressure 
and number of stages are obtained and their efficiency with 
regard to the generated mass flow rate and the pressure dif-
ference is defined. In addition, thermally driven tapered 
diodes are investigated, demonstrating their potential as 
gas controllers and gas mixture separators in microfluidic 
devices. The most effective of the multistage cascade sys-
tems modeled in the present work will be fabricated in a 
later stage.

2 � Pump geometry, flow configuration 
and characterization parameters

The key elements of all multistage pump designs considered 
here are long rectangular channels with linearly converg-
ing and diverging, as well as constant (uniform) cross sec-
tions. To facilitate the presentation and discussion, the cor-
responding abbreviated names of these channels are “con”, 

“div” and “uni”. By combining two rectangular channels of 
(a) uniform–uniform, (b) converging–uniform, (c) diverg-
ing–uniform and (d) converging–diverging cross sections the 
single stages of four different pump designs, with abbrevi-
ated names “uni–uni”, “con–uni”, “div–uni” and “con–div” 
respectively, are formed. Finally, by adding in series a num-
ber of single stages of the same type the corresponding four 
proposed multistage assemblies are developed.

The geometry of the single stage of the four investi-
gated assemblies is shown in Fig. 1. In all cases, the single 
stages consist of two long rectangular channels with con-
stant length L and width (or depth) W  between the parallel 
walls of the channels. Thus, the length of the single stages 
is always 2L and their width is W . The longitudinal direction 
is denoted by z ∈ [0, 2L] . In the “con–uni”, “div–uni” and 
“con–div” assemblies the variable height H(z) of the tapered 
channels varies linearly between Hmin and Hmax , denoting 
the smallest and largest distances between the tapered walls, 
respectively. The tapered channel inclination parameter 
is always defined as the ratio � = Hmax∕Hmin , facilitating 
the direct comparison between pump setups consisting of 

Fig. 1   Schematic view of a single stage of the four assemblies, with 
uniform–uniform (uni–uni), converging–uniform (con–uni), diverg-
ing–uniform (div–uni) and converging–diverging (con–div) rectan-

gular cross sections; the temperature variation along the single-stage 
assemblies is also shown
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converging and diverging channels with the same inclination 
parameter ( � = �con = �div ). The case of � = 1 corresponds 
to the constant cross-section channel. The mean height 
H =

(
Hmin + Hmax

)
∕2 is taken as the reference length. In 

the “con–uni” and “div–uni” assemblies the constant height 
of the uniform channels is Hmax and finally, in the “uni–uni” 
assembly the two constant heights are H and Hmax . Further-
more, it is assumed that the temperature variation along the 
single stages is maintained as shown in Fig. 1. The lowest 
temperature TC is at z = 0 and z = 2L , while the highest one 
TH is at z = L and along the channel walls the temperature 
varies linearly between these two limiting values.

As it is well-known, due to the externally imposed and 
maintained temperature gradients, thermal creep flow is gen-
erated from the cold regions at z = 0 and z = 2L towards the 
hot region at z = L and then, due to the increased pressure 
at the hot region, pressure-driven counter flow is generated 
from the hot towards the cold regions. By taking H << L the 
flow is considered as fully developed and the end effects are 
ignored, while the pressure (and density) remains constant 
in each cross section and varies only in the flow direction, 
i.e. P = P(z) , z ∈ [0, 2L] . In the “uni–uni”, “con–uni” and 
“div–uni” assemblies the pumping sub-stage is clearly the one 
with the positive temperature gradient, while in the “con–div” 
assembly, either sub-stage may be the pumping one.

The description provided for the single stages is general-
ized for the corresponding multistage assemblies. The total 
length of the assemblies is N × (2L) , where N is the num-
ber of stages. The temperature variation is periodic with 
a period equal to 2L . The lowest TC and highest TH tem-
perature points are located at z = (2i) × L , with i = 0, 1, ...,N 
and z = (2i − 1) × L , with i = 1, ...,N  , respectively. The 
“uni–uni” configuration represents the classical Knudsen 
pump assembly, while the other three configurations are 
new proposed designs.

The flow in the above described single and multistage 
assemblies may be investigated in terms of given geometrical 
and operational parameters, by extending, in a straightforward 
manner, the well-known methodology for fully developed 
flows in single channels of various cross sections (Sharipov 
and Seleznev 1998; Tatsios et al. 2017; Graur and Ho 2014; 
Sharipov and Bertoldo 2005; Naris et al. 2014). More spe-
cifically, both pressure distribution P(z) and mass flow rate ṁ 
may be obtained by solving the first-order ordinary differential 
equation (Sharipov 1999; Graur and Ho 2014):

In Eq. (1), the geometrical parameters of the assembly ( L , 
W , H(z) and N ), the temperature variation T(z) and its gradient 

(1)

dP

dz
= −

𝜐(z)

WH2(z)GP(𝛿(z),H∕W)
ṁ

+
GT (𝛿(z),H∕W)

GP(𝛿(z),H∕W)

P(z)

T(z)

dT

dz
, z ∈ [0,N × (2L)]

dT∕dz are known. Also, �(z) =
√
2RgT(z) is the most prob-

able molecular speed and Rg is the specific gas constant. In 
addition, the kinetic coefficients GP and GT are obtained by 
solving the classical fully developed rarefied gas flow through 
a rectangular channel for the local gas rarefaction parameter

and the local cross-section aspect ratio H(z)∕W  . In Eq. (2), 
�(z) is the local dynamic viscosity varying with temperature 
according to an inverse power-law model, which is consist-
ent with the variable hard sphere molecule hypothesis (Colin 
2014). To facilitate the numerical solution of Eq. (1), coeffi-
cients GP and GT are retrieved from a kinetic database, which 
has been developed, based on the linearized Shakhov model 
subject to purely diffuse boundary conditions, in the whole 
range of � ∈ [0,∞) and H(z)∕W ∈ [0, 1] . Although tabu-
lated values of the coefficients GP and GT may be found in 
(Sharipov 1999; Graur and Ho 2014), they have been recal-
culated here for the purposes of the present work for much 
more values of H∕W  creating a dense database. The kinetic 
coefficients for � ≤ 80 are based on the kinetic solution of 
the pressure and temperature-driven flows via the discrete 
velocity method and for 𝛿 > 80 on the corresponding semi-
analytical slip solutions. The implemented values of GP and 
GT are grid independent in the physical and velocity spaces 
up to at least 4 significant digits and are provided as elec-
tronic supplementary material. The deduced mass flow rates 
and pressure differences for the pressure and temperature-
driven flows are also considered as accurate up to at least 4 
significant digits.

