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Conductive stationary heat transfer through rarefied nonpolar polyatomic gases, confined between par-
allel plates maintained at different temperatures, is investigated. It is assumed that gas molecules possess
both rotational and vibrational degrees of freedom, described by the classical rigid rotator and quantum
harmonic oscillator models, respectively. The flow structure is computed by the Holway kinetic model
and the Direct Simulation Monte Carlo method. In both approaches the total collision frequency is com-
puted according to the Inverse Power Law intermolecular potential. Inelastic collisions in DSMC simula-
tions are based on the quantum version of the Borgnakke–Larsen collision model. Results are presented
for N2, O2, CO2, CH4 and SF6 representing diatomic as well as linear and nonlinear polyatomic molecules
with 1 up to 15 vibrational modes. The translational, rotational, vibrational and total temperatures and
heat fluxes are computed in a wide range of the rarefaction parameter and for various ratios of the hot
over the cold plate temperatures. Very good agreement, between the Holway and DSMC results is
observed as well as with experiments. The effect of the vibrational degrees of freedom is demonstrated.
In diatomic gases the vibrational heat flux varies from 5% up to 25% of the total one. Corresponding
results in polyatomic gases with a higher number of vibrational modes show that even at low reference
temperatures the contribution of the vibrational heat flux may be considerably higher. For example in the
case of SF6 at 300 K and 500 K the vibrational heat flux is about 67% and 76% respectively of the total heat
flux. Furthermore, it is numerically proved that the computed solutions are in agreement with the
Chapman–Enskog approximation in a central strip of the computational domain even at moderately large
values of the rarefaction parameter, as found in previous investigations. This property has been used to
compute the gas thermal conductivity predicted by the adopted models.

� 2016 Elsevier Ltd. All rights reserved.
1. Introduction

Heat transfer through stationary rarefied monatomic gases
confined between solid boundaries has attracted over the years
considerable attention. The literature survey on this topic is very
extensive and therefore only some indicative works related to
the present heat transfer configuration are cited [1–6]. Corre-
sponding work in polyatomic gases is quite limited and the exist-
ing one ignores the effect of the vibrational degrees of freedom
[7–14]. It is known however, that vibrational excitation must be
included when the reference temperature of the heat flow setup
exceeds about 30% of the lower gas characteristic vibrational
temperature which significantly varies for each gas. For instance,
for N2 and O2 it is 3371 K and 2256 K respectively, whereas for
CO2 is 960 K and for SF6 is 520 K.
Polyatomic gases with relatively low and moderate character-
istic vibrational temperatures are very common in several
industrial processes and technological applications running in a
wide range of operating temperatures. A typical example of
low excitation temperature gases is SF6, which is used in power
plants (gas insulator switchgears and circuit breakers), in the
electronics industry (plasma etching and chemical vapor deposi-
tion), in the magnesium production (die casting) and in other
applications including gas-air tracing, leak detection, soundproof
windows, etc. [15–17]. Other gases with moderate excitation
temperatures may be involved in piezoelectric sensing technolo-
gies [18,19] at high temperatures (>800 �C) in the automotive
industry and in micro-electro-mechanical systems for aeronau-
tics and space applications (e.g. micro rocket engines) [20], as
well as in natural and environmental processes. Modeling of
these processes should include the effect of the excited vibra-
tional modes, if agreement between measurements and calcula-
tions is to be obtained.

http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijheatmasstransfer.2016.06.010&domain=pdf
http://dx.doi.org/10.1016/j.ijheatmasstransfer.2016.06.010
mailto:diva@mie.uth.gr
http://dx.doi.org/10.1016/j.ijheatmasstransfer.2016.06.010
http://www.sciencedirect.com/science/journal/00179310
http://www.elsevier.com/locate/ijhmt
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Having all these considerations in mind, it is interesting and
useful to investigate in a complete and precise manner the contri-
bution of the vibrational degrees of freedom in a simple problem of
heat transfer through polyatomic gases in a wide range of refer-
ence temperatures and gas rarefaction. It is also important to
examine the effect of the various characteristic vibrational
temperatures and corresponding number of vibrational degrees
of freedom on the computed macroscopic quantities.

In the present work, the stationary heat transfer flow through
rarefied nonpolar polyatomic gases, confined between two parallel
plates, is simulated both deterministically and stochastically by
implementing the Holway kinetic model and the DSMC scheme
respectively for gases whose molecules possess both rotational
and vibrational degrees of freedom. The translational, rotational,
vibrational and total temperature and heat flux distributions are
presented for a wide range of the involved parameters. Compar-
isons between the kinetic model and the DSMC method as well
as between simulations and experimental data [21] are shown
and discussed. The influence of the vibrational degrees of freedom
on the heat fluxes for CO2, CH4 and SF6 at low reference tempera-
tures is investigated, while corresponding high temperature calcu-
lations with N2 and O2 is mainly performed for model testing and
results validation. Furthermore, thermal conductivities predicted
by the considered gas models have been estimated exploiting the
good agreement between the kinetic solutions and their hydrody-
namic (Chapman–Enskog) approximations, which occurs, even for
moderately high values of the rarefaction parameter in a central
strip of the domain [22–24].
2. Heat transfer configuration and basic definitions

Consider the state of a stationary nonpolar polyatomic gas con-
fined between two infinite parallel plates fixed at ŷ ¼ �H=2 and
maintained at constant temperatures TH and TC respectively, with
TH > TC . Then, due to temperature difference a conductive heat
flow through the gas from the hot to the cold plate is induced.

The adopted models include translational, rotational and vibra-
tional energy modes of the molecules assuming that the transla-
tional and the rotational energies are continuous, while the
vibrational energy is discrete. The rotation and vibration of the
gas molecules are described by the rigid rotator and the quantum
harmonic oscillator models respectively. The rotational mode can
be described as having a constant number of degrees of freedom
at all temperatures which is j ¼ 2 for linear molecules and j ¼ 3
for non-linear molecules.

On the contrary, the effective number of vibrational degrees of
freedom varies with temperature. For the simple quantum har-
monic oscillator assumed here they are defined as [25]

fvðTÞ ¼
2
T

XN
i¼1

HV ;i

exp½HV ;i=T� � 1
; ð1Þ

where N is the total number of vibrational modes given by
N ¼ 3M � 5 for linear molecules and N ¼ 3M � 6 for nonlinear
molecules with M being the number of atoms in the molecule. Also,
HV ;i is the characteristic vibrational temperature of vibrational
mode i given by [25]

HV ;i ¼
�h-i

kB
; ð2Þ

where �h ¼ 1:05457� 10�34 J s is the reduced Planck constant, -i is
the vibrational frequency of the gas molecules and
kB ¼ 1:38065� 10�23 J=K is the Boltzmann constant. In diatomic
gases at high temperature fv ! 2, while in polyatomic gases fv
takes higher values depending on the specific gas and the applied
temperature.

