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developed, indicating that the mass flow rate is inversely 
proportional to the pressure difference. The results strongly 
depend on the channel inclination. The present work may 
support decision making on the suitability of tapered chan-
nel flow to meet certain pumping specifications and the 
design of cascade-type thermally driven micropumps.
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1 Introduction

The pressure-driven flow of a rarefied gas through long 
channels of converging or diverging cross sections has 
recently been an active area of research, mainly due to 
its presence in various technological applications includ-
ing vacuum technology and pumping (Sharipov and Ber-
toldo 2005; Naris et al. 2014), leak detection (Silva and 
Deschamps 2015), lubrication (Stevanovic and Djordjevic 
2012) and gas microfluidics (Veltzke et al. 2015). Based on 
experimental (Graur et al. 2015, 2016) and computational 
(Aubert et al. 1998; Titarev et al. 2013; Szalmas et al. 2015) 
investigations, it has been confirmed that for the same inlet 
and outlet pressure, the mass flow rate is larger when the 
flow is in the converging direction compared to the corre-
sponding one in the diverging direction (Graur et al. 2015). 
This interesting phenomenon, known as the diode effect, 
has been phenomenologically justified (Graur et al. 2016) 
and may be quite useful in the development of novel micro 
devices.

The corresponding work in temperature-driven rarefied 
gas flows through long channels of converging or diverging 
cross sections, due to the well-known thermal transpiration 

Abstract The temperature-driven rarefied gas flow and 
the associated pumping effects through long channels with 
linearly diverging or converging cross sections are compu-
tationally investigated. The implemented kinetic modeling 
is well known and relies on the infinite capillary methodol-
ogy coupled with the mass conservation principle along the 
channel. The net mass flow rate and the induced pressure 
difference between the channel inlet and outlet are para-
metrized in terms of the geometrical and operational data 
including the channel inclination and the inlet pressure. 
Specific attention is given to the diode effect. The inves-
tigated flow setups include (a) the maximum pressure dif-
ference scenario with zero net mass flow rate (maximum 
pumping effect), (b) the maximum net mass flow rate sce-
nario with equal inlet and outlet pressures and (c) all inter-
mediate flow cases where both the net mass flow rate and 
the pressure difference are different than zero. In the first 
limit case, the pressure difference is always increased with 
the channel inclination and, depending on the inlet pres-
sure, it may be larger for either the diverging or converg-
ing channel. In the second limit case, the mass flow rate is 
always decreased when the channel inclination is increased 
and it is always higher for the diverging channel. In both 
limit cases, optimum operation scenarios, in terms of the 
diode effect and the overall performance, are extracted. 
For intermediate cases, the characteristic curves of the net 
mass flow rate versus the pressure difference have been 
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(or thermal creep) phenomenon (Sone 1966; Sone et al. 
2007), is very limited. The only available works are related 
to the computation of the dimensionless flow rates through 
variable cross section tubes (Sharipov and Bertoldo 2005) 
and rectangular ducts (Graur and Ho 2014), without, 
however, providing a parametrization study, addressing 
the diode effect and exploring the pumping potential in 
terms of the involved geometrical and operational data. Of 
course, thermal creep flows through channels of constant 
cross section have been extensively studied. Computa-
tional results have been reported for flows between parallel 
plates (Ohwada et al. 1989; Sharipov and Seleznev 1998), 
through long and short circular and elliptic tubes (Sharipov 
1996; Graur and Sharipov 2009; Alexeenko et al. 2006; 
Pantazis et al. 2013), as well as through long rectangular, 
triangular and trapezoidal ducts (Sharipov 1999; Ritos et al. 
2011). The latter ones are of main practical interest as they 
are easily built by standard microfabrication techniques. 
Experimental measurements have been also reported in 
(Yamaguchi et al. 2014, 2016; Rojas-Cardenas et al. 2013) 
providing good agreement with computations.

The main interest in thermally driven flows lies on their 
potential implementation in the development of thermally 
driven micropumps (i.e., pumps without moving parts), 
which operate based on the thermal creep phenomenon. 
Most of the proposed thermally driven pumps follow the 
desirable characteristics of the original design by Knud-
sen (Knudsen 1909, 1910), where a cold and a hot reser-
voir are connected by a straight constant cross section tube 
with a temperature gradient along the tube wall. Pumps 
based on other phenomena, such as the thermal edge flow, 
have also been proposed (Sugimoto and Sone 2005). One 
of the main obstacles in the original Knudsen pump design 
is that the large temperature differences needed to enhance 
the flow are limited by the maximum temperature that the 
tube material can withstand. To circumvent this pitfall, 
multistage cascade-type designs with periodic temperature 

differences have been proposed and the effective operation 
conditions have been specified by carrying out the associ-
ated cascade mechanism analysis (Sone et al. 1996; Aoki 
et al. 2007a). Each pumping stage contains two channels: 
the first one, having a positive temperature gradient along 
its wall, connects a cold and a hot reservoir, and the sec-
ond one, with a negative temperature gradient, connects the  
hot and the next cold reservoir. The second channel is much 
wider than the first one in order to reduce the reverse unde-
sirable thermal creep flow and achieve nonzero net mass 
flow rates. However, mainly due to manufacturing con-
straints, only recently, prototypes have been manufactured 
and tested with considerable success (Gupta et al. 2012; 
An et al. 2014; Qin et al. 2015). More recent alternative 
multistage pump designs include the replacement of the 
narrow channels by curved channels (Aoki et al. 2007b, 
2008; Leontidis et al. 2014; Bond et al. 2014, 2016), as 
well as setups with periodic ratchet-type walls (Chen et al. 
2016). However, all designs suffer certain constraints either 
related to microfabrication issues (combination of narrow/
wide channels) or to wall temperature control limitations 
(straight/curved and ratchet channels).