Equation (1) is solved as follows:

•	 When both end pressures P(0) and P(2LN) are provided, 
an initial value for the mass flow rate is assumed and 
Eq. (1) is integrated with the initial condition P(0) along 
z ∈ [0, 2LN] , using Euler method or a higher-order integra-
tion scheme. The computed outlet pressure is compared to 
the specified P(2LN) and then, the mass flow rate is accord-
ingly corrected depending upon the difference between the 
computed and specified outlet pressures. This procedure 
is repeated until ṁ and the corresponding P(z) values are 
converged.

•	 When mass flow rate ṁ with either P(0) or P(2LN) are 
specified, Eq. (1) is directly integrated along the chan-
nel to find the unknown pressure distribution including 
the pressure at one of the two-channel ends, without 
requiring an iterative procedure.

In both cases, the values of GP and GT  are accord-
ingly updated, at each integration step, based on the local 

(2)�(z) =
P(z)H(z)

�(z)�(z)
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cross-section aspect ratio H(z)∕W  and the local rarefaction 
parameter �(z).

As noted in the introduction the final objective is the 
fabrication of functional Knudsen pump and diode pro-
totypes based on the multistage designs investigated in 
the present work. Therefore, following technical discus-
sions with microfabrication experts from Laboratoire 
d’Architecture et d’Analyse des Systèmes (LAAS), Tou-
louse, France, some of the design parameters have been 
specified. The pumps will be manufactured by deposition 
of dry film photoresist layers on silicon wafers (Courson 
et al. 2014). Due to the particular fabrication process the 
channel length, the constant width between the parallel 
walls (related to the thickness of the dry film layers) and 
the mean distance (height) between the tapered walls are 
fixed to L = 200 μm, W = 100 μm and H = 10 μm respec-
tively. In addition, due to manufacturing constraints the 
minimum height Hmin > 1.5  μm, while the inclination 
ratio may vary as 1 ≤ � ≤ 10 . Since L∕H = 20 the assump-
tion of the fully developed flow is justified (Valougeor-
gis et al. 2017). In addition, in all cases H < W  and the 
mean distance H remains always the reference length. It 
is noted that changing the variable height H(z) between 
the tapered walls has a significant effect on the thermal 
creep flow, providing different performance characteris-
tics; as a consequence, when W < H the width becomes 
the characteristic length, resulting in negligible pumping 
and diode effects and this case is not considered here. 
Furthermore, the temperature at the cold spots is fixed to 
TC = 300 K, while the temperature at the hot spots is fixed 
to TH = 400 K. These temperatures and associated lengths 
are on line with the temperature gradients already applied 
in accurate measurements of thermally driven flows 
through glass tubes (Rojas-Cárdenas et al. 2013; Yama-
guchi et al. 2014; Rojas-Cárdenas et al. 2011). Finally, the 
operating pressures may vary in the range 1 − 102 kPa and 
the carrier gas is a noble monatomic gas. In the present 
work, the gas is argon (Ar), unless it is otherwise speci-
fied. The above data result in rarefied gas flows from the 
transitional up to the slip regimes with � = 0.1 − 2 × 102.

In the next section, a detailed computational investiga-
tion is performed for the four examined designs in a wide 
range of the involved not fixed geometric and flow param-
eters, to develop comprehensive guidelines concerning 
the expected performance characteristics of the multistage 
pumps and diodes.

3 � Results and discussion

The investigation includes the computed mass flow rate ṁ 
with associated pressure difference ΔP = P(2LN) − P(0) and 
pressure distribution P(z) , of the four multistage assemblies, 

in terms of the geometric and operation parameters, taking 
into account all fabrication, operation and modeling con-
straints stated above. It is expected that as ΔP is increased, 
the net mass flow rate ṁ  is decreased (Tatsios et al. 2017). 
The two limiting scenarios are as follows: the maximum 
mass flow rate, ṁmax , is obtained when the assembly ends are 
open and at the same pressure ( ΔP = 0 ), while the maximum 
pressure difference, ΔPmax , is achieved when the assembly 
ends are closed ( ṁ = 0 ). The input parameters include inlet 
pressure Pin , inclination parameter � and number of stages 
N.

In Sect. 3.1 the characteristics of thermal creep flows 
through single channels with converging, diverging and 
constant cross sections, as well as single-stage pumping per-
formances are presented. Then, in Sect. 3.2, the multistage 
“uni–uni”, “con–uni”, “div–uni” and “con–div” assemblies 
are analyzed in terms of a number of stages and associated 
pump characteristics curves. Finally, in Sect. 3.3, the investi-
gation is focused on the “con–div” assembly to demonstrate 
its potential as a thermally driven diode for bidirectional 
pumping, flow blocking and gas separation.

3.1 � Single‑stage pumping

The characterization of single channels is provided in 
Sect. 3.1.1, followed by the characterization of single-stage 
assemblies, consisting of two single channels, in Sect. 3.1.2.

3.1.1 � Single‑channel characterization

The long rectangular tapered channels considered here, 
have fixed length L = 200  μm, width W = 100  μm and 
mean height H = 10  μm with inclination parameter 
� = [1, 3, 5, 7, 10] . The corresponding minimum and maxi-
mum heights are tabulated in Table 1. The mean height is 
kept the same to compare the various channels (“con”, “div” 
and “uni”) on the same basis (i.e. same reference length), 
while the cold and hot temperatures are TC = 300 K and 
TH = 400  K, respectively. For these single rectangular 
tapered channels, detailed results for the maximum mass 
flow rate ṁmax , corresponding to ΔP = 0 , and for the maxi-
mum pressure difference ΔPmax , corresponding to ṁ = 0 , 
are presented in Figs. 2 and 3, respectively, in terms of inlet 
pressure P(0) = Pin = 1 − 102 kPa. The corresponding inlet 
values of the gas rarefaction parameter are � = 0.1 − 2 × 102.