In the absence of dissociation, the state of a polyatomic gas is

determined by its distribution function f̂ Sðŷ; t; ÎÞ, where
S ¼ fS1; S2; . . . SNg, with Si ¼ 0;1;2; . . ., represents the vibrational
quantum states, that depends on the space coordinate ŷ, the
molecular translational velocity t ¼ ðnx; ny; nzÞ and the energy of

rotational motion Î [25,26]. Then, the macroscopic quantities of

practical interest are obtained by the moments of f̂ S as [26,27]

nðŷÞ ¼
X1
S¼0

Z 1

�1

Z 1

0
f̂ Sd̂Idt; ð3Þ

EtrðŷÞ ¼ 3kBT trðŷÞ
2

¼ m
2n

X1
S¼0

Z 1

�1

Z 1

0
t2 f̂ Sd̂Idt; ð4Þ

ErotðŷÞ ¼ jkBTrotðŷÞ
2

¼ 1
n

X1
S¼0

Z 1

�1

Z 1

0
Îf̂ Sd̂Idt; ð5Þ

EvibðŷÞ ¼ fvðTvibðŷÞÞkBTvibðŷÞ
2

¼ 1
n

X1
S¼0

Z 1

�1

Z 1

0

XN
i¼1

�h-iSi

 !
f̂ Sd̂Idt; ð6Þ

Q trðŷÞ ¼
m
2

X1
S¼0

Z 1

�1

Z 1

0
nyt2 f̂ Sd̂Idt; ð7Þ

Q rotðŷÞ ¼
X1
S¼0

Z 1

�1

Z 1

0
ny Îf̂ Sd̂Idt; ð8Þ

QvibðŷÞ ¼
X1
S¼0

Z 1

�1

Z 1

0
ny

XN
i¼1

�h-iSi

 !
f̂ Sd̂Idt; ð9Þ

TtotðŷÞ ¼ 3TtrðŷÞ þ jTrotðŷÞ þ fvðTvibðŷÞÞTvibðŷÞ
3þ jþ fvðTtotðŷÞÞ ; ð10Þ

Q totðŷÞ ¼ Q trðŷÞ þ Q rotðŷÞ þ QvibðŷÞ; ð11Þ
In Eqs. (3)–(11), nðŷÞ is the number density, EtrðŷÞ, ErotðŷÞ, EvibðŷÞ

are the mean particle energies and Q trðŷÞ, Q rotðŷÞ, QvibðŷÞ are the heat
fluxes related to the translational, rotational and vibrational motion
of the molecules respectively, with TtrðŷÞ, TrotðŷÞ, TvibðŷÞ denoting
the corresponding temperatures. Also T totðŷÞ is the total temperature
and Q totðŷÞ is the total heat flux of all degrees of freedom.

The problem in dimensionless form is prescribed by the ratio of
the high over the low plate temperatures

b ¼ TH=TC ð12Þ
and the reference gas rarefaction parameter

d0 ¼ P0H
l0t0

; ð13Þ

where l0 is the gas viscosity at reference temperature
T0 ¼ ðTH þ TCÞ=2, P0 ¼ n0kBT0 is the reference pressure and
t0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2kBT0=m

p
, with m denoting the molecular mass, is the most

probable molecular speed at T0. The cases of d0 ¼ 0 and d0 ! 1
correspond to the free molecular and hydrodynamic limits respec-
tively. In addition, the dimensionless vibrational temperatures

hV ;i ¼ HV ;i=T0; ð14Þ
depending upon the working gas under consideration, are specified.

Furthermore, it is convenient to introduce the following dimen-
sionless variables and macroscopic quantities:
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y ¼ ŷ=H; c ¼ t=t0; I ¼ Î=ðkBT0Þ; f S ¼ f̂ St30kBT0=n0;

q ¼ n=n0; si ¼ Ti=T0; qi ¼ Qi=ðP0t0Þ; ei ¼ Ei=ðkBT0Þ
ð15Þ

In the above expressions n0 ¼ 1
H

R H=2
�H=2 nðŷÞdŷ is a reference num-

ber density and the subscript i ¼ tr; rot; vib; tot refers to transla-
tional, rotational, vibrational or total quantities. The effect of all
involved parameters on the heat transfer problem is investigated
focusing on the effect of hV ;i since it is the parameter which charac-
terizes the importance of the vibrational degrees of freedom. This
is achieved via the Holway kinetic model and the DSMC method
described in Sections 3 and 4 respectively.

3. The Holway kinetic model

The Boltzmann equation is the fundamental equation describ-
ing the motion of gas molecules from the continuum-fluid to the
free-molecular flow regimes. However, its collision operator makes
a solution difficult to be obtained by deterministic numerical
methods. The effort of solving the Boltzmann equation is signifi-
cantly reduced by substituting the complicated collision term with
reliable kinetic models.

The Holway kinetic model [26] has been applied with consider-
able success in rarefied polyatomic gas flows and heat transfer
configurations [27,10,12,14] providing good agreement with
experimental results. The H-theorem can be proved in a straight-
forward manner for the Holway model following the arguments
leading to analogous proof for the BGK model [12,14]. The Holway
model in its applied form does not recover both the shear viscosity
and thermal conductivity simultaneously and since here a purely
heat transfer configuration is investigated the collision frequency
has been set to properly recover the thermal conductivity
coefficient.

The Holway model for the present heat transfer configuration
can be written as

ny
@ f̂ S
@ŷ

¼ m̂tot 1� 1
ZðHÞ
rot

� 1

ZðHÞ
vib

 !
f̂ ðtrÞS � f̂ S
� �

þ 1
ZðHÞ
rot

f̂ ðtr;rotÞS � f̂ S
� �"

þ 1

ZðHÞ
vib

f̂ ðtr;rot;vibÞS � f̂ S
� �#

; ð16Þ

where

f̂ ðtrÞS ¼ nS Îjŷ
� � m

2pkBT tr

� �3=2

exp � mt2

2kBTtr

� �
; ð17Þ

f̂ ðtr;rotÞS ¼ n̂SðŷÞ m
2pkBTr

� �3=2

exp � m t2

2kBT
r

� �
Îj=2�1

Cðj=2ÞðkBTrÞj=2

� exp � Î
kBT

r

 !
; ð18Þ

f̂ ðtr;rot;vibÞS ¼ n
m

2pkBTtot

� �3=2

exp �
m t2
2 þ

XN
i¼1

�h-iSi þ Î

kBTtot

0
BBBB@

1
CCCCA

� Îj=2�1

Cðj=2ÞðkBTtotÞj=2
YN
i¼1

1� exp � �h-i

kBTtot

� �� �
: ð19Þ

Here, m̂tot ¼ ½PrðTtrÞnkBTtr�=lðTtrÞ is the total collision frequency
where PrðT trÞ is the Prandtl number and lðTtrÞ is the viscosity both
depending on the translational temperature. The parameters