These constraints may be avoided, at some extend, by 
replacing, at each pumping stage the narrow and wide chan-
nels by tapered channels, i.e., channels whose width varies 
linearly with their length, as shown in Fig. 1. The channels 
are identical, while the flow, depending on the positive or 
negative temperature gradient, may be in the diverging or 
the converging direction, respectively. Although the magni-
tude of the temperature gradient is the same, the flow con-
ditions between the diverging and converging flows vary 
and therefore a net mass flow rate with the associated pres-
sure difference may be obtained. This is the so-called diode 
effect and it could make, from a theoretical point of view, 
a Knudsen-type cascade pump feasible. This multistage 
tapered design does not suffer the aforementioned fabrica-
tion and temperature control constraints, since reservoirs 

Fig. 1  View of a pumping stage 
of a tapered channel Knudsen-
type cascade pump with TC 
and TH denoting the cold and 
hot reservoir temperatures, 
respectively
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and channels have dimensions of the same order and the 
reservoir temperatures (either hot or cold) are uniform.

In the present work, the investigation is focused on 
single long tapered (converging and diverging) channels, 
where the flow is engendered by the imposed temperature 
difference between the inlet and outlet reservoirs. The 
following two limit flow configurations may be consid-
ered (Sharipov and Bertoldo 2005; Graur and Ho 2014; 
Sharipov and Seleznev 1998):

•	 A maximum pressure difference is created for an 
imposed temperature gradient when the net mass flow 
rate at every section of the channel is equal to zero. In 
this flow setup, the pressure at the hot side is higher 
than the pressure at the cold side and the thermal tran-
spiration flow is counterbalanced by a Poiseuille flow 
engendered by the pressure difference obtained by the 
imposed temperature gradient itself.

•	 A maximum net mass flow rate is obtained for an 
imposed temperature gradient when the inlet and out-
let pressures are equal. In this flow setup, the temper-
ature-driven flow creates a non-uniform pressure dis-
tribution along the channel which should be taken into 
account in order to properly estimate the thermally 
driven flow.

Both limit scenarios, as well as all intermediate flow 
setups with the associated characteristic curves, are 
numerically considered in this work. The formulation 
is based on kinetic modeling in order to have a reliable 
solution in the whole range of gas rarefaction. A detailed 
investigation and parametrization of the pumping pro-
cess, in terms of all involved geometric and flow param-
eters, is performed. In addition, the corresponding results 
between converging and diverging flows are compared to 
deduce the diodicity in terms of mass flow rates and pres-
sure differences. The main incentive of the present work 
is the potential future implementation of tapered channels 
in the development of novel micropumps utilizing the 
thermal creep phenomenon.

2  Definition of channel geometry and flow 
configuration

Consider the thermal creep flow of a rarefied monatomic 
hard-sphere gas between two reservoirs maintained at tem-
peratures Tin and Tout, with Tin < Tout, connected by a long 
converging or diverging channel of length L. The chan-
nels consist of two inclined plates, and the distance H(z) 
between the plates (z denotes the flow direction) varies 
linearly along the tapered-shape channel between the inlet 
and outlet distances Hin and Hout, respectively. The charac-
teristic length is defined as the average distance Hm = 0.5 
(Hin + Hout). By taking Hm < < L the flow is considered as 
fully developed and the inlet and outlet effects are ignored, 
while the pressure (and density) remains constant in each 
cross section and varies only in the flow direction z ∊ [0, L]. 
Furthermore, it is assumed that the temperature of the 
plates varies linearly between the inlet Tin and outlet Tout 
temperatures. The pressures at the cold and hot reservoirs 
are denoted by Pin and Pout, respectively. A view of the 
channel geometry along with the inlet and outlet conditions 
is shown in Fig. 2.

In addition to the above, a very important input parame-
ter for the purposes of the present work is the inclination of 
the channel walls, which is always defined, independently 
of the flow direction, as the ratio α of the largest over the 
smallest distance between the plates. The corresponding 
inclination ratios are as follows:

The definition of α in this manner, where always α ≥ 1, 
facilitates, as it is later seen, the direct comparison between 
corresponding converging and diverging flows in chan-
nels having the same inclination ratio, i.e., αcon = αdiv = α. 
Obviously, the case of α = 1 corresponds to thermal creep 
flow between parallel plates.