Table 1   Geometry of rectangular tapered channels with L = 200 μm, 
W = 100 μm, H = 10 μm and various inclination parameters �

� 1 3 5 7 10

H
min

 (μm) 10 5 3.33 2.5 1.82
H

max
 (μm) 10 15 16.67 17.5 18.2
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In Fig. 2, it is shown that ṁmax is monotonically increased 
as Pin is increased from 1 kPa up to about 50 kPa, corre-
sponding to the transition up to the slip regimes. Then, as 
the inlet pressure is further increased and the flow is in the 
hydrodynamic regime, the maximum mass flow rate tends 
to a constant value. The inclination parameter has clearly 
a significant effect. More specifically, for the same Pin and 
although the mean height H = 10 μm is constant, as � is 
decreased the maximum mass flow rate is increased, with the 
uniform cross-section channel ( � = 1 ) delivering the largest 

mass flow rates compared to all tapered channels. This is due 
to the narrowing in the inlet or in the outlet of the diverg-
ing and converging channels respectively, as the inclination 
parameter is increased. Comparing tapered channels with the 
same inclination parameter � , it is observed that the mass 
flow rate in the diverging channel is always larger than in 
the corresponding converging one. This may be contributed 
to the presence of the deduced pressure-driven flow, which 
is in the counter-flow direction of the temperature-driven 
flow. It has been confirmed that in pressure-driven flow the 
mass flow rate of the converging channel is the larger one 
(Szalmás et al. 2015; Graur et al. 2016). Therefore, in the 
present temperature-driven flow setup the overall (net) mass 
flow rate of the converging channel may be expected to be 
smaller compared to the corresponding diverging one. The 
different mass flow rates indicate the presence of a diode 
effect on the mass flow rate. The computed ṁmax in the 
whole range of the examined inlet pressure is of the order 
of 10−11 kg/s.

In Fig. 3, it is seen that ΔPmax has a non-monotonic 
behavior in terms of Pin and more specifically, it initially 
increases, reaching a peak value ΔPpeak

max  at moderate values 
of Pin and then, as Pin is further increased it decreases. This 
non-monotonic behavior, resulting in two regions, for ΔPmax 
versus Pin , one increasing and the other one decreasing, is 
important and will be implemented, later on, to explain some 
of the observed technical characteristics of the assemblies. 
Furthermore, the computed maximum pressure differences 
ΔPmax vary from 20 Pa up to 170 Pa. In all cases the peak 
values of the maximum pressure differences are occurring 
in the range of Pin = 5 − 10 kPa, corresponding to gas rar-
efaction parameters � ≈ 4 − 6 , i.e., in the transition regime. 
This behavior has also been experimentally observed in 
tubes with uniform circular cross section (Rojas-Cárdenas 
et al. 2011). The inclination parameter has again a signifi-
cant effect but now in the opposite way, i.e., as � decreases 
the maximum pressure difference also decreases, with the 
uniform cross-section channel ( � = 1 ) providing the low-
est pressure differences compared to all tapered channels 
at the same inlet pressures. Clearly, as the inclination ratio 
is increased, the narrowing of the channel inlet or outlet 
results in larger pressure differences. In addition, as � is 
increased, the largest values of the maximum pressure dif-
ference, ΔPpeak

max  , are observed at slightly higher values of 
Pin . More importantly, comparing tapered channels with the 
same inclination parameter � , it is observed that at some 
specific inlet pressures, defined as blocking inlet pressures 
P∗
in

 , the maximum pressure differences ΔPmax obtained by 
the converging and diverging channels are the same. In 
Fig. 3, these crossing points are marked by red dots. In the 
region where Pin < P∗

in
 , ΔPmax for the diverging channel is 

larger than for the corresponding converging one, while in 
the region where Pin > P∗

in
 the situation is reversed. This 

Fig. 2   Maximum mass flow rate ṁ
max

 ( ΔP = 0 ) in terms of inlet pres-
sure Pin for thermal creep flow through rectangular channels of con-
verging (con), diverging (div) and uniform (uni) cross sections with 
inclination parameter � = [1, 3, 5, 7, 10] ( L = 200  μm, W = 100  μm, 
H = 10 μm)

Fig. 3   Maximum pressure difference ΔP
max

 ( ṁ = 0 ) in terms of 
inlet pressure Pin for thermal creep flow through rectangular chan-
nels of converging (con), diverging (div) and uniform (uni) cross 
sections with inclination parameter � = [1, 3, 5, 7, 10] ( L = 200  μm, 
W = 100  μm, H = 10  μm); the red dots refer to the blocking inlet 
pressure P∗

in
 , where ΔP

max
 obtained by converging and diverging 

channels with the same inclination ratio � are equal
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indicates the presence of a diode effect on the pressure dif-
ference. For clarity purposes, it is noted that, in general, the 
blocking inlet pressures P∗

in
 are different from the values of  

Pin for which the peak maximum pressure differences ΔPpeak
max  

are observed. They both appear, however, in the transition 
regime. The blocking inlet pressure, P∗

in
 , depending on � , 

varies in the range of Pin = 7 − 15 kPa and the exact val-
ues for the examined inclination parameters are provided 
in Table 2. Crossing points between the ΔPmax curves for 
converging and diverging channels with different inclination 
ratios ( �con ≠ �div ) are also observed at other inlet pressures. 
Thus, it is possible by accordingly combining converging 
and diverging channels to obtain positive, negative or zero 
pressure differences.

3.1.2 � Single‑stage characterization

Having a clear view of the flow behavior in single rectangular 
constant (uniform) and tapered cross-section channels, the 
flow characteristics of single-stage pumps for the “uni–uni”, 
“con–uni”, “div–uni” and “con–div” assemblies are now 
investigated and results are provided in Figs. 4 and 5. The 
cold temperatures are kept at T(0) = T(2L) = TC = 300 K 
and the hot one at T(L) = TH = 400  K. The length and 
the width of the single-stage pumps are 2L = 400 μm and 
W = 100  μm, respectively, and the inclination parame-
ter is � = 7 . Thus, according to Table 1 (see also Fig. 2), 
the “con–div” assembly consists of two tapered channels 
with Hmin = 2.5 μm, Hmax = 17.5 μm and H = 10 μm. The 
“con–uni” and “div–uni” assemblies consist of one tapered 
channel with the same dimensions and one uniform cross-
section channel with a height of 17.5 µm and the “uni–uni” 
assembly consists of two uniform cross-section channels 
with heights of 10 μm and 17.5 µm. Furthermore, results are 
presented for typical values of Pin = [1, 8, 50] kPa, represent-
ing low, moderate and high inlet pressures respectively. The 
moderate inlet pressure of 8 kPa has been chosen since it is 
within the range of inlet pressures where the peak values 
ΔP

peak
max  and blocking inlet pressures P∗

in
 have been observed.