1 6 ZðHÞ
rot ; ZðHÞ

vib < 1 define respectively the number of rotational
and vibrational collisions per one elastic collision. It is noted that
ZðHÞ
rot ; ZðHÞ

vib must be chosen in such a way that the rotational and
vibrational relaxations governed by the Holway model match the
corresponding relaxations obtained by the DSMC method when
these approaches are compared. This task is performed in Appen-
dix A. Also n is the total number density defined by Eq. (3), n̂S is
the total number density in vibrational state S and nS is the number

density of molecules having rotational energy Î in vibrational state
S. Finally, TrðŷÞ is the common temperature of the rotational and
translational modes given by TrðŷÞ ¼ ½3T trðŷÞ þ jTrotðŷÞ�=ð3þ jÞ.

In order to reduce the computational cost the following three
reduced density distributions one for the mass and two for the
internal energy (rotational and vibrational) are introduced
[28,10,29]

Ĝ ¼
X1
S¼0

Z 1

0
f̂ Sd̂I; R̂ ¼

X1
S¼0

Z 1

0
Îf̂ Sd̂I; V̂ ¼

X1
s¼0

Z 1

0

XN
i¼1

�h-iSi

 !
f̂ Sd̂I:

ð20Þ
For the specific problem under consideration the computational

effort is further reduced by eliminating the nx and nz components of
the molecular velocity by introducing the reduced distributions

F̂ ¼
Z 1

�1

Z 1

�1
Ĝdnxdnz; L̂ ¼

Z 1

�1

Z 1

�1
Ĝðn2z þ n2x Þdnxdnz;

Ĥ ¼
Z 1

�1

Z 1

�1
R̂dnxdnz; K̂ ¼

Z 1

�1

Z 1

�1
V̂dnxdnz: ð21Þ

Operating accordingly with the appropriate summation and
integral operators, defined by expressions (20) and (21), on
Eq. (16) and introducing the dimensionless quantities of Eq. (15)

along with the dimensionless reduced distributions F ¼ t0F̂=n0,

L ¼ L̂=ðn0t0Þ, H ¼ t0Ĥ=P0 and K ¼ t0K̂=P0 the following system of
kinetic equations may be obtained in vector form:

cy
@W
@y

¼ mtot 1� 1
ZðHÞ
rot

� 1

ZðHÞ
vib

 !
ðWðtrÞ �WÞ þ 1

ZðHÞ
rot

ðWðtr;rotÞ �WÞ
"

þ 1

ZðHÞ
vib

Wðtr;rot;vibÞ �W
� �#

ð22Þ

Here, W ¼ ½F; L; H; K�T are the unknown reduced distributions,
which depend on the dimensionless independent variables of

space y and molecular velocity cy. Also, mtot ¼ d0qðstrÞ1�xPrðstrÞ
is the dimensionless collision frequency and d0 is the reference
gas rarefaction given by Eq. (13). The relaxing distributions

in Eq. (22) are given by WðiÞ ¼ ½FðiÞ; LðiÞ; HðiÞ; KðiÞ�T , with
i ¼ ðtrÞ; ðtr; rotÞ; ðtr; rot; vibÞ, where

FðtrÞ ¼ qffiffiffiffiffiffiffiffiffi
pstr

p exp � c2y
str

 !
;

Fðtr; rotÞ ¼ qffiffiffiffiffiffiffiffi
psr

p exp � c2y
sr

 !
; Fðtr; rot; vibÞ ¼ qffiffiffiffiffiffiffiffiffiffiffi

pstot
p exp � c2y

stot

 !
;

LðtrÞ ¼ strF trð Þ; Lðtr; rotÞ ¼ srF tr; rotð Þ; Lðtr; rot; vibÞ ¼ stotF tr; rot; vibð Þ;

HðtrÞ ¼ j
2
srotF trð Þ; H tr; rotð Þ ¼ j

2
srF tr;rotð Þ; Hðtr;rot;vibÞ ¼ j

2
stotFðtr; rot; vibÞ;

KðtrÞ ¼ fvðsvibÞ
2

svibFðtrÞ; Kðtr;rotÞ ¼ fvðsvibÞ
2

svibFðtr; rotÞ;

K tr;rot;vibð Þ ¼ fv stotð Þ
2

stotFðtr;rot;vibÞ

ð23Þ
In the derivation of Eq. (22) the Inverse Power Law (IPL)

interaction [29] between particles has been introduced with the
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parameter x taking the values of 1=2 and 1 for hard sphere (HS)
and Maxwell (MM) interactions respectively.

The same non-dimensionalization and projection procedures
are applied to the moments (3–11), to find that the macroscopic
quantities are given in terms of F, L, H and K according to

q ¼
Z 1

�1
Fdcy; qtr ¼

Z 1

�1
ðc2yF þ LÞcydcy; qrot ¼

Z 1

�1
Hcydcy;

qvib ¼
Z 1

�1
Kcydcy; qtot ¼ qvib þ qrot þ qtr;

etr ¼ 3str
2

¼ 1
q

Z 1

�1
ðc2yF þ LÞdcy; erot ¼ jsrot

2
¼ 1
q

Z 1

�1
Hdcy;

evib ¼ fvðsvibÞsvib
2

¼ 1
q

Z 1

�1
Kdcy;

sr ¼ 3str þ jsrot
3þ j

; stot ¼ 3 str þ jsrot þ fvðsvibÞsvib
3þ jþ fvðstotÞ

;

ð24Þ
where

fvðsvibÞ ¼
2
svib

XN
i¼1

hV ;i

,
exp

hV ;i
svib

� �
� 1

� �
and

fvðstotÞ ¼
2
stot

XN
i¼1

hV ;i

,
exp

hV ;i
stot

� �
� 1

� �
ð25Þ

are the vibrational degrees of freedom in dimensionless tempera-
tures svib and stot respectively. From Eq. (22) the energy conserva-
tion equation @qtot=@y ¼ 0 is readily reduced and it is
implemented to benchmark the computations.