In general, the maintained temperature difference 
between the two reservoirs results in a temperature-driven 

(1)Converging channels:αcon = Hin/Hout

(2)Diverging channels:αdiv = Hout/Hin

Fig. 2  Diverging (left) and converging (right) channels with inclination ratio αcon = αdiv = α
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flow from the cold toward the hot reservoir, while the 
increased pressure in the hot reservoir results in a pressure-
driven flow in the opposite direction. To have a comprehen-
sive and complete description, the following three flow set-
ups are considered:

The first flow setup, consisting of the two reservoirs 
and the tapered channel, is considered as closed and there-
fore the net mass flow rate ṁ = 0. This is the so-called 
thermo-molecular pressure difference (TPD) phenomenon 
(Sharipov and Seleznev 1998; Knudsen 1909, 1910). The 
diodicity coefficient EP is defined as the ratio of the pres-
sure difference ΔP of the diverging channel over the con-
verging one. The second flow setup is open and therefore 
there is a net flow (ṁ �= 0), while the pressures in the two 
reservoirs are equal. It is noted that, although Pin = Pout, a 
pressure variation along the channel is present and, even in 
this case, there is a pressure-driven flow due to the local 
pressure gradient. Now, the diodicity coefficient Eṁ is 
defined as the ratio of the mass flow rate ṁ of the diverging 
channel over the converging one. Finally, in the third flow 
setup, the net mass flow rate is again nonzero and there is 
also a difference between the inlet and outlet pressures. The 
diodicity coefficient is defined as the ratio of the pressure 
difference ΔP of the diverging channel over the converging 
one for a given mass flow rate ṁ, and it is denoted by EP|ṁ.

Summarizing, the three flow scenarios are as follows:

It is clarified that the diode effect vanishes when the pre-
scribed inclination ratio is equal to one and it is increased 
as the ratio departs from one, either for values larger or 
smaller than one.

The objective here is to obtain the net mass flow rate ṁ 
and the associated pressure distribution P(z), z ∊ [0, L], in 
terms of the input parameters, which include the channel 
geometry (L, Hm, α), the inlet and outlet temperatures (Tin, 
Tout) and the corresponding pressures (Pin, Pout). In cases 
where the net mass flow rate ṁ is provided, then, only 
either the inlet or the outlet pressure will be specified with 
the other one being part of the solution. Furthermore, com-
paring the results between the corresponding converging 
and diverging flows, the corresponding diodicity coefficient 
is computed.

It is seen that the third scenario is the most general 
one and demonstrates the coupled pumping effect. The 

(3)ṁ = 0,Pout > Pin,EP =
�P(div)

�P(con)
(closed system)

(4)ṁ �= 0,Pin = Pout,Em =
ṁ(div)

ṁ(con)
(open system)

(5)ṁ �= 0,Pout > Pin,EP|ṁ =
�P(div)

�P(con)

∣

∣

∣

∣

∣

ṁ

(open system)

first and second flow setups may be considered as the 
limit cases of the third one, i.e., it is expected to obtain 
the maximum pressure difference ΔP when ṁ = 0 and 
to obtain the maximum mass flow rate ṁ when Pin = Pout 
(ΔP = 0), while all other intermediate cases are covered 
in the third flow setup.

3  Modeling of mass flow rate and pressure 
difference

The fully developed rarefied gas flow between parallel 
plates driven by pressure and temperature gradients is a 
classical problem in the field of rarefied gas dynamics and 
has been extensively investigated based on linearized kinetic 
model equations (Sharipov and Seleznev 1998). Due to lin-
earity, the pressure- and temperature-driven flows are solved 
separately to deduce the corresponding dimensionless flow 
rates in terms of the gas rarefaction parameter and then, the 
overall solution of the combined flow may be obtained by 
a linear superposition of the two flows. Furthermore, based 
on the mass conservation principle, the net mass flow rate 
may be obtained in a straightforward manner by accord-
ingly combining the dimensionless flow rates providing that 
the channel geometry and the inlet and outlet conditions 
are known (Sharipov and Seleznev 1998; Sharipov 1996; 
Graur and Sharipov 2009). Since all above analysis is well 
described in the literature, it is not presented here and it is 
just applied in the present tapered flow configuration.

The net mass flow rate ṁ of the rarefied gas flow 
through the tapered channel driven by the imposed tem-
perature and pressure gradients can be computed using 
the following ordinary differential equation (Sharipov 
and Seleznev 1998; Sharipov 1996, 1999; Graur and 
Sharipov 2009; Ritos et al. 2011):

Here, z ∊ [0, L], υ(z) =
√
2RT(z), with R representing 

the specific gas constant, is the most probable velocity, 
P(z) and T(z) are the pressure and temperature distribu-
tions along the channel, while dP/dz and dT/dz denote 
the corresponding local gradients. The temperature dis-
tribution, T(z), is considered as known. On the contrary, 
the pressure distribution P(z) inside the channel is part of 
the solution. Also, GP(δ) and GT(δ) are the dimensionless 
flow rates, also known as kinetic coefficients (Naris et al. 
2005), for the pressure- and temperature-driven flows, 
respectively, and they both depend on the local gas rar-
efaction parameter

(6)ṁ =
H(z)P(z)

υ(z)

[

−GP(δ)
H(z)

P(z)

dP

dz
+ GT (δ)

H(z)