In Fig. 4 the pressure distribution along the single-stage 
of the “uni–uni”, “con–uni”, “div–uni” and “con–div” con-
figurations is plotted for the closed pump ends scenario, 
where  ΔP = ΔPmax and ṁ = 0 . In all cases the pressure 
increases in the first half of the pump ( 0 ≤ z ≤ L ), reaching 
its highest value at z = L and decreases in the second half 

( L ≤ z ≤ 2L ). The total pressure difference achieved by the 
pump is ΔP = P(2L) − P(0) . In the “uni–uni”, “con–uni” 
and “div–uni” assemblies the pressure difference in the first 
channel is always larger than in the second one for all inlet 
pressures and ΔP > 0 . On the contrary in the “con–div” 
assembly, depending on the operating pressure Pin , ΔP may 
be positive or negative. More specifically, at Pin = 1 kPa and 
8 kPa the converging channel ( 0 ≤ z ≤ L ) provides a smaller 
pressure difference than the diverging channel ( L ≤ z ≤ 2L ) 

Table 2   Blocking inlet pressure P∗
in

 in rectangular tapered channels 
with L = 200  μm, W = 100  μm, H = 10  μm and various inclination 
parameters � ( T

C
= 300 K, T

H
= 400 K, working gas is Ar)

� 3 5 7 10

P
∗
in

(kPa) 7.20 7.92 9.96 12.2

Fig. 4   Pressure distribution along single-stage “uni–uni”, “con–uni”, 
“div–uni” and “con–div” assemblies with � = 7 for the closed pump 
ends scenario ( ΔP = ΔP

max
 , ṁ = 0 ) at inlet pressure Pin = [1, 8, 50] 

kPa ( L = 200 μm, W = 100 μm, H = 10 μm)
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resulting in ΔP < 0 , while at Pin = 50 kPa, ΔP > 0 . It is 
noted that in the former case Pin < P∗

in
 , while in the latter 

one Pin > P∗
in

 . It may be useful to note that the exact block-
ing pressures in single-stage “con–div” assemblies are not 
exactly the same but very close to the ones in Table 2 for 
single channels, (e.g. for � = 7 in the single-stage assembly 
P∗
in
= 9.93 kPa, instead of 9.96 kPa in Table 2). This is hap-

pening because in the single-stage setup the inlet pressure in 
the two channels of the assembly is slightly different. These 
observations demonstrate the possibility to build a device 
able to reverse the generated pressure difference when Pin 

becomes larger or smaller than P∗
in

 . Concerning the detailed 
behavior of the pressure distribution along with the single-
stage assembly, it depends on the inlet pressure, channel 
geometry and gas rarefaction parameter. In channels with 
constant cross sections, the pressure varies almost linearly, 
while in tapered channels the variation is nonlinear. More 
specifically, the pressure distribution curves in converging 
and diverging channels are convex and concave respectively. 
In general, nonlinearity becomes more evident as the inlet 
pressure is increased, i.e. as the flow is less rarefied, as 
well as the pressure difference is increased. This behavior, 
which is also qualitatively the same in pressure-driven flows 
through tapered channels, is contributed to the variation of 
the gas rarefaction due to the variation of the channel height.

In Fig. 5, the characteristic curves presenting the pressure 
difference ΔP in terms of mass flow rate ṁ are shown for the 
“uni-uni”, “con-uni”, “div-uni” and “con-div” single-stage 
pumps at Pin = [1, 8, 50] kPa. As expected, in all cases, the 
pressure difference decreases as the mass flow rate increases. 
The characteristic curves display a linear trend since only 
one stage is considered and the output pressure is very 
close to the inlet one, resulting in limited variation of the 
gas rarefaction parameter � and the associated kinetic coef-
ficients GP and GT . Of course, if several stages are added in 
series, the behavior may become nonlinear and this is clearly 
demonstrated in Sect. 3.2. Regarding the performance of 
each assembly, the characteristic curves of the “uni–uni” 
one have always the lowest slope, allowing the highest flow 
rates. Therefore, “uni–uni” assemblies are well adapted 
for generating high flow rates with limited pressure differ-
ences. However, in cases where higher pressure differences 
are needed with moderate mass flow rates, the “con–uni” 
and “div–uni” assemblies are more effective. The differences 
in the characteristic curves of the “con–uni” and “div–uni” 
assemblies are related to whether the converging or the 
diverging channel provides higher pressure difference at the 
specific inlet pressure. In the “con–div” assembly, the diode 
effect is clearly observed. More specifically, ΔP < 0 when 
Pin < P∗

in
 and ΔP > 0 when Pin > P∗

in
 , which are exactly the 

cases for Pin = 1 kPa and Pin = 50 kPa respectively. In the 
former case, the negative values of ΔP and ṁ imply that the 
flow is in the opposite direction compared to all others. At 
Pin = 8 kPa the inlet pressure is very close to the blocking 
inlet pressure P∗

in
= 9.93 kPa and therefore, the characteristic 

curve is reduced to almost a point at the coordinates’ origin, 
indicating that both the mass flow rate and the pressure dif-
ference are very close to zero. These remarks demonstrate 
the possibility to build a device, based on the “con–div” 
configuration, able not only to reverse the pressure differ-
ence as noted above but also to reverse the flow when the 
inlet pressure Pin becomes larger or smaller than the block-
ing inlet pressure P∗

in
.