Next, the boundary conditions are defined. The typical purely
diffuse boundary conditions are implemented where the distribu-
tion function of the particles departing by the two plates takes
the form [26]

f ðþÞ
S ¼ nw

m
2pkBTw

� �3=2 Îj=2�1

Cðj=2ÞðkBTwÞj=2

� exp �
m t2
2 þ Î þPN

i¼1�h-iSi
kBTw

 !YN
i¼1

1� exp � �h-i

kBTw

� �� �
:

ð26Þ
The superscript ðþÞ denotes outgoing distributions, Twð�1=2Þ is

either the cold or the hot temperatures of the plates and nwð�1=2Þ
is a parameter specified by the condition of no penetration at the
walls. Introducing in Eq. (26), the same normalization and projec-
tion as for the kinetic equations, lead to the outgoing distributions

FðþÞ
�1=2 ¼ qw;�1=2ffiffiffiffiffiffiffiffiffi

psw
p exp � c2y

sw

 !
; LðþÞ

�1=2 ¼ swFðþÞ
�1=2;

HðþÞ
�1=2 ¼ j

2
swFðþÞ

�1=2; KðþÞ
�1=2 ¼ swfvðswÞ

2
FðþÞ
�1=2; ð27Þ

at y ¼ �1=2, where qw is specified by applying the no penetration
condition at the walls as

qw;�1=2 ¼ 2
ffiffiffiffi
p

pffiffiffiffiffiffi
sw

p
Z 1

0
Fð�Þ
�1=2cydcy: ð28Þ

In Eqs. (27) and (28) the superscripts (+) and (�) denote outgo-
ing and impinging distributions respectively. Also, sw ¼ Tw=T0 and
in terms of the temperature ratio b is equal to 2b=ðbþ 1Þ at
y ¼ �1=2 (hot wall) and 2=ðbþ 1Þ at y ¼ 1=2 (cold wall).

The governing Eqs. (22) and (23) with the associated expres-
sions (24) subject to boundary conditions (27) and (28) are solved
numerically in an iterative manner. More specifically for pre-
scribed values of b, d0 and hV ;i the iteration map starts by assuming
all needed macroscopic quantities. The kinetic Eqs. (22) and (23)
are solved numerically discretizing in the physical space by the
control volume approach and in the molecular velocity space by
the discrete velocity method to yield the reduced distributions F,
L, H and K , which are introduced into the moment Eqs. (24) and
(28). Integration is performed via the Gauss–Legendre quadrature
to find the new estimates of all bulk quantities which are intro-
duced in the next iteration. The iteration process is terminated
when convergence criteria

1
3M

XM
i¼1

jqðtþ1Þ
i � qðtÞ

i j þ jsðtþ1Þ
tot;i � sðtÞtot;ij þ jqðtþ1Þ

tot;i � qðtÞ
tot;ij

h i
< e ð29Þ

with t denoting the iteration index and M the number of nodes in
the physical space, is fulfilled. The kinetic results presented here
have been obtained with Dy ¼ 1=ðM þ 1Þ ¼ 0:2� 10�3 and 96
molecular velocities being the roots of the corresponding Legendre
polynomial.

4. DSMC modeling

A series of DSMC simulations, limited to O2 and N2, have been
performed, in order to provide additional data to assess the capa-
bilities of the kinetic model. A quite standard setup of DSMC sim-
ulations has been used. Total collision cross sections have been
computed by VHS model [30], its parameters being tuned on the
same viscosity data used to determine the kinetic model collision
frequency. Inelastic collisions have been dealt with by Borg-
nakke–Larsen (BL) model [31] for translational–rotational coupling
and by its quantum extension [32] to describe collisions involving
vibrational energy transfer. As is well known, BL model describes
energy transfer between internal and translational energies by
assuming that a fraction of the total number of collisions is elastic,
i.e. no exchange between internal and translational energy occurs,
whereas the remaining fraction is composed by collisions in which
rotational and/or vibrational energy is exchanged according to pre-
scribed probabilistic rules. In complete analogy with the kinetic
model setup, the probabilities of elastic and inelastic collisions
have been assigned through temperature independent values of

ZðDSMCÞ
rot and ZðDSMCÞ

vib . The same equally spaced vibrational energy
levels have been used, according to the quantum linear oscillator
model. However, it should be noted that, although BL model is
based on sampling post-collisional states from fictitious equilib-
rium distributions, its collision frequency depends on the relative
velocity of colliding partners, not on translational temperature,
as in the case of Holway model. Hence, setting equal values of
the rotational and vibrational collision parameters for DSMC and
kinetic model does not guarantee identical relaxation rates, which
are provided only by developing proper expressions to relate ZðHÞ

rot

with ZðDSMCÞ
rot and ZðHÞ

vib with ZðDSMCÞ
vib . This procedure along with the

derived expressions is outlined in Appendix A.
The numerical setting of each DSMC simulation depended on the

particular values of its physical and geometrical parameters. Grid
size, time step, particles number and simulation duration have been
varied until further refinements led to percentage variations not
exceeding 1%. In a typical setting, not less than 106 particles have
been used. The uniform grid size has been reduced down to 0.025
reference mean free paths whereas the time step has been set equal
to minð0:1� scoll; 0:4� scellÞ, being scoll the smallest mean free time,
and scell the time a particle takes to cross a cell. Simulation durations
extended from 2:5� 104 to 7:5� 104 time steps.

5. Results and discussion

Results for the density, temperature and heat flux distributions
are obtained by the Holway kinetic model and the DSMC method
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for b ¼ ½1:1; 4; 5; 11� covering small, moderate and large temper-
ature differences, d0 2 ½0; 100� representing heat transfer flow from
the free molecular up to the slip regime and hV ¼ ½0:1; 1; 2; 5�
corresponding to mean temperatures T0 higher, equal and lower
compared to the characteristic vibrational temperature. At
hV ¼ 0:1 almost all vibrational degrees of freedom are fully excited,
while at hV ¼ 5 almost no vibrational excitation occurs.

