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The kinetic model introduced by Kosuge (2009) is implemented to solve heat transfer through rarefied
binary gas mixtures confined between two parallel plates maintained at different temperatures. The
results have been found to be in very good agreement with corresponding ones obtained by
the Boltzmann equation, the DSMC method and the Chapman-Enskog analysis. The efficiency of the
Kosuge model for this problem is clearly demonstrated in the whole range of the Knudsen number for
various heat flow setups, even when the temperature difference between the plates is large. The follow-
ing three intermolecular models have been implemented: Hard Sphere (HS), Lennard Jones (LJ), Realistic
Potential (RP). The computed HS heat fluxes in the transition and viscous regimes vary significantly with
the corresponding ones of the LJ and RP models, which are close to each other. Also, the intermolecular
model has a significant effect on the distribution of the mole fraction between the plates, while it has a
minor effect on the density and temperature distributions. Concerning the partial heat flux distributions
of the light and heavy species it has been found that moving from the hot towards the cold plate the for-
mer one is decreasing, while the latter one is increasing with the total heat flux being always constant.
Heat fluxes with partial thermal accommodation at the walls are reported for He-Ne and He-Xe. For the
same mixtures dimensional heat fluxes in terms of the reference pressure are plotted indicating that the
total heat fluxes of the mixture with various mole fractions are always bounded from below and above by
the heat flux of the heavy and light species respectively. These data may be useful for comparisons with
experiments. Applying the equivalent single gas approach, it is deduced that this concept is not useful in
rarefied binary gas mixture heat flow problems, which should be treated by two coupled kinetic equa-
tions. Finally, the effective thermal conductivity approximation has been successfully applied, provided
that the system Knudsen number remains adequately small.

� 2017 Elsevier Ltd. All rights reserved.
1. Introduction

The steady-state conductive heat transfer through rarefied
gases confined between solid surfaces is a classical problem and,
in the case of monatomic single gases, has been extensively inves-
tigated. The available research work includes heat transfer
between parallel plates [1–4], coaxial cylinders [5–9] and concen-
tric spheres [10–14] under small and large temperature differ-
ences. Since the solution of the Boltzmann equation is
computationally very demanding, most of the research is based
on the numerical solution of the Bhatnagar-Gross-Krook (BGK)
[15], Ellipsoidal (ES) [16] and Shakhov (S) [17] kinetic models
[18]. In [3,6,7,9,10–12] small values of the temperature difference
between the surfaces are considered and the computed heat fluxes
are obtained solving the linearized form of the corresponding
kinetic model equations, while in [1,4,5,8,13,14] large temperature
differences are maintained between the walls and the results are
based on the nonlinear form of the model equations. In all cases,
provided that the thermal conductivity coefficient is properly
recovered, reliable results have been reported in the whole range
of the Knudsen number. The Direct Simulation Monte Carlo
(DSMC) method [19] has been also implemented to simulate this
classical problem and to test various molecular interaction models
[20] as well as to validate new approaches and numerical methods
[21–24]. In addition, based on the Holway [16] and Rykov [25]
models, as well as on the DSMC method, the problem of heat con-
duction through polyatomic gases has been recently tackled point-
ing out the effect of the rotational and vibrational degrees of
freedom of the molecules [26–28]. In addition, unsteady heat con-
duction throughmonatomic and polyatomic rarefied gases in plane
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and cylindrical geometries caused by a sudden change of the wall
temperature has been considered in [29–31].

The corresponding research work in the case of gas mixtures,
although in practice gaseous mixtures are used more frequently
than single gases, is not as extensive. In the case of small temper-
ature differences the McCormack model [32] has been proven to be
a reliable model [33–36], properly recovering simultaneously all
transport coefficients and it has been applied to simulate steady
[36,37] and transient [38] heat flow between plates. Recently, a
detailed evaluation of the McCormack model is presented in [39]
by comparing its solutions for the Couette and Fourier flows of bin-
ary gas mixtures with corresponding results of the linearized
Boltzmann equation. Furthermore, the McCormack model allows
the implementation of any type of intermolecular model and as
reported in [36] the computed heat fluxes, particularly near the
hydrodynamic regime, strongly depend on the molecular interac-
tion law. In the case of large temperature differences however, as
far as the authors are aware off, corresponding work based on
kinetic models is not available in the literature. The nonlinear heat
transfer through binary gas mixtures has been solved by the Boltz-
mann equation with the assumption of hard sphere molecules [40]
and by the DSMC method supplemented by the Ab-initio potential
[41], while the transient behavior has been analyzed via the DSMC
method in [42]. The required computational effort in both method-
ologies, particularly under the assumption of general intermolecu-
lar models, is very large and it is rather evident that the search for a
kinetic model simulating the specific problem with modest com-
putational effort, allowing in parallel an in depth investigation of
all involved parameters, will be very useful.

A relatively large number of binary gas mixture kinetic models,
has been proposed in the literature. As the most typical and com-
monly applied ones, the models of Gross and Krook [43], Sirovich
[44], Hamel [45], Holway [46], Ogushi [47], McCormack [32],
Garzo, Santos and Brey [48] and Andries, Aoki and Perthame
[49], as well as the more recent model of Kosuge [50], which is
of particular interest in the present work, are cited. All above mod-
els, except the ones by McCormack and Kosuge, suffer one or both
of the following two important constrains [50,51]: (a) the parame-
ters introduced in the molecular interactions cannot be accordingly
adjusted to correctly produce all transport coefficients and (b) they
are suitable only for the pseudo Maxwell molecules.

The McCormack kinetic model [32], as pointed above, circum-
vents both pitfalls, but it is a linear model and it is restricted to
conditions close to local equilibrium. The recently introduced
Kosuge model [50] has been derived, following the same polyno-
mial expansion approach in the molecular velocity space as in
the McCormack model, which now however, is applied into the
nonlinear (instead of the linearized) collision term of the Boltz-
mann equation. The expansion coefficients are determined by the
equivalence of moment method (Grad’s 13-moment approxima-
tion). The resulting model equations are not restricted to pseudo
Maxwell molecules and can fit to various molecular models (hard
sphere, Lennard-Jones, realistic, etc.), while the transport coeffi-
cients obtained by the Chapman-Enskog analysis coincide with
those of the Boltzmann equation at the first or second approxima-
tion. More precisely, the thermal conductivity, the viscosity, and
the thermal diffusion coefficients coincide at the first approxima-
tion, while the diffusion coefficient up to the second approxima-
tion. Furthermore, its linearization yields the third order
McCormack model [50], while there is no proof that the model
(in its nonlinear form) fulfills the H-theorem.

The model has been applied in [50] for half-space and two-
surface problems of a vapor in the presence of a non-
condensable gas reproducing well the corresponding solutions of
the Boltzmann equation. However, it has been also found that it
does not work well in strongly nonequilibrium flow and this is
contributed to the positivity of the velocity distribution function
which is not always assured. In spite this deficiency it is recom-
mended as an effective tool for the investigation of gas mixtures
[50]. It is noted that in the Shakhov model for single gases the pos-
itivity of the velocity distribution function is also not assured but
the model has been effectively applied in many rarefied flow and
heat transfer setups [52–56].