T(z)

dT

dz

]

(7)δ(z) =
P(z)H(z)

µ(z)υ(z)
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with μ(z) denoting the local dynamic viscosity at tempera-
ture T(z). Once δ is specified, the corresponding GP and GT 
may be obtained from a kinetic data base providing the flow 
rates in the whole range of the gas rarefaction parameter. It 
is clear that δ = δ(z) is a function of the local pressure, tem-
perature and height. For a hard-sphere gas, the local δ along 
the channel may be defined in terms of the inlet rarefaction 
parameter δin as

Equation (6) is valid at any cross section z ∊ [0, L] 
with the unknown net mass flow rate ṁ being constant. 
Since both ṁ and P(z) are unknowns, it is convenient to 
rewrite Eq. (6) in the form

with boundary conditions P(0) = Pin and P(L) = Pout.
The problem is well posed only when two out of the 

three quantities, namely Pin, Pout and ṁ, are specified. When 
both Pin and Pout are specified, the mass flow rate is solved 
using a shooting method. More specifically, an initial value 
for the mass flow rate is assumed and then, Eq. (9) is inte-
grated with initial condition P(0) = Pin along z ∊ [0, L]. The 
computed outlet pressure P(L) is compared to the specified 
Pout, and then, the mass flow rate is accordingly corrected 
depending upon the difference between the computed 
and specified outlet pressures. This procedure is repeated 
until convergence. When the mass flow rate ṁ with either 
Pin or Pout is specified, Eq. (9) is trivially integrated along 
the channel to find the unknown pressure distribution P(z) 
including the pressure at one of the two channel ends.

In the present work, the kinetic coefficients GP and GT, 
required in Eq. (9), are taken from the solution of the lin-
earized Shakhov kinetic model equation for flow between 
parallel plates subject to purely diffuse boundary conditions 
(Sharipov and Seleznev 1998; Chernyak et al. 1979). These 
values are available in the literature, but in order to have a 
complete and dense kinetic data base, within the range of 
δ ∊ [δin, δout] needed in the present work, they are recom-
puted and provided for completeness purposes in Appendix. 
It is noted that the analysis can be extended in a straightfor-
ward manner to the more general case of diffuse-specular 
boundary conditions. This is achieved by computing the 
kinetic coefficients GP and GT for a tangential momentum 
accommodation coefficient between zero and one.

4  Results and discussion

The methodology described in the previous section is intro-
duced to investigate all three flow scenarios defined by 

(8)δ(z) = δin

(

H(z)

Hin

)(

P(z)

Pin

)(

Tin

T(z)

)

(9)
dP

dz
= −

υ(z)

H2(z)GP(δ)
ṁ+

GT (δ)

GP(δ)

P(z)

T(z)

dT

dz

Eqs. (3–5) in a wide range of the input parameters. More 
specifically, the reference distance between the plates is set 
at Hm = 10 μm and 20 μm and the length of the channel 
is taken equal to L/Hm = 20 and 50. The restriction of the 
fully developed flow is always fulfilled considering also the 
very small induced pressure differences (Valougeorgis et al. 
2017). The inclination ratio takes various values α ∊ [1, 6]. 
The inlet and outlet temperatures are fixed at Tin = 273 K and 
Tout = 546 K (Tout/Tin = 2), while the inlet pressure Pin varies 
between 5 × 102 and  105 Pa. The outlet pressure Pout is in the 
range of Pin depending upon the computed mass flow rate ṁ . 
It is seen that the investigation covers the effect of the chan-
nel geometry, focusing on the inclination ratio and of the inlet 
pressure. The effect of the temperature ratio is not considered 
since it is easily predictable. The values of the parameters 
have been chosen in a range where a conclusive description 
of their impact is permissible, meeting in parallel manufac-
turing and operational constraints. In all cases, the working 
gas is argon (R = 208 J/kg/K).

It is noted that for the imposed set of parameters the 
assumption of the fully developed flow remains valid since 
the quantity (Hm/L) (Tout/Tin) remains small (Sharipov 1999). 
To further verify this remark, the flow has been solved in the 
hydrodynamic regime by a typical two-dimensional CFD 
code with velocity slip and temperature jump boundary 
conditions. The discrepancies between the CFD based mass 
flow rates and the corresponding kinetic ones are less than 
5% both for the converging and diverging channels, while 
the CFD computed pressure distributions between the plates 
verify that the pressure distribution remains constant at each 
cross section. As the gas rarefaction is increased, the fully 
developed assumption is more easily fulfilled.

The case of the zero net mass flow rate (Flow scenario A) 
is examined in Sect. 4.1, the case of equal inlet and outlet 
pressures (Flow scenario B) is considered in Sect. 4.2, and 
the more general case of nonzero mass flow rate with pres-
sure difference (Flow scenario C) is studied in Sect. 4.3. In all 
cases, the mass flow rates and the associated pressure differ-
ences for converging and diverging channels along with the 
corresponding diodicity coefficient are computed.