The results are organized as follows: Benchmarking is displayed
in Section 5.1 by comparing the kinetic model with the DSMC
results for N2 and O2, as well as simulations with experimental
data for N2, CO2, CH4 and SF6. In Section 5.2, general results for
all macroscopic quantities are presented for diatomic gases in
terms of b; d0; hV including a sensitivity analysis of the depen-
dency of the heat fluxes on Zrot, Zvib. Finally, in Section 5.3 results
for the specific gases of N2, O2, CO2, CH4 and SF6 are presented
showing the effect of the vibrational degrees of freedom on the
total heat fluxes and on the translational, rotational and vibrational
parts. Following Refs. [22–24], effective values of the thermal con-
ductivity are used to estimate its Chapman–Enskog limit. The
properties including the characteristic vibrational temperatures
of all gases examined in the present work are given in Table 1.
5.1. Benchmarking

The comparison between the Holway kinetic model and the
DSMC method is performed considering N2 and O2 as working
gases (j ¼ 2). To have a valid comparison it is ensured that the
two approaches have the same relaxation rates and therefore the
relaxation parameters of the Holway model are accordingly fixed.
Following common practice the DSMC relaxation parameters are

set as ZðDSMCÞ
rot ¼ 5 and ZðDSMCÞ

vib ¼ 50 [25] and then following

Appendix A, the Holway relaxation parameters are ZðHÞ
rot ¼ 2:47,

ZðHÞ
vib ¼ 24:7 for N2 and ZðHÞ

rot ¼ 2:62, ZðHÞ
vib ¼ 26:2 for O2. Furthermore,
Table 1
Properties of working gases (in the 3rd column numbers in parenthesis indicate degenera

Gas Type of molecules Characteristic vibrational
temperature [K] (HV)

N2 Linear (j ¼ 2) 3371
O2 2256
CO2 960 (2)

1930 (1)
3390 (1)

CH4 Non-linear (j ¼ 3) 1880 (3)
2200 (2)
4200 (1)
4350 (3)

SF6 520 (3)
760 (3)
890 (3)
930 (2)
1120 (1)
1390 (3)

Table 2
Dimensionless heat fluxes for N2 (j ¼ 2, Pr ¼ 0:764) with VHS molecules (x ¼ 0:74) at
T0 ¼ 3371 K) and hV ¼ 1 (ZðDSMCÞ

rot ¼ 5; ZðDSMCÞ
vib ¼ 50, ZðHÞ

rot ¼ 2:47, ZðHÞ
vib ¼ 24:7).

d0 qtr qrot

Holway DSMC Holway DSMC

0 6.00E�01 3.00E�01
0.1 5.76E�01 5.76E�01 2.86E�01 2.83E�01
1 4.35E�01 4.41E�01 2.07E�01 2.01E�01
5 2.32E�01 2.43E�01 1.05E�01 1.02E�01

10 1.49E�01 1.58E�01 6.65E�02 6.53E�02
50 3.82E�02 4.05E�02 1.68E�02 1.65E�02

100 1.97E�02 2.08E�02 8.68E�03 8.35E�03
in both approaches the viscosity index takes the values x ¼ 0:74
for N2 and x ¼ 0:66 for O2 to reproduce the recommended data
in [33]. Also, the Pr number in the kinetic model simulations is
independent of temperature and equal to Pr ¼ 0:764 and 0:751
for N2 and O2 respectively to ensure that the thermal conductivities
obtained by the two methods are equal to each other.

In Tables 2 and 3, a comparison between the results obtained by
the Holway model and the DSMC method is performed for N2 and
O2 respectively. In both tables d0 2 ½0; 100�, b ¼ 5 and hV ¼ 1 (the
mean temperature T0 is taken equal to the characteristic vibra-
tional temperatures of 3371 K for N2 and 2256 K for O2). In all cases
the agreement between the results, taking into account the differ-
ent models implemented in the two approaches, is very good. The
translational heat fluxes computed by the Holway model are smal-
ler than the DSMC ones, while it is the other way around for the
rotational and vibrational heat fluxes. The largest relative errors
occurs in the vibrational heat fluxes being always however, about
10%, while in the total heat fluxes is less than 1%. A similar behav-
ior in the deviation between Holway and DSMC results has been
observed even for d0 > 100 (not included in Tables 2 and 3). The
results at d0 ¼ 0 are in excellent agreement with the analytical free
molecular ones presented in Appendix B.

The comparison is extended to the number density as well as to
the translational, rotational and vibrational temperature distribu-
tions plotted in Fig. 1 for various values of d0. Excellent agreement
between the deterministic and stochastic approaches is shown. It
is also observed that for large values of d0 the translational, rota-
tional and vibrational are thermally equilibrated (str ¼ srot ¼ svib),
while as the rarefaction level of the gas is increased the three tem-
peratures depart from each other with the vibrational temperature
being higher than the other two.

Next, a comparison with the experimental data in [21] is per-
formed in Fig. 2 based on the Holway kinetic model in terms of
the thermal conductivity. More specifically the experimental data
cy).

Molecular weight
[kg] (m � 1026)

Viscosity
[lPa s] (l0)

Viscosity
index (x)

4.65 61.40 0.69
5.31 72.51 0.66
7.31 62.01 0.7

2.66 41.12 0.68

24.3 59.82 0.69

the hot plate (y ¼ �1=2) for various values of d0, b ¼ 5 (TH ¼ 5618 K, TC ¼ 1124 K,

qvib qtot

Holway DSMC Holway DSMC

2.62E�01 1.16
2.49E�01 2.47E�01 1.11 1.11
1.81E�01 1.72E�01 8.23E�01 8.14E�01
9.24E�02 8.45E�02 4.29E�01 4.30E�01
5.95E�02 5.42E�02 2.75E�01 2.77E�01
1.57E�02 1.43E�02 7.07E�02 7.13E�02
8.15E�03 7.48E�03 3.66E�02 3.66E�02



Table 3
Dimensionless heat fluxes for O2 (j ¼ 2, Pr ¼ 0:751) with VHS molecules (x ¼ 0:66) at the hot plate (y ¼ �1=2) for various values of d0, b ¼ 5 (TH ¼ 3760 K, TC ¼ 752 K, T0 ¼ 2256)
and hV ¼ 1 (ZðDSMCÞ

rot ¼ 5; ZðDSMCÞ
vib ¼ 50, ZðHÞ

rot ¼ 2:62, ZðHÞ
vib ¼ 26:2).

d0 qtr qrot qvib qtot

Holway DSMC Holway DSMC Holway DSMC Holway DSMC

0 6.00E�01 3.00E�01 2.62E�01 1.16
0.1 5.76E�01 5.76E�01 2.86E�01 2.84E�01 2.50E�01 2.47E�01 1.11 1.11
1 4.38E�01 4.42E�01 2.09E�01 2.01E�01 1.82E�01 1.73E�01 8.29E�01 8.17E�01
5 2.35E�01 2.43E�01 1.06E�01 1.02E�01 9.33E�02 8.49E�02 4.34E�01 4.30E�01

10 1.51E�01 1.57E�01 6.73E�02 6.53E�02 6.01E�02 5.42E�02 2.78E�01 2.76E�01
50 3.87E�02 4.03E�02 1.70E�02 1.65E�02 1.59E�02 1.43E�02 7.16E�02 7.11E�02