Based on the above it is evident that further investigation of the
validity of the Kosuge model in simulating rarefied gas dynamics
problems is important. Within this framework, in the present
work, the conductive heat flow through various binary gas mix-
tures confined between two parallel plates is computationally
investigated. All macroscopic quantities (number densities, tem-
peratures and heat fluxes) of practical interest are calculated in a
wide range for all involved parameters (gas rarefaction, mole frac-
tion, molecular mass ratio, temperature difference, etc.). A system-
atic comparison between the present results obtained by the
Kosuge model and the corresponding ones obtained by the Boltz-
mann equation [40] and the DSMC method [41] is performed.
The model validation is supplemented by comparing the computed
thermal conductivity and thermal diffusion ratio coefficients with
the ones obtained by the Chapman-Enskog theory [57]. The influ-
ence of various intermolecular potentials on the computed quanti-
ties is examined. The work is extended to partial thermal gas-
surface accommodation and its effect on the computed heat fluxes
is presented. The validity of the equivalent single gas approach [58]
is analyzed in terms of the binary gas mixture composition and its
mole fraction in a wide range of gas rarefaction. Furthermore, the
effective thermal conductivity approximation, which has been suc-
cessfully applied in single monatomic [21] and polyatomic [28]
gases, is introduced here in the case of nobble gas mixtures.

2. Formulation of the heat transfer problem

Consider a stationary rarefied mixture of two monatomic gases,
say components 1 and 2, confined between two infinite parallel
plates, fixed at ŷ ¼ 0 and ŷ ¼ L, which are maintained at constant
temperatures TH and TC respectively, with TH > TC . Then, due to
the temperature difference, a steady one-dimensional heat flow
is established in the direction normal to the plates and directed
from the hot towards the cold plate. It is noted that indexes 1
and 2 always refer to the light and heavy species respectively.
The objective is to investigate the validity of the Kosuge kinetic
model in solving this heat flow problem and then, examine the
steady behavior of the mixture in terms of (a) the mixture compo-
sition, (b) the mole fraction of the mixture, (c) the temperature dif-
ference between the plates, (d) the degree of gas rarefaction, (e) the
intermolecular potential model and (f) the thermal accommoda-
tion coefficients (not necessarily in that order).

The temperature difference is introduced in dimensionless form
as

b ¼ TH � TC

2T0
; ð1Þ

where T0 ¼ ðTH þ TCÞ=2. The temperature ratio in terms of b is given
by TH=TC ¼ ð1þ bÞ=ð1� bÞ. The degree of gas rarefaction is deter-
mined by the reference Knudsen number defined as

Kn0 ¼ l0
L
; ð2Þ

where l0 ¼ ½
ffiffiffi
2

p
pd2

1n0�
�1

is the reference mean free path and corre-
sponds to the mean free path of the molecules of species 1, having
diameter d1, when the gas mixture is in the equilibrium state at rest,
with number density determined as
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n0 ¼ n1;0 þ n2;0 ¼ 1
L

Z L

0
nðŷÞdŷ: ð3Þ

The chemical composition of the mixture is characterized by its
mole fraction

C ¼ n1

n
; ð4Þ

where n1 is the number density of species 1, while n ¼ n1 þ n2 is the
total number density of the mixture, with n2 denoting the number
density of species 2. It is noted that the temperature difference
causes a variation of the mole fraction C ¼ CðŷÞ between the plates
around its equilibrium value at T0, defined as C0 ¼ n1;0=n0.

The state of gas mixture is determined by the set of two one-
particle velocity distribution functions f aðr; nÞ ða ¼ 1;2Þ that
depend on the space vector r ¼ ðx; y; zÞ and the molecular transla-
tional velocity n ¼ ðnx; ny; nzÞ. The distribution functions f aðr; nÞ
obey the Boltzmann equation for gas mixtures, substituting how-
ever, the complicated collision term with the kinetic model pro-
posed by Kosuge [50]. For the present steady-state heat transfer
configuration the Kosuge kinetic equations for the one-particle dis-
tribution functions f a is written as [50]

n
@f a
@r

¼
X2
b¼1

Uba
ma

2pkT

h i3=2
exp �man

2

2kT

" #
� Kbanbf a

( )
; ð5Þ

where Uba is a polynomial in n given by

Uba ¼ Kbanbna þ
ffiffiffiffiffiffiffiffiffiffi
2ma

kT

r
niU

ð1Þ
ba;i þ

ma

2kT
n2 � 3

2

� �
Uð2Þ

ba þ ma

2kT
ninjU

ð3Þ
ba;ij

þ 4
5

ffiffiffiffiffiffiffiffiffi
ma

2kT

r
ni

ma

2kT
n2 � 5

2

� �
Uð4Þ

ba;i; a ¼ 1;2; i ¼ x; y; z:

ð6Þ
Here ma is the molecular mass of species a, k is the Boltzmann con-
stant, T is the total temperature of the mixture and Kba (¼ Kab) are
positive constants. As it is often used in literature [33,59] the
parameters Kba are appearing only in the form of
Kað¼ K2an2 þ K1an1Þ which are defined as

K1 ¼ S1S2 � n1n2mð4Þ21 m
ð4Þ
12

S2 þ n2mð4Þ21

; K2 ¼ K1
S2 þ n2mð4Þ21

S1 þ n1mð4Þ12

;

S1 ¼ n1ðmð3Þ11 � mð4Þ11 Þ þ n2mð3Þ21 ; S2 ¼ n2ðmð3Þ22 � mð4Þ22 Þ þ n1mð3Þ12 ;

ð7Þ

where mðjÞba are the collision frequencies given in Eq. (A.2) in [50] and
they are written in terms of the macroscopic quantities and the
Chapman-Cowling X integrals for various intermolecular potentials,

which are provided in [60]. The expressions of Uð1Þ
ba;i; U

ð2Þ
ba ; U

ð3Þ
ba;ij; U

ð4Þ
ba;i

appearing in Eq. (6) are complicated expressions, also given in the
Appendix A in [49]. It is noted that the expressions of

Uð1Þ
ba;i;U

ð2Þ
ba ;U

ð3Þ
ba;ij;U

ð4Þ
ba;i have been obtained so that the right hand of

Eq. (5) and the original collision term in the Boltzmann Equation
for the Grad 13-moment approximation to the velocity distribution
function yield the same moments.

The macroscopic quantities of the number density na, partial
pressure Pa, temperature Ta, normal stress tensor components
Paii and heat flow vector Qa in the ŷ� direction of species a are cal-
culated as the moments of the unknown distribution functions
according to

na ¼
Z 1

�1
f adn; Pa ¼ nakTa ¼ ma

3

Z 1

�1
n2f adn; Paii

¼ ma

Z 1

�1
n2i f adn; Qa ¼ ma

2

Z 1

�1
nin

2f adn ð8Þ
with n2 ¼ n2x þ n2y þ n2z and dn ¼ dnxdnydnz. The overall mixture
quantities of number density n, pressure P and heat flow Q are cal-
culated as the sum of the corresponding macroscopic quantities of
the mixture components, while the overall temperature of the mix-
ture is given by T ¼ CT1 þ ð1� CÞT2.

For the specific problem under consideration the computational
effort can be reduced by eliminating, based on the well-known
projection procedure, the nx and nz components of the molecular
velocity by introducing the reduced distributions

ha ¼
Z 1

�1

Z 1

�1
f adnxdnz; ga ¼

Z 1

�1

Z 1

�1
f aðn2x þ n2z Þdnxdnz: ð9Þ

Furthermore, it is convenient to introduce the following dimen-
sionless quantities:

Ha ¼ hat0
n0

; Ga ¼ ga
t0n0

; c ¼ n

t0
; y ¼ ŷ

L
; qa ¼ na

n0
;

sa ¼ Ta
T0

; paii ¼
Paii

n0kT0
; qa ¼ Qa

n0kT0t0
ð10Þ

Here t0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kT0=m0

p
is a characteristic speed of the mixture and

m0 ¼ C0m1 þ ð1� C0Þm2 is the mean molecular mass with m1 and
m2 being the molecular masses of the two species.