4.1  Zero net mass flow rate (Flow scenario A)

The inlet and outlet boundaries are closed, and the net 
mass flow rate is zero (ṁ = 0). In this case, Eq. (9) is 
simplified and is written as

with P = Pin at Tin. Then, Eq. (10) is readily integrated 
with regard to temperature to compute the pressure dis-
tribution P(z) including the outlet pressure Pout. It is 
seen from Eq. (10) that in this flow scenario, where the 

(10)
dP

dT
=

GT

GP

P

T
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net mass flow rate is set equal to zero, the outlet pressure 
Pout is independent of the channel length L (Graur and 
Sharipov 2009). This remark has been also numerically 
confirmed.

Figure 3 shows the pressure difference ΔP = Pout − Pin 
for converging (left) and diverging (right) channels with 
Hm = 10 μm, in terms of the inlet pressure Pin for vari-
ous values of the inclination ratio α. The inlet pressure var-
ies from 5 × 102 Pa up to  105 Pa. In all cases, as Pin is 
increased, the pressure difference ΔP = Pout − Pin is also 
increased up to a maximum value and then, it is decreased 
as Pin keeps increasing. The largest values of ΔP are mov-
ing to slightly higher values of Pin, as α is increased, always 
being in the range of Pin = (5–10) × 103 Pa. The largest 
values of the developed pressure differences ΔP are about 
300–350 Pa, and they are slightly higher in the diverging 
channel flow. Also, in all cases the pressure difference ΔP 
increases monotonically with α.

The pressure diodicity coefficient EP = �P(div)/�P(con) , 
also defined in Eq. (3), is plotted in Fig. 4, in terms of the 
inlet pressure Pin for all values of α under consideration. It 
is seen that for Pin ∊ [104 − 2 × 104] Pa the diode effect is 
negligible since EP ≈ 1. On the contrary, for Pin < 104 Pa 
and Pin > 2 × 104 Pa, the pressure diodicity coefficient takes 
values larger and smaller than unity, respectively, and there-
fore for these inlet pressures the diode effect is present. In 
this range of inlet pressures, which are of practical interest 
since EP ≠ 1, the diode effect is always increased with α. 
For Pin < 104 Pa, the largest value of the coefficient is around 
EP = 1.1 and it is taken at about Pin ≈ 3 × 103 Pa with 
α = 6. For Pin > 2 × 104 Pa, EP is monotonically decreased 
from unity (i.e. the diode effect becomes stronger) as the 
inlet pressure in increased up to Pin = 105. However, in 

these relatively high pressures the values of the correspond-
ing pressure differences ΔP are small.

The corresponding results for the pressure difference 
ΔP and the pressure diodicity coefficient EP, for converg-
ing (left) and diverging (right) channels with Hm = 20 μm, 
are shown in Figs. 5 and 6, respectively. It is seen in Fig. 5 
that, as expected, the qualitative dependence of ΔP on 
Pin and α remains the same. It is also seen, however, that 
now the produced largest pressure differences are between 
150 and 180 Pa and they are much smaller than the cor-
responding ones in channels with Hm = 10 μm. This is 
justified since now the flow is less rarefied (closer to the 
slip regime) and the pressure-driven flow becomes more 

Fig. 3  Pressure difference ΔP = Pout − Pin in terms of inlet pressure Pin for various values of the inclination ratio α in a closed system with 
zero net mass flow rate and Hm = 10 μm

Fig. 4  Pressure diodicity coefficient EP in terms of inlet pressure Pin 
for various values of the inclination ratio α in a closed system with 
zero net mass flow rate and Hm = 10 μm



Microfluid Nanofluid  (2017) 21:99  

1 3

Page 7 of 17  99 

dominant and therefore, the zero net mass flow rate condi-
tion is reached in a lower outlet pressure. The largest dif-
ferences are occurring at about Pin = (3–6) × 103Pa. The 
results of EP with Hm = 20 μm, shown in Fig. 6, are close 
to the ones obtained for Hm = 10 μm (Fig. 4). 

Based on the above, it may be stated that for the systems 
with closed boundaries and zero net mass flow rates consid-
ered here, the optimum operation scenario is obtained with 
Hm = 10 μm at inlet pressures around 4 × 103Pa, where 
both the developed pressure difference is large and the 
diode effect is significant. It is also noted that the results 
correspond to the specific temperature ratio Tout/Tin = 2 and 
obviously, as the temperature ratio is increased the pressure 
difference will also be increased.

4.2  Equal inlet and outlet pressures (Flow scenario B)

Now, the inlet and outlet boundaries are open and there 
is a nonzero mass flow rate (ṁ �= 0), while the inlet pres-
sure is set equal to the outlet pressure (Pin = Pout and thus 
ΔP = 0). Equation (9) is solved in an iterative manner as 
described in Sect. 3. The computed mass flow rate depends 
on the inlet (and outlet) pressures, the inclination ratio as 
well as on the length of the channel, while the diodicity 
coefficient is defined as the ratio of the mass flow rates of 
the diverging flow over the converging one.