100 2.00E�02 2.08E�02 8.80E�03 8.52E�03 8.25E�03 7.40E�03 3.71E�02 3.67E�02
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for the thermal conductivities of N2, CO2, CH4 and SF6 obtained
from Tables 1, 5, 7 and 9 respectively in [21] are shown in terms
of the corresponding temperatures 300 6 T 6 3273 (K). Simula-
tions have been performed for all these gases (gas properties
Fig. 1. Comparison between the dimensionless density and temperature distribu-
tions of the Holway model and the DSMC method for N2 (j ¼ 2, Pr ¼ 0:764) with
VHS molecules (x ¼ 0:74) or various values of d0, b ¼ 5 (TH ¼ 5618 K, TC ¼ 1124 K,
T0 ¼ 3371 K) and hV ¼ 1 (ZðDSMCÞ

rot ¼ 5; ZðDSMCÞ
vib ¼ 50, ZðHÞ

rot ¼ 2:47, ZðHÞ
v ib ¼ 24:7).
including characteristic vibrational temperatures are shown in
Table 1) close to the hydrodynamic limit at d0 ¼ 100, with
TC ¼ 300 K and TH ¼ 3273 K (T0 = 1786.5 K, b ¼ 10:91). The rota-
tional and vibrational collision numbers are ZðHÞ

rot ¼ 5 and

ZðHÞ
vib ¼ 50. The Pr number is taken as a function of temperature

according to the data in [21] (Tables 1, 5, 7 and 9 in [21]). Once
the problem is solved, an effective thermal conductivity keff ðyÞ is
determined based on the Fourier law, which in the present dimen-
sionless notation reads as

qtot ¼
m

2kBd0l0

� �
keffðyÞ @stot

@y
ð30Þ

with the spatial derivative @stot=@y being approximated by central
differences. Previous studies (see [22,23] and references therein
for monatomic gases and [24] for a diatomic gas), have shown
that keffðyÞ approximates extremely well the Chapman–Enskog
value of the thermal conductivity in a central strip of the domain,
provided its boundaries are sufficiently far from the walls where
the Knudsen layers cause deviations from the hydrodynamic
behavior. The computed keff ðyÞ is plotted in Fig. 2 and compared
to the experimental one. As it is seen, the computational results
are in excellent agreement with the experimental data in the whole
region between the plates, except very close to walls, where, as it is
shown in Section 5.3, even at large values of d0, the Fourier consti-
tutive law is not valid.

Based on all above the effectiveness of the Holway kinetic
model to simulate this heat transfer configuration is demonstrated.
Fig. 2. Comparison between the experimental thermal conductivities in [21] with
TC ¼ 300 K, TH ¼ 3273 K and the corresponding computed ones obtained by the
Holway model with d0 ¼ 100 and b ¼ 10:9 (ZðHÞ

rot ¼ 5; ZðHÞ
vib ¼ 50) for various gases.
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Also, the efficiency of the implemented computational scheme and
the accuracy of the deduced numerical results are verified.
5.2. Effect of vibrational degrees of freedom

The effect of hV on the heat fluxes and other macroscopic quan-
tities is investigated. The analysis is for diatomic gases (j ¼ 2) with
hard sphere (HS) molecules (x ¼ 0:5) in order not to name a speci-
fic gas and the concluding remarks to be as general as possible.

However, before we proceed it is interesting to examine the

effect of the prescribed collision numbers ZðHÞ
rot and ZðHÞ

vib on the
results. A computational sensitivity analysis related to these two
parameters is shown in Tables 4 and 5. The temperature ratio of
the two plates is taken large and equal to b ¼ 5, while the param-
eter hV ¼ ½0:1; 5�. Also, the results are for d0 � Pr ¼ 71:4 without
being necessary to specify exactly either of the two quantities.
However, since for a diatomic gas Pr ’ 0:7 the analysis is per-
formed, in purpose, at high values of d0 ’ 102, where the effect
of the rotational and vibrational degrees of freedom is more dom-
inant. Based on the above input data, in Table 4, all heat fluxes are
tabulated by keeping the vibrational collision number constant,

ZðHÞ
vib ¼ 50, while the rotational one varies as ZðHÞ

rot 2 ½3;80�. The corre-

sponding results for constant rotational number ZðHÞ
rot ¼ 5 and the
Table 4
Effect of ZðHÞ

rot on the translational, rotational, vibrational and total heat fluxes at the hot p
ZðHÞ
v ib ¼ 50 .

ZðHÞ
rot

qtr qrot

hV ¼ 0:1 hV ¼ 5 hV ¼ 0:1 hV ¼ 5

3 2.13E�02 2.02E�02 9.35E�03 8.85E�03
5 2.14E�02 2.03E�02 9.29E�03 8.80E�03
7.5 2.14E�02 2.03E�02 9.25E�03 8.76E�03

10 2.15E�02 2.03E�02 9.22E�03 8.73E�03
20 2.15E�02 2.04E�02 9.15E�03 8.66E�03
40 2.16E�02 2.05E�02 9.10E�03 8.61E�03
60 2.16E�02 2.05E�02 9.08E�03 8.59E�03
80 2.16E�02 2.05E�02 9.07E�03 8.58E�03

Table 6
Dimensionless total heat fluxes with the corresponding percentages of the vibrational, rot
plate (y ¼ �1=2) with various values of d0 � Pr, b ¼ 1:1 and hV (ZðHÞ

rot ¼ 5; ZðHÞ
vib ¼ 50).

d0 � Pr hV ¼ 5 hV ¼ 2

tr rot vib qtot tr rot vib qtot

0 63.1 31.5 5.39 8.51E-02 53.7 26.8 19.4 1.00E�0
7.14(�2) 63.2 31.4 5.36 8.08E�02 53.9 26.8 19.4 9.48E�0
7.14(�1) 64.2 30.5 5.22 5.91E�02 54.9 26.1 18.8 6.90E�0
3.57 65.8 29.2 5.01 2.93E�02 56.7 25.2 18.2 3.40E�0
7.14 66.1 28.9 4.99 1.83E�02 57.2 24.9 17.9 2.12E�0
35.7 66.1 28.6 5.26 4.58E�03 57.4 24.8 17.8 5.28E�0
71.4 65.9 28.6 5.37 2.37E�03 57.2 24.8 17.9 2.73E�0

Table 5
Effect of ZðHÞ

vib on the translational, rotational, vibrational and total heat fluxes at the hot p
ZðHÞ
rot ¼ 5.