Operating accordingly, with the integral operators defined by
expressions (9) on Eq. (5) and introducing the dimensionless quan-
tities (10) yields the following system of kinetic equations:

cy
@Ha

@y
¼ 1
Kn0

exp �mac2y
2m0s

 ! ffiffiffiffiffiffiffi
ma

m1

r
La
p3=2 �

ffiffiffiffiffiffiffi
m0

p
p
ffiffiffiffiffiffiffiffiffiffi
2m1

p RaHa

" #
; a¼ 1;2

ð11aÞ

cy
@Ga

@y
¼ 1

Kn0
exp � mac2y

2m0s

 !
Za
p3=2 �

ffiffiffiffiffiffiffi
m0

p
p
ffiffiffiffiffiffiffiffiffiffi
2m1

p RaGa

" #
; a ¼ 1;2

ð11bÞ
Here Ha and Ga are the unknown reduced distribution functions of
species a, while the expressions of La, Za and Ra are shown in
Appendix A. The same non-dimensionalization and projection pro-
cedures are applied to the moments (8), to find that the macro-
scopic quantities in terms of Ha and Ga given according to

qa ¼
Z 1

�1
Hadcy; sa ¼ ma

3m0qa

Z 1

�1
c2yHa þ Ga

h i
dcy;

s ¼ Cs1 þ ð1� CÞs2; payy ¼
ma

m0

Z 1

�1
c2yHadcy;

paxx ¼ pazz ¼
3qasa � payy

2
; qa ¼ ma

2m0

Z 1

�1
cy c2yHa þ Ga

h i
dcy;

q ¼ q1 þ q2 ð12Þ

It is noted that the energy conservation equation @q=@y ¼ 0 is
readily reduced which implies that the total heat flux remains con-
stant along 0 6 y 6 1 and it is implemented to benchmark the
computations. However, the heat fluxes of the species vary
between the plates.

To close the problem the formulation of the boundary condi-
tions at y ¼ 0 and y ¼ 1 is provided. The reflected distributions at
the two plates have the following form [61]:

f ðþÞ
a ¼ nwa

ma

2pkT�
a

� �3=2

exp �man
2

kT�
a

 !
; a ¼ 1;2: ð13Þ
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The superscript ðþÞ denotes outgoing distributions and nwa is a
parameter specified for each species a by the no penetration con-
dition at the walls. The parameters T�

a are calculated from the
energy balance equations of each species at the surface according
to [62,27]

T�
a ¼ aaTw þ ð1� aaÞ E�

a

2N�
a
; ð14Þ

where Tw is either the hot ðy ¼ 0Þ or cold ðy ¼ 1Þ temperatures of
the plates and aa 2 ½0;1� is the thermal accommodation coefficient
of species a. Typical values of the thermal accommodation coeffi-
cient for single gases can be found in [62,63]. In Eq. (14), E�

a and
N�
a are the incident energy and particle fluxes of species a at the

walls respectively and they are both part of the solution.
Introducing in Eqs. (13) and (14), the same normalization and

projection processes as for the kinetic equations, lead to the
reflected reduced distributions at the boundaries given by

HðþÞ
a ¼ qw;a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ma

2pm0s�a

r
exp � mac2y

2m0s�a

 !
;

GðþÞ
a ¼ qw;a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2s�am0

pma

s
exp � mac2y

2m0s�a

 !
; ð15Þ

where the parameters qw;a are computed as

qw;a ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2pma

s�am0

s Z 1

0
Hð�Þ
a cydcy; ð16Þ

with the superscripts ðþÞ and ð�Þ denoting outgoing and impinging
distributions. The parameters s�a ¼ T�

a=T0 are calculated as

s�a ¼ aasw þ ð1� aaÞ
ma
R1
0 c2yH

ð�Þ þ Gð�Þ
� �

cydcy

4m0
R1
0 Hð�Þcydcy

: ð17Þ

Also, sw ¼ Tw=T0 and in terms of the temperature ratio b,
swð0Þ ¼ 1þ b (hot wall) and swð1Þ ¼ 1� b (cold wall).

In the present work the kinetic model Eqs. (11) with the associ-
ated moments (12) and boundary conditions (15)–(17) are solved
numerically in a deterministic manner. The discretization is based
on the discrete velocity method in the molecular velocity space
and on a second order control volume approach in the physical
space. The macroscopic quantities are computed by Gauss-
Legendre quadrature. The implemented algorithm is parallel in
the velocity space and has been also applied in previous works to
solve with considerable success heat transfer configurations
[5,26–28]. The iteration process between the kinetic equations
and the corresponding moments of the distribution functions is
terminated when the convergence criteria

1
6K

X2
a¼1

XK
i¼1

qa;i � qpr
a;i

��� ���þ sa;i � spra;i
��� ���þ qa;i � qpr

a;i

��� ���h i
< e ð18Þ

with the pr superscript denoting the corresponding quantities in the
previous iteration and K the total number of nodes in the physical
space, is fulfilled. The kinetic results presented in the next section
have been obtained by dividing the physical space y 2 ½0;1� into
6000 equal segments and by taking 96 discrete molecular velocities
in each direction, which are the roots of the corresponding Legendre
polynomial accordingly mapped from ½�1;1� to ½0;1Þ. The conver-
gence parameter is set to e ¼ 10�6. These numerical parameters
assure grid independent results up to the reported significant
figures.
3. Results and discussion

The results are organized as follows: In Section 3.1 comparisons
between the present results obtained by the Kosuge model and
corresponding ones obtained by the Boltzmann equation, the
DSMC method and the Chapman-Enskog theory are performed. In
Section 3.2 the dependency of the macroscopic quantities on the
temperature ratio TH=TC and the reference Knudsen number Kn0

is investigated for several binary gas mixtures with various refer-
ence mole fractions C0. The hard sphere (HS), Lennard-Jones (LJ)
and Realistic Potential (RP) molecular models are introduced. Also,
partial thermal accommodation of the components of the gas mix-
ture at the walls is considered. Finally, in Section 3.3 the concepts
of the equivalent single gas approach and the effective thermal
conductivity are studied. The investigation includes virtual and
noble gas mixtures. The molecular masses of the involved noble
gases are: mHe ¼ 4:0026 gr=mol, mNe ¼ 20:180 gr=mol, mAr ¼
39:948 gr=mol and mXe ¼ 131:293 gr=mol.
3.1. Validation of the Kosuge model

To validate the Kosuge model for the specific problem under
consideration, a systematic comparison between the present
results and the corresponding ones obtained by the Boltzmann
equation [40], the DSMC method [41] and the Chapman-Enskog
solutions [57] is performed. The comparison covers a wide range
of the temperature ratio TH=TC , the reference mole fraction
C0 2 ½0;1� and the reference Knudsen number Kn0½0;1Þ.

In Table 1, the dimensionless total heat fluxes q obtained by the
Boltzmann equation for two virtual HS gas mixtures with
TH=TC ¼ 2 (b ¼ 1=3) in [40] are compared with the corresponding
ones obtained here by the Kosuge model. The two mixtures have
the following molecular diameter and mass ratios:
ðm2=m1; d2=d1Þ ¼ ð2;1Þ and ð4;2Þ. The gas mixture species are fully
accommodated at the two plates. Following [40] the results are
given for Kn0 ¼ ½0:4;4;40� in one mixture and Kn0 ¼ ½0:1;1;10� in
the second one with C0 ¼ ½0:1=1:1;0:5;10=11� in both mixtures.
In order to properly compare the results, the heat fluxes and the
Knudsen numbers in [40] are multiplied by the factorsffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2m0=m2

p ð1� bÞ3=2 and ðd2=d1Þ2 respectively. The relative error
between the heat fluxes, defined as D ¼ 100� jqBE � qKosugej=qBE, is
also tabulated. It is seen that the heat fluxes agree to at least two
significant figures with ±1 in the second figure, with the heat fluxes
of the Kosuge model being always lower than the Boltzmann ones.
As expected the relative error is increased as the Knudsen number
is decreased staying always however less than 4.5%.