Fig. 5   Characteristic curves of single-stage “uni–uni”, “con–uni”, 
“div–uni” and “con–div” assemblies with � = 7 at inlet pressure 
Pin = [1, 8, 50] kPa ( L = 200 μm, W = 100 μm, H = 10 μm)
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In addition to � = 7 , other values of the inclination param-
eter have been considered, providing results with the same 
qualitative behavior and therefore, they are not presented. 
Based on the investigation of the single-stage assemblies, it 
may be stated that the “con–uni” and “div–uni” assemblies, 
providing higher pressure differences and smaller mass flow 
rates compared to the “uni–uni” assembly, are more suit-
able in specific pumping applications, where high-pressure 
drop is required. On the other hand, the “con–div” assembly, 
providing very small bi-directional net pressure differences 
and mass flow rates, is suitable in diode applications. These 
remarks are further investigated in the next section where 
multistage assemblies are examined.

3.2 � Multi‑stage pumps and diodes

The performance of multi-stage assemblies is examined in 
terms of number of stages, type of assembly and operating 
conditions. The “uni–uni”, “con-uni” and “div-uni” assem-
blies are presented all together and are compared to each 
other (Figs. 6 and 7). The “con–div” assembly is presented 
separately (Figs. 8 and 9) for clarity purposes, because its 
mass flow rates are one order of magnitude smaller than 
the corresponding ones of the other designs, while the flow 
may be bi-directional. The geometrical characteristics and 
the temperature distribution of each stage of the multi-
stage assembles are the ones reported in Sect. 3.1. Also, the 

Fig. 6   Maximum pressure 
difference ΔP

max
 ( ṁ = 0 ) in 

terms of number of stages 
N = [1 − 1000] for “uni–uni”, 
“con–uni” and “div–uni” 
assemblies with � = 7 at inlet 
pressure P

in
= [1, 8, 50] kPa 

( L = 200 μm, W = 100 μm, 
H = 10 μm). The detailed views 
show the first 100 stages
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inclination parameter is fixed at � = 7 , while the number of 
stages N is ranging from one up to a few thousands.

In Fig. 6, the maximum pressure difference ΔPmax (cor-
responding to ṁ = 0 ) is plotted in terms of number of stages 
N = [1 − 1000] for the “uni–uni”, “con–uni” and “div–uni” 
assemblies at inlet pressure Pin = [1, 8, 50] kPa. As expected, 
ΔPmax increases with N . For a small number of stages, ΔPmax 
increases rapidly and then it keeps increasing with N , but 
with a gradually decreasing pace as the number of stages is 
increased. The rapid increase of ΔPmax in the first stages is 
observed more clearly in the detailed views for N ≤ 100 , 
included in Fig. 6. This behavior has also been reported in 
(Aoki et al. 1084; López Quesada et al. 2019) and it is due to 
the varying inlet pressure at each stage, which increases with 
N . As shown in Fig. 3, as the inlet pressure is increased, the 

pressure difference increases up to a specific value, where 
ΔP

peak
max  is reached and then it decreases. Therefore, depend-

ing on the inlet pressure at each pump stage and on whether 
this stage operates in the ascending or descending regions 
of ΔPmax , the resulting maximum pressure difference of the 
stage may be larger or smaller than of the previous one. 
As seen in Fig. 6, when the inlet pressure in the first stage 
is Pin = 1 kPa and N < 200 the pressure difference gained 
by adding a new stage is larger than of the previous one, 
while when N > 200 it is smaller. This description remains 
qualitatively the same at Pin = 8 kPa, where the transition 
occurs at a much smaller number of stages. When the inlet 
pressure in the first stage is Pin = 50 kPa, which is higher 
than the inlet pressure corresponding to ΔPpeak

max  (see Fig. 3), 
the pressure difference gained by adding a stage is always 

Fig. 7   Characteristic curves of “uni–uni” and “div–uni” multi-stage assemblies with � = 7 and N = [100, 200, 500, 1000] at inlet pressure 
P
in
= [1, 50] kPa ( L = 200 μm, W = 100 μm, H = 10 μm)
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smaller than the previous one. Furthermore, comparing the 
results between the three configurations, it is observed that 
the “con–uni” and “div–uni” assemblies have similar perfor-
mances and always provide larger maximum pressure differ-
ences compared to the “uni–uni” case. The obtained maxi-
mum pressure difference by the “con–uni” assembly may be 
larger or smaller compared to the “div–uni” one, depending 
on whether the inlet operating pressure is above or below 
P∗
in

 . More specifically, the “div–uni” assembly provides 
slightly higher ΔPmax at Pin = 1 kPa and N < 500 , as well 
as at Pin = 8 kPa and N < 100 , while in all other cases the 
“con–uni” assembly works slightly better. All these remarks 
are in agreement with the corresponding single-stage results.

The corresponding maximum mass flow rates ṁmax (asso-
ciated with ΔP = 0 ) in terms of N are not presented since 

they do not depend on the number of stages. This is readily 
justified by considering that for each assembly, all stages 
have the same geometry and the same inlet and outlet pres-
sures equal to Pin . The maximum mass flow rates are the 
ones given in Fig. 5 for a single-stage, with ΔP = 0 . Com-
paring the results between the three assemblies, it is found 
that the maximum mass flow rate of the “uni–uni” assembly 
is about 1.5 times higher than the corresponding “div–uni” 
one, which is always slightly larger than the “con–uni” one. 
In addition, the inlet pressure has a significant effect on the 
maximum mass flow rate, which is monotonically reduced 
from the order of 10−11 kg/s at Pin = 50 kPa down to the 
order of 10−12 kg/s at Pin = 1 kPa.