ZðHÞ
vib

qtr qrot

hV ¼ 0:1 hV ¼ 5 hV ¼ 0:1 hV ¼ 5

5 2.12E�02 2.00E�02 9.30E�03 8.76E�03
10 2.13E�02 2.01E�02 9.28E�03 8.76E�03
25 2.13E�02 2.02E�02 9.28E�03 8.77E�03
70 2.14E�02 2.03E�02 9.30E�03 8.82E�03

100 2.14E�02 2.04E�02 9.30E�03 8.85E�03
400 2.15E�02 2.07E�02 9.32E�03 8.99E�03
700 2.15E�02 2.09E�02 9.32E�03 9.06E�03

1000 2.15E�02 2.10E�02 9.32E�03 9.10E�03
vibrational number varying as ZðHÞ
vib 2 ½5;103� are tabulated in

Table 5. As ZðHÞ
rot is increased, with ZðHÞ

vib being constant, qtr is slightly
increased not more than 2% and qrot is slightly decreased not more
than 3%. Also qvib and qtot are not affected at all for the significant
figures shown. These observations are valid for both hV ¼ 0:1 and 5.

As ZðHÞ
vib is increased, with ZðHÞ

rot being constant, the variation in qtr and
qrot is very small not exceeding 5% for both hV . More interesting is

the effect of ZðHÞ
vib on qvib, which for hV ¼ 0:1 is decreased only by 3%,

while for hV ¼ 5 is decreased by 36%. However, in this latter case
the vibrational heat flux is one order of magnitude smaller than
the translational one and therefore, once again, there is no varia-
tion of the total heat flux qtot with respect to the vibrational colli-
sion number. The fact that the total heat flux remains invariant in

terms of ZðHÞ
rot and ZðHÞ

vib is of major importance and reduces the intro-
duced modeling error, particularly when, comparisons with exper-

imental work are performed. The effect of ZðHÞ
rot and ZðHÞ

vib on the
density and temperatures distributions is negligible. Also, in gen-

eral the effect of ZðHÞ
rot and ZðHÞ

vib is decreased as the temperature dif-
ference between the plates is decreased.

Next, in Table 6 the translational, rotational and vibrational heat
fluxes as percentage of the total heat flux along with the total heat
fluxes are provided for a diatomic HS gas (j ¼ 2, x ¼ 0:5) and for
various values of hV and of the product d0 � Pr with b ¼ 1:1. The
late (y ¼ �1=2) for a diatomic HS gas (j ¼ 2, x ¼ 0:5) with b ¼ 5, d0 � Pr ¼ 71:4 and

qvib qtot

hV ¼ 0:1 hV ¼ 5 hV ¼ 0:1 hV ¼ 5

9.02E�03 3.81E�03 3.97E�02 3.29E�02
9.02E�03 3.81E�03 3.97E�02 3.29E�02
9.02E�03 3.81E�03 3.97E�02 3.29E�02
9.02E�03 3.81E�03 3.97E�02 3.29E�02
9.02E�03 3.81E�03 3.97E�02 3.29E�02
9.02E�03 3.81E�03 3.97E�02 3.29E�02
9.02E�03 3.81E�03 3.97E�02 3.29E�02
9.02E�03 3.81E�03 3.97E�02 3.29E�02

ational and translational heat fluxes for a diatomic HS gas (j ¼ 2, x ¼ 0:5) at the hot

hV ¼ 1 hV ¼ 0:1

tr rot vib qtot tr rot vib qtot

1 51.0 25.5 23.5 1.05E�01 50.0 25.0 25.0 1.07E�01
2 51.2 25.4 23.3 9.98E�02 50.2 24.9 24.8 1.02E�01
2 52.2 24.8 22.9 7.26E�02 51.2 24.3 24.3 7.40E�02
2 54.0 24.0 22.0 3.57E�02 53.0 23.6 23.4 3.64E�02
2 54.5 23.8 21.6 2.22E�02 53.6 23.4 23.0 2.26E�02
3 54.8 23.9 21.3 5.53E�03 54.0 23.5 22.7 5.63E�03
3 54.7 23.8 21.4 2.85E�03 54.1 23.4 22.7 2.90E�03

late (y ¼ �1=2) for a diatomic HS gas (j ¼ 2, x ¼ 0:5) with b ¼ 5, d0 � Pr ¼ 71:4 and

qvib qtot

hV ¼ 0:1 hV ¼ 5 hV ¼ 0:1 hV ¼ 5

9.21E�03 4.15E�03 3.97E�02 3.29E�02
9.15E�03 4.08E�03 3.97E�02 3.29E�02
9.07E�03 3.95E�03 3.97E�02 3.29E�02
9.00E�03 3.73E�03 3.97E�02 3.29E�02
8.97E�03 3.63E�03 3.97E�02 3.29E�02
8.91E�03 3.10E�03 3.97E�02 3.28E�02
8.89E�03 2.83E�03 3.97E�02 3.28E�02
8.88E�03 2.66E�03 3.97E�02 3.27E�02



Fig. 3. Dimensionless translational (left-up), rotational (right-up) and vibrational (down) energy distributions for a diatomic HS gas (j ¼ 2, x ¼ 0:5) with b ¼ 1:1, various
values of d0 � Pr and hV ¼ ½0:1; 5� (ZðHÞ

rot ¼ 5; ZðHÞ
vib ¼ 50).

Fig. 4. Dimensionless vibrational temperature distributions for a diatomic HS gas
(j ¼ 2, x ¼ 0:5) with b ¼ 1:1, various values of d0 � Pr and hV ¼ ½0:1; 5� (ZðHÞ

rot ¼ 5;
ZðHÞ
vib ¼ 50).
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collision numbers are set to ZðHÞ
rot ¼ 5 and ZðHÞ

vib ¼ 50. The percentage
results are at the hot plate (y ¼ �1=2), while qtot remains
constant between the plates. Depending upon hV the ratios of the
translational, rotational and vibrational heat fluxes over the total
one vary as 0:5 6 qtr=qtot 6 0:66, 0:23 6 qrot=qtot 6 0:32 and
0:05 6 qvib=qtot 6 0:25 respectively. As expected, independently of
hV , the rotational heat flux is about 43–50% of the corresponding
translational ones. Also, as hV is decreased the vibrational part
becomes of the same order of the rotational one and corresponds
to about 25% of the total heat flux. This is justified by the fact that,
as the parameter hV is decreased the mean temperature is increased,
thus causing activation of a larger number of vibrational degrees of
freedom. It is noted that in the case of hV ¼ 0:1 the vibrational
degrees of freedom are almost fully excited with fv ffi 1:9. The corre-
sponding mean values of fv for hV ¼ 1 and 5 is about 1.2 and 0.07
respectively. These results are valid in the whole range of the gas rar-
efaction examined. It is noted that the percentage of each part of heat
flux to the total heat flux remains almost constant with regard to d0 .