In Table 2 the comparison is performed for the mole fractions
CðyÞ at the hot (y ¼ 0) and cold (y ¼ 1) walls for the virtual HS
gas mixture with m2=m1 ¼ 4, d2=d1 ¼ 2 and the same reference
parameters as in Table 1. It is seen that the agreement remains
very good with the maximum percentage deviation between the
two approaches being smaller than 1.5%. The mole fractions
obtained by the Kosuge model compared to the corresponding
Boltzmann ones are always slightly lower at the hot plate and
slightly higher at the cold plate. Furthermore, for the same virtual
HS gas mixture the comparison is extended to the temperature dis-
tributions sðyÞ plotted in Fig. 1. As it seen for all three Knudsen
numbers representing all flow regimes and for both mole fractions
there is an excellent agreement between the Kosuge model and the
Boltzmann equation temperature distributions.

Next, a comparison between the total heat fluxes obtained by
the Kosuge model and the DSMC method [41] is performed. Fol-
lowing [41] the comparison refers to He-Ar, with HS molecules,
for temperature ratios TH=TC ¼ 1:22 and TH=TC ¼ 7, which corre-
spond to weak and strong non-equilibrium heat transfer setups



Table 1
Comparison between the dimensionless total heat flux q obtained by the Kosuge model and the Boltzmann Equation (BE) [40] for two virtual HS gas mixtures with TH=TC ¼ 2 and
for various reference Knudsen numbers Kn0 and mole fractions C0.

C0 Kn0 d2=d1 ¼ 2, m2=m1 ¼ 4 C0 Kn0 d2=d1 ¼ 1, m2=m1 ¼ 2

Kosuge BE [40] D (%) Kosuge BE [40] D (%)

0:1
1:1

40 5.14(�1) 5.15(�1) 0.19 0:1
1:1

10 4.93(�1) 4.93(�1) 0.00
4 4.00(�1) 4.06(�1) 1.48 1 3.78(�1) 3.83(�1) 1.31
0.4 1.48(�1) 1.54(�1) 3.90 0.1 1.34(�1) 1.38(�1) 2.90

1
2

40 5.87(�1) 5.88(�1) 0.17 1
2

10 5.08(�1) 5.09(�1) 0.20
4 4.88(�1) 4.95(�1) 1.41 1 3.86(�1) 3.93(�1) 1.78
0.4 2.15(�1) 2.25(�1) 4.44 0.1 1.35(�1) 1.39(�1) 2.88

10
11

40 5.40(�1) 5.40(�1) 0.00 10
11

10 4.94(�1) 4.95(�1) 0.20
4 4.84(�1) 4.88(�1) 0.82 1 3.79(�1) 3.85(�1) 1.56
0.4 2.77(�1) 2.86(�1) 3.15 0.1 1.35(�1) 1.39(�1) 2.88

Table 2
Comparison between the mole fraction C at the hot and cold plates obtained by the Kosuge model and the Boltzmann Equation (BE) [40] for a virtual HS gas mixture (d2=d1 ¼ 2,
m2=m1 ¼ 4) with TH=TC ¼ 2 and for various reference Knudsen numbers Kn0 and mole fractions C0.

C0 Kn0 Hot plate (y ¼ 0) Cold plate (y ¼ 1)

Kosuge BE [40] D (%) Kosuge BE [40] D (%)

0:1
1:1

40 9.17(�2) 9.22(�2) 0.54 9.01(�2) 8.96(�2) 0.56
4 9.37(�2) 9.49(�2) 1.26 8.81(�2) 8.69(�2) 1.38
0.4 9.85(�2) 1.00(�2) 1.50 8.31(�2) 8.18(�2) 1.59

1
2

40 5.02(�1) 5.04(�1) 0.40 4.98(�1) 4.95(�1) 0.61
4 5.10(�1) 5.14(�1) 0.78 4.90(�1) 4.85(�1) 1.03
0.4 5.30(�1) 5.34(�1) 0.75 4.70(�1) 4.63(�1) 1.51

10
11

40 9.10(�1) 9.11(�1) 0.11 9.08(�1) 9.07(�1) 0.11
4 9.13(�1) 9.15(�1) 0.22 9.05(�1) 9.03(�1) 0.22
0.4 9.23(�1) 9.24(�1) 0.11 8.93(�1) 8.91(�1) 0.22

Fig. 1. Comparison between the dimensionless temperature distributions sðyÞ obtained by the Kosuge model and the Boltzmann equation [40] for a HS gas mixture
(d2=d1 ¼ 2, m2=m1 ¼ 4) with TH=TC ¼ 2 and for various reference Knudsen numbers Kn0 and mole fractions C0.

Fig. 2. Comparison between the dimensionless total heat flux q obtained by the Kosuge model (lines) and the DSMC method (symbols) [41] for He-Ar with HS molecules and
various reference mole fractions C0 in terms of the reference rarefaction parameter d0 at TH=TC ¼ 1:22 and TH=TC ¼ 7.
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respectively. Pure diffuse reflection is considered at the two plates.
To have a complete view of the comparison in terms of the gas rar-
efaction, the comparison is presented in graphical form. In Fig. 2,
the total heat fluxes obtained by the two approaches are plotted
versus the reference gas rarefaction parameter d0 for
C0 ¼ ½0:25;0:5;0:75�. The corresponding relative errors, defined as
D ¼ 100� jqDSMC � qKosugej=qDSMC , are plotted in Fig. 3. The reference
rarefaction parameter d0 in [41] is linked to the present reference
Knudsen number via

Kn0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m0kT0

p
2pd2

1l0

1
d0

; ð19Þ

where d1 ¼ 0:2173 nm is the diameter of the He molecule,
l0 ¼ lðT0;C0Þ is the reference viscosity, obtained from Table 1 in
[41] at reference C0 and T0 ¼ 300 K. In order to properly perform
the comparison the DSMC heat fluxes in [41] are multiplied byffiffiffi
8

p
b. As it is seen, also in this case, where the molecular mass ratio

is large (mAr=mHe � 10), there is good agreement between the
results. More specifically, as expected, at d0 ¼ 0 the heat fluxes of
the two approaches actually coincide, while as d0 is increased the
relative deviation between the results is monotonically increased
up to about d0 ¼ 20 and then, as d0 is further increased the relative
deviation stabilizes around a constant value having a maximum
about 5%. The heat fluxes of the Kosuge model are always lower
than the corresponding DSMC ones. It is important to note that
the agreement between the Kosuge model and the DSMC method
is very good not only in the case of small (TH=TC ¼ 1:22) but also
in the case of large (TH=TC ¼ 7) temperature difference. Addition-
ally, it is noted that the analytical solutions in the free molecular
and hydrodynamic limits reported in [41] are fully recovered by
the Kosuge model.