In Fig. 7, the characteristic curves presenting ΔP in terms 
of ṁ are shown for the “uni–uni” and “div–uni” multistage 
assemblies, with N = [100, 200, 500, 1000] at inlet pres-
sure Pin = [1, 50] kPa. The corresponding results with the 
“con–uni” assembly are omitted since they are close to the 
ones of the “div–uni” assembly. As expected, ΔP always 
decreases as ṁ increases. For a specified mass flow rate, 
the generated pressure difference increases with the number 
of stages and similarly, for a specified pressure difference, 
the produced mass flow rate increases with the number of 
stages. The mean slope of the characteristic curves increases 
with the number of stages, which is justified by the fact 
that as N  increases, ΔPmax increases, while ṁmax remains 
constant. Furthermore, it is seen that the characteristic 
curves for N = 100 at Pin = 1 kPa, as well as for N ≤ 500 
at Pin = 50 kPa, are close to linear since in the former case 
the inlet pressure is small and in the latter one the inlet and 
output pressures are relatively close to each other. However, 
as N is increased, the outlet pressures are further increased 
and the kinetic coefficients GP and GT along the pump stages 
have large variations, resulting in nonlinear characteristic 
curves. This behavior is much more evident in the low input 
pressure scenario ( Pin = 1 kPa), where the outlet pressure 
increases many times more than in the high input pressure 
scenario ( Pin = 50 kPa). It is interesting to note that at low 
inlet pressure Pin = 1 kPa and large number of stages, e.g. 
N = [500, 1000] , the pressure difference starts decreasing 
very slowly as the mass flow rate increases and then, when ṁ 
approaches its maximum value ṁmax , the pressure difference 
abruptly decreases. This behavior, which is not observed at 
high inlet pressure Pin = 50 kPa, is beneficial for assemblies 
operating at low inlet pressures, for which the flow rate can 
be significantly increased with a moderate reduction of the 
pressure difference. Comparing the two assemblies, it may 
be stated that for the same inlet pressure and number of 
stages, the “div–uni” assembly delivers higher pressure dif-
ferences and lower mass flow rates than the corresponding 
ones of the “uni–uni” assembly. The data for the intermedi-
ate inlet pressure Pin = 8 kPa are not provided since they are 
in between the reported ones, without exhibiting a specific 

Fig. 8   Maximum pressure difference ΔP
max

 ( ṁ = 0 ) and maxi-
mum mass flow rate ṁ

max
 ( ΔP = 0 ) in terms of number of stages 

N = [1 − 2000] for “con–div” multi-stage assembly with � = 7 at 
inlet pressure Pin = [1, 8, 20, 50] kPa ( L = 200  μm, W = 100  μm, 
H = 10 μm)
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behavior. Results for the multi-stage “uni–uni”, “con–uni” 
and “div–uni” assemblies, with � = 3 , 7 and 10 are also not 
reported since they are qualitatively similar with the ones 
presented here for � = 7 , taking however into considera-
tion that in general, as the inclination parameter increases, 
the pressure difference increases and the mass flow rate 
decreases.

The “con–div” assembly is now examined. It is noted 
that in the “uni–uni”, “con–uni” and “div–uni” assemblies 
the pressure difference and the mass flow rate generated by 

the first channel of each stage are always larger than the 
ones in the second channel. Therefore, the net pressure dif-
ference is always larger than zero and the mass flow rate in 
the positive z− direction. On the contrary, in the “con–div” 
assembly, where the performance characteristics of the con-
verging and diverging channels are very close to each other, 
depending on whether Pin≶P

∗
in

 , the net pressure difference 
and mass flow rate may be either larger or smaller than zero, 
corresponding to flows in the positive or negative z− direc-
tion respectively.

Fig. 9   Characteristic curves of “con–div” multi-stage assembly with � = 7 and N = [100, 500, 1000, 1500, 2000] at inlet pressure 
Pin = [1, 8, 20, 50] kPa ( L = 200 μm, W = 100 μm, H = 10 μm)
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In Fig. 8, the maximum pressure difference ΔPmax (cor-
responding to ṁ = 0 ) and maximum mass flow rate ṁmax 
(corresponding to ΔP = 0 ) are provided in terms of a num-
ber of stages N = [1 − 2000] for the “con–div” assembly 
at inlet pressure Pin = [1, 8, 20, 50] kPa. It is seen that for 
Pin = [20, 50] kPa, which are larger than P∗

in
= 9.93 kPa, the 

flow is in the positive z− direction and the qualitative behav-
ior is similar to the one shown in Fig. 7 for the “uni–uni”, 
“con–uni” and “div–uni” assemblies. On the contrary, for 
Pin = [1, 8] kPa, which are smaller than P∗

in
 , ΔPmax and ṁmax 

are negative, indicating that the flow is in the negative z− 
direction. It is also seen that for Pin = [1, 8] kPa, the abso-
lute value of ΔPmax is increased with the number of stages 
only until ||ΔPmax

|| reaches the inlet pressure Pin , since at 
ΔP = −Pin absolute vacuum is reached and the pressure can-
not be further decreased. Concerning the maximum mass 
flow rate, it is seen that although its absolute value increases 
as Pin increases from 8 to 20 kPa and then to 50 kPa, the 
reported ṁmax for Pin = 1 kPa and Pin = 8 kPa are almost 
identical. A more detailed investigation by considering vari-
ous inlet pressures has revealed that in the “con–div” multi-
stage assembly, ||ṁmax

|| does not increase monotonically with 
Pin . This is due to the fact that the mass flow rates of the 
converging and diverging channels are very close to each 
other and the absolute net mass flow rate varies in a non-
monotonic way in terms of inlet pressure.

In Fig.  9, the characteristic curves presenting ΔP in 
terms of ṁ are shown for the “con–div” multi-stage assem-
bly, with N = [100, 500, 1000, 1500, 2000] at inlet pres-
sure Pin = [1, 8, 20, 50] kPa. At P

in
= [20, 50] kPa the inlet 

pressure is larger than the blocking inlet pressure P∗
in

 and 
the characteristic curves resemble the performance of the 
ones displayed in Fig. 7 for the other assemblies, while at 
Pin = [1, 8] kPa the inlet pressure is below P∗

in
 and the flow 

is reversed, with ΔP and ṁ taking negative values. In this 
latter case, as discussed in Fig. 8, since ||ΔPmax

|| cannot be 
higher than the inlet pressure Pin , as N increases, the char-
acteristic curves are converging towards some asymptotic 
curves. This behavior is evident at Pin = 1 kPa, where the 
characteristic curves for N = [1000, 1500, 2000] are very 
close to each other and less clearly observed at Pin = 8 kPa, 
where the corresponding characteristic curves are still far 
apart. In both cases, the limited characteristic curves will 
be reached for N > 2000 . It is pointed out that the absolute 
values of ΔP and ṁ of the “con–div” multi-stage assem-
bly are significantly smaller than the corresponding ones 
for the other assemblies. Therefore, this configuration is not 
efficient for pumping purposes. However, by exploiting its 
diode characteristics (bidirectional pumping and flow block-
ing), it is quite promising as a microfluidic flow controller or 
gas mixture separator. These issues are further investigated 
in the next subsection.