Figure 7 shows the mass flow rate ṁ per unit width 
(kg/m/s) in terms of the inlet pressure Pin for converging 
(left) and diverging (right) channels with Hm = 10 μm for 
L/Hm = 20, 50 and for various inclination ratios α. With 
the inlet pressure varying from 5 × 102 Pa up to  105 Pa, 
the mass flow rate is in the order of  10−6–10−7kg/m/s. The 
mass flow rates in the diverging channels are always larger 
than the corresponding ones in the converging channels 
(on the contrary, in pressure-driven flows the mass flow 
rates in converging channels are the largest ones Graur 
et al. 2016). In both diverging and converging channels, ṁ 
increases quite rapidly with Pin up to about Pin ≃ 2 × 104 
and then it keeps increasing but with a much slower pace 
tending to a constant value in the hydrodynamic regime 
(Ritos et al. 2011; Yamaguchi et al. 2014). Also, in both 
cases, as the inclination α is increased, the mass flow rate 
ṁ is decreased. Thus, in this flow scenario the effect of 
tapering is in the opposite direction compared to the zero 
net mass flow scenario, where ΔP increases with α. In 
addition, as expected, the mass flow rate is reduced when 
the channel length is increased.

The mass diodicity coefficient Eṁ = ṁ(div)/ṁ(con) , also 
defined in Eq. (4), is plotted in Fig. 8, in terms of inlet 

Fig. 5  Pressure difference ΔP = Pout − Pin in terms of inlet pressure Pin for various values of the inclination ratio α in a closed system with 
zero net mass flow rate and Hm = 20 μm

Fig. 6  Pressure diodicity coefficient EP in terms of inlet pressure Pin 
for various values of the inclination ratio α in a closed system with 
zero net mass flow rate and Hm = 20 μm
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pressure for L/Hm = 20, 50 and for all values of α under 
consideration. As Pin is increased, the mass diodicity coef-
ficient Eṁ is initially increased until it reaches an abso-
lute maximum and then it is decreased until it reaches a 
local minimum, tending finally in an oscillatory manner 
to a constant value, which is the ratio of the correspond-
ing constant mass flow rates at the hydrodynamic limit. 
In all cases the largest values of mass diodicity occur at 
about Pin ≈ 1.5 × 104. As α is increased, Eṁ is monotoni-
cally increased. It is seen that although the mass flow rates 
depend on L/Hm, Eṁ is independent of this ratio.

In Figs. 9 and 10, the distributions of pressure P(z) and 
gas rarefaction parameter δ(z) are plotted along the channel 
for converging and diverging channels, respectively, with 
L/Hm = [20, 50], Hm = 10 μm, Pin = [103, 104, 0.5 × 105] 
Pa and α = [2, 3, 4]. In the converging channel flow 
(Fig. 9), the pressure increases along the channel until a 

maximum value Pmax and then decreases to match the out-
let pressure Pout = Pin. The pressure difference Pmax − Pin 
takes its largest value at about Pin = 104 Pa and, in general, 
its location along the channel moves closer to the chan-
nel exit, as Pin and α are increased. Also, the variation of 
P(z) along the channel is more evident as α is increased. 
In the diverging channel case (Fig. 10), the pressure distri-
bution initially decreases until a minimum value Pmin and 
then increases to match the outlet pressure. The pressure 
difference Pin − Pmin takes its largest value again at about 
Pin = 104 Pa, while its location along the channel moves 
now closer to the channel inlet as Pin and α are increased. 
Overall, the maximum deviation of the pressure inside the 
channel from the inlet pressure is about 5–80 Pa.

Concerning the variation of δ(z) along the channels, 
since the pressure variation with regard to the inlet pressure 
is small, it is mainly affected by the temperature and height 

Fig. 7  Mass flow rate ṁ in terms of inlet pressure Pin for L/Hm = [20, 50], Hm = 10 μm and various values of the inclination ratio α in an open 
system with zero pressure difference
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variations, as it is seen by Eq. (8). Therefore, as expected 
for the converging flow (Fig. 9), δ(z) is monotonically 
reduced along the channel, since both the height H(z)/Hin 
and temperature Tin/T(z) ratios in Eq. (8) are decreased. For 
the diverging case (Fig. 10), where H(z)/Hin is increased 
and Tin/T(z) is decreased, δ(z) remains almost constant for 
α = 2 (the rate of change for temperature and height cancel 
each other) and increases for α > 2. Finally, the length over 
height ratio L/Hm does not affect qualitatively the pressure 
and rarefaction parameter distributions. The values of the 
gas rarefaction parameter, for the presented inlet pressures, 
vary about three orders of magnitude from 0.5 up to 100, 
indicating that the flow for the present setups is in the tran-
sition and slip regimes.

Corresponding results for the mass flow rate ṁ and the 
mass diodicity coefficient Eṁ, for converging and diverging 

channels with Hm = 20 μm, have also been obtained. It 
turns out that now both ṁ and Eṁ are very close to the cor-
responding ones with Hm = 10 μm shown in Figs. 7 and 8, 
respectively. Due to this qualitative and quantitative resem-
blance, these results are not presented.

Closing this subsection, it is stated that in systems with 
open boundaries and zero pressure difference the optimum 
operation range is at inlet pressures around 1.5 × 104 Pa, 
where both the mass flow rate is large and the diode effect 
is significant. The produced mass flow rates are expected to 
increase with the temperature ratio Tout/Tin.