Concluding the validation of the results of the Kosuge model a
comparison with the Chapman-Enskog solutions [57] for the ther-
mal conductivity and the thermal-diffusion ratio is performed. As it
is well-known the Chapman-Enskog solutions of the Boltzmann
equation provide a basis for the computation of transport coeffi-
cients for single gases and gas mixtures assuming small deviations
from the Maxwell–Boltzmann distribution function. In Fig. 4, the
thermal conductivities k0 (at reference temperature T0 and mole
fraction C0) of He-Ne and He-Xe with HS molecules are plotted ver-
sus the reference temperature T0 for the Kosuge model and the
Chapman-Enskog solutions of the first and seventieth order. The
kinetic thermal conductivities have been obtained for
C0 ¼ ½0:2;0:5;0:7� assuming a small reference Knudsen number
(Kn0 ¼ 0:015) and a small temperature ratio between the plates
(TH=TC ¼ 1:1). In these conditions the Chapman-Enskog theory
applies well around y ¼ 0:5 (far from the Knudsen layers
which are adjacent to the walls) and then, in that central region
Fig. 3. Relative deviation D ¼ jqDSMC � qKosugej=qDSMC between the dimensionless total heat
molecules and various reference mole fractions C0 in terms of the reference rarefaction
a comparison with the Kosuge kinetic model is feasible using the
Fourier law, which in present notation reads as

Q ¼ �k
dT
dŷ

; ð20Þ

where k denotes the thermal conductivity. It is seen in Fig. 4 that
the thermal conductivities obtained by the Kosuge model are
always in excellent agreement with the first order Chapman-
Enskog conductivities of the Boltzmann equation. This is expected
since the thermal conductivity of the Kosuge model coincides with
that of the original Boltzmann equation at the first approximation
[50]. The seventieth order Chapman-Enskog thermal conductivities
are always higher and the maximum relative deviation is about
8.5%.

In Fig. 5, the comparison is extended to the thermal-diffusion
ratio jT , which is defined as [36,57]

dC
dŷ

¼ �jT

T
dT
dŷ

: ð21Þ

In the case of HS molecules the thermal-diffusion ratio depends
only on the mole fraction [57]. Thus, in Fig. 5, a comparison
between the thermal-diffusion ratios jT;0 (at reference mole frac-
tion C0) obtained by the Kosuge model with the corresponding
ones of the Chapman-Enskog analysis of the Boltzmann equation
is performed in terms of C0. As it is seen the kinetic results match
very well with those of the Chapman-Enskog analysis for both mix-
tures (He-Ne and He-Xe) and for all values of C0.

Based on all above the effectiveness of the Kosuge kinetic model
to simulate the present binary gas mixture heat transfer configura-
tion subject to any arbitrary temperature ratio and molecular mass
ratio in the whole range of the Knudsen number is demonstrated.
The small number of computed negative distributions has a negli-
gible effect on the converged results. The overall efficiency of the
implemented computational scheme and the accuracy of the
deduced numerical results are verified.

3.2. Macroscopic distributions

The total heat flux, the heat flux of each species, the density, the
temperature and the mole fraction distributions of He-Ne, He-Ar
and He-Xe with various reference mole fractions C0 are computed
in terms of the temperature ratio TH=TC and the reference Knudsen
number Kn0. Partial thermal accommodations of the gas mixture
species at the walls are also considered. The hard sphere (HS)
[65], Lennard-Jones (LJ) [60] and Realistic Potential (RP) [66] mod-
els are introduced. To ensure a comparison on the same basis
between the results computed by the three intermolecular poten-
tials, the parameters of each model have been taken so that the
deduced values of the thermal conductivity and diffusion
flux q obtained by the Kosuge model and the DSMC method [41] for He-Ar with HS
parameter d0 at TH=TC ¼ 1:22 and TH=TC ¼ 7.



Fig. 4. Comparison between the thermal conductivities k0 obtained by the Kosuge model and the first and seventieth order Chapman-Enskog solutions of the Boltzmann
equation [57] in terms of the reference temperature T0 for He-Ne (left) and He-Xe (right) with HS molecules and various mole fractions C0 at Kn0 ¼ 0:015 and TH=TC ¼ 1:1.

Fig. 5. Comparison between the thermal-diffusion ratios jT;0 obtained by the
Kosuge model and the Chapman-Enskog solutions of the Boltzmann equation [57]
in terms of the reference mole fraction C0 for He-Ne and He-Xe with HS molecules
at Kn0 ¼ 0:015 and TH=TC ¼ 1:1.
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coefficients, at reference temperature T0 ¼ 273 K, are almost the
same for all three molecular models (HS, LJ, RP). Obviously, the
transport coefficients of the models differ to each other at temper-
atures T–T0, since the temperature dependence of the transport
coefficients varies for each intermolecular potential. The intro-
duced parameters are given in Table 3 [59,65,66]. The molecular
diameter of He with HS molecules is taken as the reference
diameter.

In Tables 4 and 5 the dimensionless total heat fluxes q obtained
by the HS model are compared with those of the LJ and RP models
for He-Ne and He-Ar respectively, with TH=TC ¼ 1:1 and TH=TC ¼ 7,
C0 ¼ ½0:25;0:5;0:75� and Kn0 2 ½10�2;102�. The particles are fully
accommodated at the two plates. The results in Tables 4 and 5
include the total heat fluxes of the HS model, while for the LJ
and RP models the deviations of their heat fluxes with respect to
the corresponding ones of the HS model are tabulated. The devia-
tions are defined as ½100� ðqi � qHSÞ=qHS�, with i ¼ LJ or i ¼ RP for
the Lennard-Jones and Realistic Potential respectively. Tabulating
Table 3
Parameters of the Hard-Sphere (HS), Lennard-Jones (LJ) and Realistic Potential (RP) intermo
[65,66].

Species
1–2

Diameter (cm)

[d� 108]

HS LJ

He-He 2.193 2.70
Ne-Ne 2.602 2.80
Ar-Ar 3.659 3.42
Xe-Xe 4.882 –
He-Ne 2.398 2.75
He-Ar 2.926 3.06
He-Xe 3.538 –
the results in that form facilitates the comparison between the
models, while the values of the heat fluxes for the LJ and RP models
are readily deduced. As it is seen, the discrepancies between the
corresponding heat fluxes of the three potentials for both mixtures
are negligible in the free molecular regime (Kn0 P 10) and then, as
the Knudsen number is decreased they are gradually increased. The
deviations, with regard to the temperature ratio, are larger for
TH=TC ¼ 1:1 compared to the corresponding ones for TH=TC ¼ 7
and with regard to the mixture composition they are increased
as the molecular mass ratio is increased. The largest deviations
between the HS and the other two models are for He-Ar with
C0 ¼ 0:5, at Kn0 ¼ 0:01 and TH=TC ¼ 1:1, where they reach 13%
and 19% for the LJ and the RP models respectively.

Since the heat flux of each species of the mixture varies
between the plates it is interesting to analyze their distributions.
In Fig. 6, the heat fluxes q1ðyÞ and q2ðyÞ are plotted for He-Ne
and He-Ar (HS model) and for TH=TC ¼ 7, Kn0 ¼ 0:01 and
C0 ¼ ½0:25;0:5;0:75�. Always, the heat flux of the light species,
q1ðyÞ, is decreased from the hot towards the cold plate (negative
slope) and this reduction becomes more rapid at the vicinity of
the cold wall. The heat flux of the heavy species, q2ðyÞ, follows
the opposite behavior of that of the light species, i.e., it is increased
from the hot towards the cold plate (positive slope), as it should,
since the total heat flux between the plates remains constant. Cor-
responding results obtained by the LJ and the RP models demon-
strate a close qualitative resemblance with the presented ones by
the HS model. Also, it is noted that as the temperature difference
between the plates is decreased and as the Knudsen number is
increased the partial heat fluxes tend to be independent of y and
remain almost constant between the plates.