3.3 � Parametric study of the blocking inlet pressure 
in tapered diodes

Having demonstrated the potential of the “con–div” assem-
bly to operate as thermally driven diode at inlet pressures 
ranging close to the blocking inlet pressure, it is interesting 
to perform a parametric study of P∗

in
 . It is evident that P∗

in
 

depends on the inclination parameter � (see Table 2), while it 
is expected to depend also on the channel geometry, the tem-
perature difference ΔT  driving the flow and the gas species. 
Furthermore, P∗

in
 is independent of the number of stages N.

Based on the above remarks, single-stage “con–div” 
assemblies, with various values of the inclination parameter 
of the diverging channel are considered, taking into account 
the fabrication constraints. As pointed out in Sect. 3.1.1, dif-
ferent blocking inlet pressures are obtained for converging 
and diverging channels with different inclination ratios. 
Therefore, the inclination parameter of the converging chan-
nel is kept constant ( �con = 7 ), while the inclination param-
eter of the diverging channel is varied as �div = [2.5 − 8.5] . 
The variation of the blocking inlet pressure P∗

in
 is plotted 

versus �div and the effect of mean height H , temperature 
difference ΔT  and working gas species are examined in 
Figs. 10, 11 and 12, respectively. The assembly length is 
always 2L = 400 μm and its width is W = 100 μm. The two 
ends of the single-stage “con–div” assemblies are considered 
as closed with ṁ = 0 . As shown in Figs. 10, 11, 12, as �div 
increases, P∗

in
 also increases, covering almost three orders of 

magnitudes from 0.1 kPa up to 102 kPa.
In Fig. 10, the blocking inlet pressure P∗

in
 versus the 

diverging channel inclination parameter �div is shown for 
H = [5, 10, 20, 40] μm. The mean height H is the same for 
the converging and diverging channels. The temperature 
difference is ΔT = 100 K and the working gas is argon. 

Fig. 10   Inlet blocking pressure P∗
in

 in terms of diverging chan-
nel inclination parameter �div for one-stage “con-div” assemblies 
with �con = 7 and �div = [2.5 − 8.5] for H = [5, 10, 20, 40] µm 
( L = 200 μm, W = 100 μm, T

C
= 300 K, ΔT = 100 K)
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It is seen that as H decreases, the blocking inlet pressure 
increases. More specifically, the blocking inlet pressures 
of the assembly are ranging from P∗

in
= [0.7 − 5.6] kPa for 

H = 40 µm to P∗
in
= [1.5 − 42.7] kPa for H = 5 µm. Concern-

ing the other geometric parameters it is noted that the results 
are independent of L (Tatsios et al. 2017), while the effect of 
W  is found to be negligible, provided that H < W .

In  Fig .   11 ,  P∗
in

 versus  �div  i s  shown for 
ΔT = [50, 100, 150, 200] K, keeping the cold temperature 
TC = 300 K. The assembly mean height is H = 10 μm, while 
the working gas is argon. As ΔT  is increased, the slope of 
the P∗

in
 versus �div curves is decreased. The largest varia-

tion of the blocking inlet pressure is observed at ΔT = 50 K, 
ranging as P∗

in
= [0.3 − 89.2] kPa and the smallest one at 

ΔT = 200 K, ranging as P∗
in
= [3.1 − 17.8] kPa. It is noted 

that although the pressure difference varies always linearly 
with the temperature difference, the associated slope varies 
with the channel inclination parameter and therefore, the 
inlet blocking pressure depends on the temperature differ-
ence. Furthermore, the curves are crossing each other at 
about �div = �con , where the values of the blocking pressure 
are approximately the same for different ΔT  , due to the fact 
that the geometrical characteristics of the converging and 
diverging channels are identical. It is evident that as ΔT  
increases, the dependency of P∗

in
 on �div reduces and this 

behavior can be attributed to the relative importance of ΔT  
and �div on the diverging channel flow. More specifically, for 
small ΔT  the inclination parameter is the dominant quantity 
affecting the flow, while for large ΔT  the temperature differ-
ence itself plays the predominant role. At this point, a com-
ment on the jumps occurring for ΔT = 50 K at �div close to 
2.7 and 3.8, where P∗

in
 takes small values close to 1 kPa, may 

be useful. As seen in Fig. 3, the crossing points between the 
dotted lines for �con = 7 and the solid lines for various val-
ues of 𝛼div < 7 move closer to 1 kPa, while the correspond-
ing pressure difference curves are getting very close and 
almost parallel to each other. As a result, small changes in 
�div may produce relatively large changes in P∗

in
 . This behav-

ior, observed in Fig. 3, which is for ΔT = 100 K, becomes 
more evident as ΔT  is decreased and therefore the jumps are 
present for ΔT = 50 K, while there are no jumps for higher 
temperature differences. It is important to note that unlike H , 
which is fixed once the “con–div” assembly is manufactured, 
the temperature difference ΔT is an operating parameter that 
can be easily modified by controlling the power input, allow-
ing the easy adjustment of the inlet blocking pressure for a 
given “con–div” geometry. In general, the variation of P∗

in
 

with ΔT is very small when the inclination parameters of the 
converging and diverging channels are close, but it is getting 
large when the difference between them is increased. Thus, 
devices interchanging the pressure difference between two 
reservoirs in wide or narrow ranges of P∗

in
 , depending upon 

the target application, may be designed.
In Fig. 12, P∗

in
 versus �div is shown for different work-

ing gases, namely helium (He), neon (Ne), argon (Ar) and 
xenon (Xe), with molecular masses 4.0026, 20.183, 39.948 
and 131.3 Da, respectively. The assembly mean height is 
H = 10 μm, while the temperature difference is ΔT = 100 K. 
It is seen that as the gas becomes lighter the inlet block-
ing pressure is increased. The ranges of the inlet block-
ing pressure for He, Ne, Ar and Xe are P∗

in
= [6.7 − 57.3] 

kPa, P∗
in
= [4.8 − 40.6] kPa, P∗

in
= [2.5 − 21.4] kPa and 

P∗
in
= [1.3 − 11.3] kPa, respectively. Thus, it is demonstrated 

that at each specific geometry the blocking inlet pressure 
between the different monatomic gases is clearly distin-
guished, implying that the “con–div” assemblies may be 
designed as part of a microfluidic gas mixture separator.