4.3  Nonzero mass flow rate and unequal inlet 
and outlet pressures (Flow scenario C)

The more general case of flow through a channel with 
ΔP = Pout − Pin > 0 and ṁ �= 0 is considered. In this flow 
scenario, the pumping effect which may be delivered by 
a converging and a diverging flow is more clearly demon-
strated, since a nonzero net mass flow rate is coupled with 
a nonzero pressure difference. This is an open system and 
Eq. (9) is solved through an iterative process as described 
in Sect. 3 and, as in the previous open system, the com-
puted mass flow rate depends on the inlet and outlet pres-
sures, on the inclination ratio, as well as on the length of 
the channel.

In Figs. 11 and 12, the pressure difference 
ΔP = Pout − Pin is plotted in terms of the mass flow rate 
ṁ for converging and diverging channels, respectively, 
with Hm = 10 μm, L/H = [20, 50], Pin = [103, 104, 105] Pa 
and α = [2, 3, 4, 5, 6]. As it is seen in all cases, as ṁ is 
increased, ΔP is decreased and there is a nearly linear rela-
tion between the two quantities. These lines with a negative 
slope provide a complete picture of the pumping effect in 
terms of the achieved mass flow rate and pressure differ-
ence, and they may be considered as the characteristic (or 
performance) curves of converging and diverging channels. 
In the limiting cases of ṁ = 0 and ΔP = 0, the correspond-
ing flow scenarios A and B are recovered. It is also seen 
that the characteristic curves for the various values of α are 
always crossing each other at some point which depends on 
the flow parameters. This is easily explained by consider-
ing that at ΔP = 0 larger values of α correspond to smaller 
mass flow rates, while at ṁ = 0 larger values of α corre-
spond to larger pressure differences.

In Fig. 13, the pressure diodicity coefficient 
EP|ṁ = �P(div)/�P(con) for a given mass flow rate ṁ is 
plotted in terms of the mass flow rate for Hm = 10 μm, 
L/H = [20, 50], Pin = [103, 104, 105] Pa and α = [2, 3, 4, 5, 6]. 
The pressure diodicity coefficient is always increased as 
the mass flow rate is increased. The reason is that the mass 
flow rate in diverging channels is always larger than in the 
corresponding converging ones and therefore, the pressure 

Fig. 8  Mass diodicity coefficient Eṁ in terms of inlet pressure Pin for 
L/Hm = [20, 50], Hm = 10 μm and various values of the inclination 
ratio α in an open system with zero pressure difference
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Fig. 9  Pressure and gas rarefaction parameter distributions along a converging channel for L/Hm = [20, 50], Hm = 10 μm, 
Pin = [103, 104, 0.5 × 105] Pa and α = [2, 3, 4] in an open system with zero pressure difference
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Fig. 10  Pressure and gas rarefaction parameter distributions along a diverging channel for L/Hm = [20, 50], Hm = 10 μm, 
Pin = [103, 104, 0.5 × 105] Pa and α = [2, 3, 4] in an open system with zero pressure difference
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Fig. 11  Pressure difference ΔP = Pout − Pin in terms of the mass flow rate ṁ in a converging channel with L/H = [20, 50], Hm = 10 μm, 
Pin = [103, 104, 105] Pa and α = [2, 3, 4, 5, 6]
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Fig. 12  Pressure difference ΔP = Pout − Pin in terms of the mass flow rate ṁ in a diverging channel with L/H = [20, 50], Hm = 10 μm, 
Pin = [103, 104, 105] Pa and α = [2, 3, 4, 5, 6]
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Fig. 13  Pressure diodicity coefficient for a given mass flow rate in terms of the mass flow rate with L/H = [20, 50], Hm = 10 μm, 
Pin = [103, 104, 105] Pa and α = [2, 3, 4, 5, 6]
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difference in the converging channels is decreased faster than 
in the diverging ones. For inlet pressure Pin = 103 Pa, EP|ṁ 
is always larger than unity, while for Pin = 104 and  105 Pa, 
EP|ṁ may be larger or smaller than unity depending on the 
mass flow rate. Also, with respect to the inclination ratio, as 
α is increased, for Pin = 103 and  104 Pa, EP|ṁ is monotoni-
cally increased, while for Pin = 105 Pa this behavior remains 
the same at large mass flow rates, while at small ones EP|ṁ is 
decreased.

It is evident that the characteristic curves along with the 
diodicity plots are very useful in deciding on the suitabil-
ity of a channel flow to meet some provided specifications. 
Furthermore, these results illustrate how it would be possi-
ble to fully characterize a Knudsen pump by just investigat-
ing the flow scenarios A and B since the pump characteris-
tic curves may be readily deduced from a linear variation 
between these two limit cases.

5  Concluding remarks

The thermally driven flow along with the associated pres-
sure difference obtained through long converging and 
diverging channels has been computationally investigated. 
The analysis is performed by accordingly integrating the 
dimensionless flow rates, obtained by linear kinetic mod-
eling into a simple algorithm based on the mass conserva-
tion principle. The computed net gas mass transfer through 
the tapered channel from the low toward the high tem-
perature reservoir and the associated pressure differences 
are computed and parametrized, in terms of the channel 
geometry focusing on the channel inclination ratio and of 
the inlet pressure covering a wide range of gas rarefaction. 
By comparing the corresponding converging and diverging 
flows, the diode effect is also examined.