In Fig. 7 the density qðyÞ and temperature sðyÞ distributions are
plotted for He-Ar (HS model) and for typical values of Kn0, C0 and
TH=TC . The behavior of these distributions is similar to the corre-
sponding ones of a single gas, i.e., for the small temperature ratio
(TH=TC ¼ 1:1) they are symmetric about y ¼ 0:5, while for the large
lecular models for the gases and binary gas mixtures implemented in the present work

Energy parameter (K)
[e=k]

RP LJ RP

2.610 6.03 10.40
2.755 35.7 42.00
3.350 124 141.5
3.885 – 274
2.691 23.7 19.44
3.084 40.2 30.01
3.533 – 29.77



Table 4
The dimensionless total heat fluxes of the HS model along with the deviations of the heat fluxes of the LJ and RP models with respect to the corresponding HS ones, defined as
½100� ðqi � qHSÞ=qHS �, i ¼ LJ, RP, for He-Ne with various Kn0, C0 and TH=TC .

TH
TC

Kn0 C0 ¼ 0:25 C0 ¼ 0:5 C0 ¼ 0:75

qHS LJ RP qHS LJ RP qHS LJ RP

1.1 0.01 2.09(�3) 2.2 5.7 2.34(�3) 2.8 6.5 2.62(�3) 2.2 5.1
0.1 1.67(�2) 1.8 4.5 1.86(�2) 2.3 5.1 2.02(�2) 1.6 3.9
1 5.81(�2) 6.0(�1) 1.7 6.33(�2) 6.5(�1) 1.7 6.40(�2) 4.1(�1) 1.3
10 8.33(�2) 4.2(�2) 2.7(�1) 8.96(�2) 3.4(�2) 2.7(�1) 8.77(�2) 1.4(�2) 2.0(�1)
50 8.77(�2) 3.2(�3) 6.0(�2) 9.40(�2) 5.0(�4) 5.9(�2) 9.16(�2) �1.4(�3) 4.3(�2)
100 8.84(�2) 8.5(�4) 3.1(�2) 9.47(�2) �5.8(�4) 3.0(�2) 9.21(�2) �1.2(�3) 2.2(�2)

7 0.01 3.26(�2) 1.4 5.9 3.70(�2) 1.6 6.7 4.14(�2) 8.8(�1) 5.1
0.1 2.51(�1) 8.5(�1) 4.3 2.81(�1) 9.2(�1) 4.7 3.02(�1) 3.7(�1) 3.4
1 7.46(�1) 3.6(�2) 1.2 8.11(�1) �4.0(�3) 1.2 8.13(�1) �1.3(�1) 7.5(�1)
10 9.81(�1) �7.7(�2) 1.5(�1) 1.05 �8.2(�2) 1.5(�1) 1.03 �9.1(�2) 6.1(�2)
50 1.01 �1.2(�2) 4.0(�2) 1.09 �1.2(�2) 3.7(�2) 1.06 �1.4(�2) 1.5(�2)
100 1.02 �1.1(�4) 2.3(�2) 1.09 �4.0(�4) 2.1(�2) 1.06 �2.4(�3) 9.4(�3)

Table 5
The dimensionless total heat fluxes of the HS model along with the deviations of the heat fluxes of the LJ and RP models with respect to the corresponding HS ones, defined as
½100� ðqi � qHSÞ=qHS �, i ¼ LJ, RP, for He-Ar for various Kn0, C0 and TH=TC .

TH
TC

Kn0 C0 ¼ 0:25 C0 ¼ 0:5 C0 ¼ 0:75

qHS LJ RP qHS LJ RP qHS LJ RP

1.1 0.01 1.38(�3) 11 15 1.88(�3) 13 19 2.46(�3) 10 15
0.1 1.21(�2) 9.3 13 1.61(�2) 11 16 2.00(�2) 8.2 12
1 5.50(�2) 4.1 5.6 6.73(�2) 4.4 6.0 7.23(�2) 2.8 4.1
10 9.24(�2) 7.1(�1) 9.9(�1) 1.07(�1) 7.0(�1) 1.0 1.06(�1) 4.2(�1) 6.4(�1)
50 1.00(�1) 1.6(�1) 2.3(�1) 1.15(�1) 1.5(�1) 2.2(�1) 1.12(�1) 9.2(�2) 1.4(�1)
100 1.02(�1) 8.1(�2) 1.2(�1) 1.16(�1) 7.8(�2) 1.1(�1) 1.12(�1) 4.6(�2) 7.2(�2)

7 0.01 2.20(�2) 8.3 10 3.05(�2) 9.9 12 4.05(�2) 6.2 9.1
0.1 1.88(�1) 6.8 8.4 2.54(�1) 7.7 9.9 3.14(�1) 4.4 6.6
1 7.40(�1) 2.2 3.3 8.99(�1) 2.1 3.4 9.45(�1) 1.1 2.0
10 1.10 2.9(�1) 5.4(�1) 1.27 2.8(�1) 5.2(�1) 1.25 1.2(�1) 2.7(�1)
50 1.17 6.2(�2) 1.2(�1) 1.33 5.9(�2) 1.1(�1) 1.29 2.5(�2) 5.4(�2)
100 1.17 3.9(�2) 6.9(�2) 1.34 3.4(�2) 5.8(�2) 1.30 1.6(�2) 2.8(�2)

Fig. 6. Distributions of the heat flux of the light q1ðyÞ ( ) and the heavy q2ðyÞ ( ) species along with the total heat flux q ( ) for He-Ne (left) and He-Ar (right)
with HS molecules and for TH=TC ¼ 7, Kn0 ¼ 0:01 and C0 ¼ ½0:25;0:5;0:75�.
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temperature ratio (TH=TC ¼ 7) they are not symmetric having a lar-
ger temperature jump at the hot wall (compared to that at the cold
wall) which is increased as Kn0 is increased. The effect of C0 on the
density and temperature distributions is, in general, small. It has
been also found that the effect of the intermolecular model on
the density and temperature distributions is quantitatively small,
which is in agreement with corresponding results in [41], where
the binary Fourier flow problem has been solved via the DSMC
method. To be more specific the relative differences of the number
density and temperature for the LJ and RP models compared to the
ones of the HS model, defined as ½100� ðqHS � qiÞ=qHS� and
½100� ðsHS � siÞ=sHS�, with i ¼ LJ or i ¼ RP, are less than 1% in the
case of TH=TC ¼ 1:1 and less than 5% in the case of TH=TC ¼ 7. It
is noted that in the case of single gases the corresponding effect
of the intermolecular model on the density and temperature distri-
butions has been found to be more significant [67].

On the contrary, the implemented intermolecular model has a
more significant effect on the mole fraction distributions. This is
demonstrated in Fig. 8, where the mole fraction CðyÞ is plotted
for He-Ar based on the HS, LJ and RP models, with C0 ¼ 0:5,
TH=TC ¼ ½1:1;7� and Kn0 ¼ ½10�1;1;102�. Qualitatively, there is a
resemblance between all three models. Quantitatively however,
in all cases, the mole fractions distributions based on the LJ and
RP models almost coincide, while the ones based on the HS model
differ significantly particularly at moderate (Kn0 ¼ 1) and small
(Kn0 ¼ 0:1) Knudsen numbers. The mole fraction jumps for the
HS model, compared to the other two, are higher. Of course for
large values the Knudsen number (Kn0 ¼ 102) the mole fraction



Fig. 7. Distributions of the number density qðyÞ (up) and temperature sðyÞ (down) for He-Ar with HS molecules for C0 ¼ 0:25 ( ) and C0 ¼ 0:75 ( ) with TH=TC ¼ 1:1
(left) and TH=TC ¼ 7 (right) and various values of Kn0.