Fig. 11   Inlet blocking pressure P∗
in

 in terms of the diverging chan-
nel inclination parameter �div for one-stage “con-div” assemblies 
with �con = 7 and �div = [2.5 − 8.5] for ΔT = [50, 100, 150, 200] K 
( L = 200 μm, W = 100 μm, H = 10 μm, T

C
= 300 K)

Fig. 12   Inlet blocking pressure P∗
in

 in terms of the diverging channel 
inclination parameter �

div
 for one-stage “con-div” assemblies with 

�con = 7 and �div = [2.5 − 8.5] for He, Ne, Ar and Xe ( L = 200  μm, 
W = 100 μm, H = 10 μm, T

C
= 300 K, ΔT = 100 K)
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It is noted that results similar to the ones presented in 
Figs. 10, 11, 12 have been obtained by keeping the inclina-
tion parameter of the diverging channel constant and varying 
the inclination parameter of the converging channel.

4 � Concluding remarks

Thermal transpiration pumping in multistage assemblies 
consisting of series of long channels with (a) uniform–uni-
form (“uni–uni”), (b) converging–uniform (“con–uni”), (c) 
diverging–uniform (“div–uni”) and (d) converging–diverg-
ing (“con–div”) rectangular cross sections, have been com-
putationally investigated, parametrized and fully character-
ized. The analysis is based on the linearized Shakhov kinetic 
model subject to diffuse boundary conditions. Due to fab-
rication and operational constraints, the length, width and 
mean height of each rectangular channel have been fixed 
as L = 200 μm, W = 100 μm and H = 10 μm respectively, 
while the temperature variation is periodic with period 2L , 
with the cold and hot temperatures set at TC = 300 K and 
TH = 400 K. The inclination parameter and the inlet pres-
sure vary as 1 ≤ � ≤ 10 and Pin =

[
1 − 102

]
 kPa respectively. 

The number of stages N varies from one up to a few thou-
sands. The detailed computational investigation of these four 
assemblies is performed in terms of � , Pin and N to obtain 
the generated pressure difference ΔP and the correspond-
ing mass flow rate ṁ , including the maximum pressure dif-
ference ΔPmax reached when the assembly ends are closed 
( ṁ = 0 ) and the maximum mass flow rate ṁmax reached 
when the assembly ends are open and at the same pressure 
( ΔP = 0).

In single tapered channels, it has been found that as Pin is 
increased, ṁmax is monotonically increased, while ΔPmax has 
a non-monotonic behavior resulting in an increasing region 
and a decreasing region with a peak value at some moderate 
values of Pin in the transition regime. Furthermore, com-
paring tapered channels with the same � , it has been found 
that ṁmax in a diverging channel is always larger than in the 
corresponding converging one, while ΔPmax in a diverging 
channel is larger than in the corresponding converging one 
when Pin < P∗

in
 , and smaller when Pin > P∗

in
 , where P∗

in
 is 

the blocking inlet pressure for which ΔPmax obtained by the 
converging and diverging channels are the same.

In multistage assemblies, the characteristic curves of 
ΔP versus ṁ have been obtained for a different number 
of stages, showing a strongly nonlinear behavior as N  is 
increased. In the “uni–uni”, “con–uni” and “div–uni” assem-
blies, since the first channel of each stage performs better 
than the second one, ΔP ≥ 0 and ṁ ≥ 0 , which corresponds 
to the operation of typical pumps. On the contrary in the 
“con–div” assembly, where the performance characteristics 
of the converging and diverging channels are very close to 

each other, the flow may be in the positive or negative z− 
direction, depending on whether Pin≶P

∗
in

 . In any case, |ΔP| 
always decreases as |ṁ| increases.

In the “uni–uni”, “con–uni” and “div–uni” assemblies 
both ΔP and ṁ are increased with N and therefore it is advis-
able to add as many stages as possible to increase, depending 
on the technological application, either one or both of them. 
The performances of the “con–uni” and “div–uni” assem-
blies are very close to each other and provide higher ΔP and 
smaller ṁ than the “uni–uni” assembly. It may be concluded 
that the “con–uni” and “div–uni” assemblies are more suit-
able in specific pumping applications targeted to high ΔP 
and moderate ṁ , while the “uni–uni” assembly is adapted to 
more general pumping purposes. Interestingly, all multistage 
pumps are more stable when operating at small inlet pres-
sures, where the pressure difference remains almost constant 
in a wide range of the corresponding mass flow rates.

In the “con–div” assembly, the characteristic curves 
qualitatively resemble the performance of the other three 
assemblies when Pin > P∗

in
 , while the flow is reversed, with 

ΔP and ṁ taking negative values when Pin < P∗
in

 . In addi-
tion, the absolute values of ΔP and ṁ of the “con–div” 
multi-stage assembly have been found to be significantly 
smaller than the corresponding ones of the other assemblies. 
Therefore, this configuration is not effective for pumping 
purposes and instead, it may be implemented as thermally 
driven microfluidic diode. To investigate its potential as a 
diode device, a detailed parametrization study has been per-
formed in single-stage “con–div” assemblies for analyzing 
the blocking inlet pressure by keeping �con fixed and varying 
�div , as well as H , ΔT and the working gas. It has been found 
that P∗

in
 is very sensitive to all these parameters. By accord-

ingly specifying �div , H and ΔT  , the blocking inlet pressure 
may be easily adjusted and various diodes, depending upon 
the target application, may be designed. The investigation 
with regard to different monatomic gases has revealed that 
as the gas becomes lighter, P∗

in
 is increased. Thus, “con–div” 

assemblies may be ideally applied to separate the species in 
gas mixtures.

In the near future, tapered-channel prototypes will be 
experimentally tested to validate the present computational 
results. Additional modeling and computational work, 
considering multicomponent gas mixture flow through the 
“con–div” assembly, is also planned.
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