In systems with closed boundaries (zero net mass flow 
rate), the optimum operation scenario is obtained at inlet 
pressures around 4 × 103 Pa, where both the developed 

pressure difference is large and the diode effect is signifi-
cant. The pressure difference is always increased with the 
inclination ratio, and depending on the inlet pressure, it 
may be larger for either the diverging or converging chan-
nel. In systems with open boundaries (nonzero net mass 
flow rate) and zero pressure difference (inlet pressure 
equal to outlet pressure), the optimum operation range is 
at inlet pressures around 1.5 × 104 Pa where both the mass 
flow rate is large and the diode effect is significant. The 
mass flow rate is always decreased with the inclination 
ratio, and it is always larger for the diverging channel. In 
open systems with nonzero net mass flow rate and pressure 
difference, the computed performance curves show that in 
all cases the pressure difference decreases almost linearly 
as the mass flow rate increases and provides a complete 
picture of the pumping effect in converging and diverg-
ing channels. The negative slope of these lines depends 
strongly on the inlet pressure and the inclination ratio.

In recent years, there have been targeted attempts to 
build thermally driven pumping devices, without moving 
parts, in gaseous microfluidics based on various config-
urations (Sone et al. 1996; Aoki et al. 2007a, b; Gupta 
et al. 2012; Leontidis et al. 2014). In this context the 
present work may be very useful in deciding on the suit-
ability of developing a Knudsen pump using the tapered 
channel flow concept, where specific pumping require-
ments will be met using the diodicity effect. Therefore, 
it is planned in the short future to extend this approach 
to channels of variable rectangular cross section and to 
include this information into an integrated algorithm sup-
porting the design and fabrication of cascade-type ther-
mally driven micropumps utilizing the thermal transpira-
tion phenomenon.
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Table 1  Kinetic coefficients 
GP and GT in terms of the gas 
rarefaction parameter δ

δ 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08

GP 3.052 2.714 2.528 2.401 2.307 2.233 2.172 2.121

GT 1.247 1.078 9.846(−1) 9.207(−1) 8.726(−1) 8.344(−1) 8.029(−1) 7.761(−1)

δ 0.09 0.1 0.2 0.3 0.4 0.5 0.6 0.7

GP 2.078 2.040 1.817 1.713 1.653 1.614 1.589 1.573

GT 7.530(−1) 7.327(−1) 6.075(−1) 5.408(−1) 4.962(−1) 4.629(−1) 4.365(−1) 4.146(−1)

δ 0.8 0.9 1 2 3 4 5 6

GP 1.563 1.556 1.554 1.611 1.727 1.861 2.005 2.155

GT 3.960(−1) 3.798(−1) 3.655(−1) 2.741(−1) 2.233(−1) 1.890(−1) 1.640(−1) 1.448(−1)

δ 7 8 9 10 20 30 40 50

GP 2.308 2.464 2.621 2.779 4.406 6.053 7.710 9.363

GT 1.295(−1) 1.171(−1) 1.068(−1) 9.814(−2) 5.386(−2) 3.697(−2) 2.814(−2) 2.269(−2)
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Appendix: Computation of reduced flow rates 
in pressure‑ and temperature‑driven flow 
between parallel plates

The linearized Shakhov model equation for the pressure- 
and temperature-driven flow between two plates is given 
in dimensionless form by (Sharipov 2002):

Here, the subscripts j = P, T denote the pressure- and 
temperature-driven cases, respectively, y is the space vari-
able normal to the two plates, cy is the molecular velocity 
in the y-direction, ϕj(y, cy) and ψj(y, cy) are the reduced 
linearized distribution functions, δ  is the gas rarefaction 
parameter, and uj and qj are the axial components of the 
bulk velocity and heat flux given by

while the source terms are

The associated boundary conditions can be written as

The system of Eqs. (11) and (12) coupled with the 
expressions (13) and (14) subject to the boundary condi-
tions (15)–(16) is solved numerically to yield the dimen-
sionless flow rates, also known as kinetic coefficients,

Tabulated values of the flow rates GP and GT are pro-
vided in Table 1 for δ ∊ [10−2, 50], and they are used in 
the solution of Eq. (9). For values of δ > 50 the analyti-
cal slip expressions Gslip

P = δ
6
+ σP and Gslip

T = σT
δ

 where 
σP = 1.018 and σT = 1.175 are applied (Sharipov and 
Seleznev 1998).

(11)cy
∂ϕj

∂y
+ δϕj = δ

[

uj +
2

15
qj

(

c2y −
1

2

)]

− S
ϕ
j
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∂ψj
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4

15
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j
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1
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π
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ϕje
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π
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2
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]
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1

2
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ϕ
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1

2
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, S
ψ
P = 0 and S

ψ
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(15)ϕj
(

1/2, cy
)

= 0, cy < 0,ϕj
(

−1/2, cy
)

= 0, cy > 0

(16)ψj

(

1/2, cy
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(
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(17)GP = −2
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