Fig. 8. Distribution of the mole fraction CðyÞ for He-Ar with HS (h), LJ (4) and RP (}) potentials for C0 ¼ 0:5 with TH=TC ¼ 1:1 (left) and TH=TC ¼ 7 (right) and for various
values of Kn0.
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distribution is independent of the intermolecular potential. Over-
all, the mole fraction distributions behave similarly to the corre-
sponding temperature distributions. This is justified by the fact
that according to thermodiffusion, since m1 < m2 the thermal-
diffusion ratio, jT is always negative, causing the mole fraction
to have a negative slope as it also happens with the temperature
distribution. Also, the normalized difference of the mole fraction
between the HS and the other two intermolecular potentials (LJ

and RP), defined as ½ðCHS � CiÞ=ðCHS
y¼0 � CHS

y¼1Þ�, with i ¼ LJ or i ¼ RP,
has been computed in both cases of small and large temperature
ratios and it has been found to be of the same order.

Next, the effect of the partial thermal accommodation of the
two species at the walls on the heat fluxes for He-Ne and He-Xe
is investigated for Kn0 ¼ ½0:1;1;10�, C0 ¼ ½0:25;0:5;0:75� and
TH=TC ¼ 1:1. Only the case of the small temperature difference is
considered in order to be closer to experimental works, where typ-
ical values for the thermal accommodation coefficients of nobble
gases can be found [62–64]. The thermal accommodation coeffi-
cient of He has been measured to be smaller than 0.5, while for
heavier gases, like Ne and Xe, higher values of the thermal accom-
modation coefficient have been reported. It is noted that the ther-
mal accommodation coefficient depends not only on the working
gas, but also on the physical and mechanical condition of the sur-
face. In Fig. 9, the dimensionless total heat flux of He-Ne and He-Xe
based on the HS model in terms of the thermal accommodation of
He, aHe, is plotted for various values of the thermal accommodation
of the heavier gases, aNe and aXe. As expected the total heat flux is
increased as the gas-surface interaction becomes more diffuse and
as the gas mixture becomes less rarefied. With regard to the mole
fraction no concrete remarks can be made on the behavior of the
heat flux. The presented results for He-Ne and He-Xe may be useful
for comparisons with experiments in order to deduce through
inverse engineering the accommodation coefficients in the case
of binary gas heat transfer.

In order to obtain a more physical understanding of the heat
transfer in gas mixtures and to facilitate comparisons with mea-
surements, in Fig. 10, some dimensional heat fluxes Q [W/m2]
are shown in terms of the reference pressure P0 ¼ n0kT0 [Pa] for



Fig. 9. Dimensionless total heat flux q of He-Ne and He-Xe in terms of the thermal accommodation coefficient of He for various values of the Knudsen number: Kn0 ¼ 0:1 (h),
Kn0 ¼ 1 (4), Kn0 ¼ 10 (r) and for various values of the mole fraction: C0 ¼ 0:25 ( ), C0 ¼ 0:5 ( ), C0 ¼ 0:75 ( ), with TH=TC ¼ 1:1.
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Ne-Ar and He-Xe with HS molecules and for 0 6 C0 6 1. The refer-
ence temperature is set at T0 ¼ 573:15 K and two temperature
ratios TH=TC ¼ 1:1 and 4 are considered. The distance between
the parallel plates is set at L ¼ 0:005 m. The results for C0 ¼ 0
and C0 ¼ 1 correspond to the heat flux of single gases obtained
by the Shakhov kinetic model [52], with the former one referring
to the heavy species and the latter one to the light species. It is seen
that the heat flux curves with 0 < C0 < 1 are bounded from below
by the heat flux of the heavy species (C0 ¼ 0) and from above by
the heat flux of the light species (C0 ¼ 1). At the same reference
pressure P0, as C0 is increased, i.e., as the amount of the light spe-
cies is increased, the gas mixture heat flux is monotonically
increased from QðC0 ¼ 0Þ up to QðC0 ¼ 1Þ. It is noted that this
increment of the heat flux is more intense as the mass ratio
m2=m1 is increased. Also, as expected, the heat flux is monotoni-
cally increased with pressure. More specifically, as in the case of
single gases, the binary gas mixture heat flux at highly rarefied
atmospheres is proportional to gas pressure, in the transition
regime the relation becomes more complex, in the slip regime
there is a weak dependence on pressure, reaching finally, in the
hydrodynamic regime a constant value.

3.3. Equivalent single gas and effective thermal conductivity concepts

In several practical occasions in order to reduce modeling effort
the so-called ‘‘equivalent single gas” approach is introduced [58].
In this formulation the binary gas mixture is replaced by a single
gas with molecules having the reference molar mass of the mix-
ture, i.e. meq ¼ C0m1 þ ð1� C0Þm2. Then, the analysis is identical
to that of the single gas.

In the free molecular limit [41,33] it is readily deduced that the
total heat flux Q of the mixture is linked to the total heat flux of the
equivalent single gas Qeq as

Q
Qeq

¼ C0

ffiffiffiffiffiffiffiffi
meq

m1

r
þ ð1� C0Þ

ffiffiffiffiffiffiffiffi
meq

m2

r
: ð22Þ

Similarly, in the hydrodynamic regime it is found that Q and Qeq

are linked according to

Q
Qeq

¼ Preq
Pr

¼ 2
3Pr

; ð23Þ

where Pr is the Prandtl number of the mixture depending on refer-
ence mole fraction C0 and temperature T0, while Preq is the Prandtl
number of the equivalent single gas and it is equal to 2=3. It is noted
that relation (23) holds true under the assumptions of small tem-
perature difference between the plates and non-temperature jump
at the walls. In the transition regime there is no explicit expression
between Q and Qeq.

In Fig. 11, the relative error 100� ðQ � QeqÞ=Q versus the refer-
ence pressure P0 [Pa] is shown for Ne-Ar and He-Xe (HS model),
temperature ratios TH=TC ¼ 1:1, TH=TC ¼ 4 and



Fig. 10. Dimensional heat flux Q through Ne-Ar and He-Xe enclosed between two plates with distance L ¼ 0:005 m for TH=TC ¼ 1:1 and TH=TC ¼ 4, with T0 ¼ 573:15, in terms
of the reference pressure P0 for various values of the reference mole fraction C0.

Fig. 11. Relative error 100� ðQ � QeqÞ=Q introduced by the equivalent single gas approach in terms of reference pressure P0 [Pa] for Ne-Ar and He-Xe (HS model) with
TH=TC ¼ 1:1 (left) and TH=TC ¼ 4 (right) and for C0 ¼ ½0:25;0:5;0:75�.
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C0 ¼ ½0:25;0:5;0:75�. The computed errors at low and high values
of the pressure fulfill the analytical expressions (22) and (23)
respectively. As shown, for the He-Xe the computed error is always
large (more than 40%), which clearly indicates that the equivalent
single gas approach cannot be applied. In the case of Ne-Ar the
error is small at low pressures and then as pressure is increased
for C0 ¼ 0:5 it remains small, while for C0 ¼ 0:25 and 0:75 it is
increased. This latter behavior is rather unexpected since as the
pressure is increased intermolecular collisions are increased, sepa-
ration effects are reduced and the gas mixture tends to behave as a
single gas [58]. However, as it is indicated by Eq. (23), in the hydro-
dynamic limit the ratio of the heat fluxes is inversely proportional
to the corresponding Prandtl numbers ratio and as it is well known
the Plandtl number of a gas mixture depends on the mole fraction
and may differ significantly with that of a monatomic gas. Thus the
error behavior at large pressure is fully justified and it is seen that
even for Ne-Ar having species with molecular masses close to each
other the equivalent single gas approach cannot be applied unless
C0 is close to 0.5. Overall, it is concluded that the equivalent single
gas approach should not be applied in binary gas mixture heat
transfer problems and the problemmust be treated by two coupled
kinetic equations.

Next, the concept of the effective thermal conductivity in the
case of binary gas heat transfer is investigated. It is noted that cor-
responding analysis for the single monatomic and polyatomic
gases has been performed indicating that the effective thermal
conductivity approximation may by applied provided that the sys-
tem Knudsen number is small [21,28]. For the present Fourier flow
the effective thermal conductivity is defined as [21]

Q ¼ �keff
dT
dŷ

; ð24Þ

where Q is the total heat flux, TðŷÞ is the temperature of the mixture
computed by the Kosuge model and keff ðŷÞ is the effective thermal



Fig. 12. The ratio keff =k for He-Ne (left) and He-Xe (right) along the distance between the plates for Kn0 ¼ ½0:015;0:1;0:1� with TH=TC ¼ 1:1 and C0 ¼ 0:5.
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conductivity which is obtained introducing Q and TðŷÞ in the Four-
ier law (24). Next, the ratio keff =k is introduced, where, as men-
tioned above, keff ¼ keff ðŷÞ is the effective thermal conductivity
obtained by the Kosuge model and k ¼ kðŷÞ is the thermal conduc-
tivity obtained by the Chapman-Enskog analysis. It is noted that the
calculation of the thermal conductivity based on the Chapman-
Enskog analysis requires the mole fraction CðŷÞ which is not known
a priori. However, when a small temperature difference is intro-
duced the thermal-diffusion ratio between the plates can be consid-
ered constant and then, the mole fraction distribution is computed
as [36]
CðŷÞ ¼ C0 þ jT;0 1� TðŷÞ
T0

� �
; ð25Þ
where jT;0 ¼ jTðT0; C0Þ is the thermal diffusion ratio calculated
from the Chapman-Enskog analysis at reference T0 and C0. Based
on the above the thermal conductivity is computed via the first
order Chapman-Enskog relations in [57].

In Fig. 12, the ratio keff =k is plotted versus the distance y
between the plates for He-Ne and He-Xe (HS model) and
Kn0 ¼ ½0:015;0:1;1�. The temperature ratio is small and equal to
TH=TC ¼ 1:1, with T0 ¼ 300 K, while the mole fraction is taken as
C0 ¼ 0:5. When the ratio keff =k is close to one that implies that
the Chapman-Enskog analysis is valid and the effective thermal
conductivity concept may be applied. As shown, this is true only
for Kn0 ¼ 0:015 and Kn0 ¼ 0:1 and also not close to the boundaries,
where due to the presence of the Knudsen layers the heat flow is
far from local equilibrium. Even for Kn0 ¼ 0:015 the ratio keff =k is
rapidly decreased adjacent to the plates. For Kn0 ¼ 1, the atmo-
sphere becomes more rarefied and the Chapman-Enskog solution
up to the first order is not valid throughout the domain. Comparing
the corresponding results between the He-Ne and He-Xe gas mix-
tures it is seen that in the latter case, where the molecular mass
ratio m2=m1 is increased, the deviations from the hydrodynamic
behavior are reduced. This is contributed to the fact the heavier
particles, compared to the lighter ones, are characterized by smal-
ler mean free paths and therefore the flow is closer to the hydrody-
namic regime. Overall, the effective thermal conductivity concept
may be applied in binary heat flow setups provided that the system
Knudsen number remains adequately small. It is noted that the
computational results in Fig. 12, which have been obtained based
on kinetic theory, may be implemented in comparisons with
results of analytical expressions for the effective thermal conduc-
tivity, which are occasionally derived subject to various conditions
and assumptions, in order to justify the validity and to determine
the applicability range of the closed form expressions. Such expres-
sions are common in single gases mainly for the effective shear vis-
cosity [68,69].
4. Concluding remarks

The problem of heat transfer through rarefied binary gas mix-
tures confined between two parallel plates maintained at different
temperatures has been solved based on the Kosuge kinetic model.
The calculations have been carried out for virtual and real mixtures
with arbitrary temperature ratio TH=TC , over a wide range of the
reference Knudsen number Kn0 and mole fraction C0. The results
obtained by the kinetic model have been compared to correspond-
ing ones obtained by the Boltzmann equation, the DSMC method
and the Chapman-Enskog solutions. The Kosuge model has been
proven to be computationally efficient providing accurate results
even in strongly non-equilibrium heat flow setups.

Furthermore, three intermolecular models, namely the hard
sphere (HS), the Lennard Jones (LJ) and the Realistic Potential (RP)
models have been implemented in He-Ne and He-Ar. For Kn0 6 1
the heat fluxes of the HS model vary significantly with the ones of
the other twomodels. Also, the applied interaction model has a sig-
nificant effect on the mole fraction distribution between the plates,
while this effect is not present in the density and temperature dis-
tributions. Concerning the partial heat flux distributions of the light
and heavy species it has been found that moving from the hot
towards the cold plate the former one is decreasing, while the latter
one is increasing with the total heat flux being always constant.

The influence of the thermal accommodation coefficient of the
species of He-Ne and He-Xe on the computed heat flux has been
also investigated. In addition, for the same mixtures dimensional
heat fluxes in terms of the reference pressure have been reported
indicating that the heat flux is increased along with pressure
reaching in the hydrodynamic limit a constant value. Furthermore,
the heat fluxes for 0 < C0 < 1 are always bounded from below by
the heat flux of the heavy species and from above by the heat flux
of the light species. These data may be useful for comparisons with
experiments in the case of rarefied binary gas heat transfer.

The equivalent single gas approach has been examined to find
out that this concept, despite its effectiveness in binary gas mix-
ture flows, does not suit well in binary gas mixture heat transfer
problems, which must be treated by two coupled kinetic equations.
Finally, the effective thermal conductivity approximation has been
introduced and it has been shown that it can be successfully
applied, as in the case of single gases, provided that the system
Knudsen number remains adequately small.

As it is well known simulating multidimensional rarefied gas
problems based on the DSMC method or on the Boltzmann equa-
tion is, in general, computationally time consuming. Therefore,
successful implementation of reliable kinetic models in such prob-
lems is important. Based on the present good performance of the
Kosuge model, even in strongly non-equilibrium conditions, it is
planned in the short future to apply this model to more demanding
non-isothermal flow configurations including gas adsorption.
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Appendix A. Expressions of La, Za and Ra

The expressions for La and Za, with a ¼ 1;2 and b–a are given
by:

La ¼qaRa
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Here thedimensionless quantitiesWðiÞ
a ði ¼ 1;2; . . . ;6Þ are obtained as
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where BðaÞ, DðaÞ, CðaÞ
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Introducing the dimensionless quantities of Eq. (10) into Eq. (7),
the quantities Ra appearing in Eq. (11) may be written in the fol-
lowing form:
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The dimensionless collision frequencies ~mðiÞba ði ¼ 1;2; . . . ;6Þ and
~Y ðiÞ
ba ði ¼ 1;2; . . . ;16Þ are given with respect to their dimensional

values that given in Eqs. (A.2) and (A.3) in [50] as
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where d1 is the molecular diameter of species 1. It is noted that the

dimensional mðiÞba and Y ðiÞ
ba are defined in terms of Chapman-Cowling

X integrals [50].
In the present work the hard sphere, the Lennard-Jones and the

realistic potentials are applied and in each case the corresponding
Chapman-Cowling X integrals are implemented in the following
way: for the hard-sphere molecules they are obtained from Eqs.
(10.1.1) and (10.2.1) in [65]; for the Lennard-Jones model they
are constructed numerically and they may be found in tabulated
form in the Appendix F in [60]; finally, for the realistic potential
they are calculated from expressions (B7) and (B8) in [66].
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