The dimensionless translational etrðyÞ, rotational erotðyÞ and
vibrational evibðyÞ energies of a diatomic HS gas (j ¼ 2, x ¼ 0:5,

ZðHÞ
rot ¼ 5, ZðHÞ

vib ¼ 50) are shown in Fig. 3 for various values of
d0 � Pr with b ¼ 1:1 and hV ¼ ½0:1; 5�. The translational and
rotational energies are independent of hV , while the vibrational
energy depends strongly on hV . Therefore the latter one is pre-
sented in two subfigures. The vibrational energy for hV ¼ 0:1 is
approximately 28 times higher than the corresponding one for
hV ¼ 5, with the exact number depending on the position between
the plates and on the gas rarefaction. The ratio of the vibrational
distribution energies for hV ¼ 0:1 and hV ¼ 5 is increased moving
from the hot towards the cold plate wall. Also, all energies are
higher, as they should, near the hot wall than the corresponding
ones at the cold wall.

In Fig. 4 the dimensionless vibrational temperature is plotted for
the same input parameters as in Fig. 3. At large d0 � Pr the vibrational



Fig. 5. Dimensionless rotational (up), vibrational (middle) and total (down) heat fluxes at the hot plate (y ¼ �1=2) in terms of d0 for various polyatomic gases, with b ¼ 1:1
and T0 ¼ 500 K (left) and T0 ¼ 2000 K (right) (ZðHÞ

rot ¼ 5; ZðHÞ
vib ¼ 50).
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temperatures for hV ¼ ½0:1; 5� almost coincide, while as d0 � Pr (or
d0) is decreased they depart of each other with svibðyÞ for hV ¼ 5
being higher than the corresponding ones for hV ¼ 1. This latter
behavior is probably not expected but it may be explained by consid-
ering the reported vibrational energies for hV ¼ ½0:1; 5� in Fig. 4 and

the vibrational temperature svib ¼ hV= ln 1þ hV
evib

h i
in diatomic gases.

Based on the above this behavior is contributed to the relative
decrease of evib with regard to the increase of hV . It is also seen in
the analytical expressions provided in the free molecular limit in
Appendix B (Eq. (B3)). Furthermore, the parameter hV has no effect
on the number density distribution and the corresponding plots are
omitted. Since hV has a very small effect on the translational and
rotational temperatures they are not plotted here and they may be
found in [14]. In large values of d0 the vibrational temperature is
thermally equilibrated with the translational and rotational temper-
atures (str ’ srot ’ svib) independent of hV .
5.3. Heat fluxes for specific gases

In this subsection results are provided for the nonpolar poly-
atomic gases of N2, O2, CO2, CH4 and SF6 based on the Holway
kinetic model with temperature ratio b ¼ 1:1 in a wide range of



Fig. 7. Ratio keff=k between the plates for N2 (x ¼ 0:69; j ¼ 2) at d0 ¼ 50, b ¼ 1:1, 4
and hV ¼ 3:371 K (ZðHÞ

rot ¼ 5; ZðHÞ
vib ¼ 50).
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the rarefaction parameter d0. Two values of the reference mean
temperature, namely T0 ¼ 500 K and 2000 K, are considered. The

typical values of ZðHÞ
rot ¼ 5 and ZðHÞ

vib ¼ 50 are used. The parameters
of each gas are given in Table 1 and the Pr number is a function
of temperature according to [21].

In Fig. 5 the rotational, vibrational and total heat fluxes at the
hot wall (y ¼ �1=2) are given in a wide range of the rarefaction
parameter d0. It is seen that the rotational heat fluxes are in prac-
tice independent of the mean temperature T0. The rotational heat
fluxes qrot of the linear gases (N2, O2, CO2) are very close to each
other (almost coincide) and the same happens for the nonlinear
gases (CH4, SF6) with the latter ones being 30–60% higher than
the former ones for both T0. The vibrational heat fluxes depend
on T0 and this dependency becomes stronger as, depending upon
the working gas, the characteristic vibrational temperatures are
decreased and consequently the number of vibrational degrees of
freedom is increased. The vibrational heat fluxes of N2 and O2 are
about the same with small dependency on T0. However, for CO2

there is a significant difference in qvib as the mean temperature is
increased from 500 K to 2000 K, which becomes even larger in
the cases of CH4 and SF6. More specifically, since the SF6 contains
15 vibrational modes and most of them are well excited at
T0 ¼ 500 K is characterized compared to the other gases by the lar-
gest vibrational heat flux which is about 74–76% of the total heat
flux. On the other hand, since the one vibrational mode of N2 is
fully activated at 3371 K, its vibrational heat flux is only about
2% and 19% of the total heat flux when the mean temperature is
T0 ¼ 500 K and 2000 K respectively. With regard to d0, it is noted
that the previous remark, related to diatomic gases, i.e. that the
percentage of each part of heat flux to the total heat flux remains
almost constant in the whole range of gas rarefaction (see Table 6),
is also valid for linear and nonlinear polyatomic gases.

Computations for SF6 have been also performed with T0 ¼ 300 K
and are shown in Fig. 6. The resulting vibrational heat flux corre-
sponds up to 67% of the total heat flux. The remaining 33% is split
between the translational and rotational heat fluxes with the latter
one being about 75% of the former one.

In monatomic gases it has been shown that when the flow is in
the hydrodynamic regime with non-continuum effects (large local
gradients) the effective thermal conductivity concept may be suc-
Fig. 6. Dimensionless translational, rotational, vibrational and total heat fluxes at
the hot plate (y ¼ �1=2) in terms of d0 for SF6, with b ¼ 1:1 and T0 ¼ 300 K (ZðHÞ

rot ¼ 5;
ZðHÞ
vib ¼ 50).
cessfully applied to compute the corresponding heat fluxes [22,23].
A similar investigation is performed here for polyatomic gases. Eq.
(30) is solved for the effective thermal conductivity keff ðyÞ, which
may be readily computed since all other quantities in Eq. (30)
are defined. In Fig. 7, indicative results of the variation of the
keffðyÞ over the corresponding experimental values in [21] is plot-
ted along the distance between the plates. The working gas is N2

(x ¼ 0:69; j ¼ 2) with d0 ¼ 50, b ¼ 1:1, 4 and hV ¼ 3:371
(T0 ¼ 1000 K). It is noted that the computed effective and experi-
mental thermal conductivities (also seen in Fig. 2) are not constant
within the domain but they are both decreasing moving from the
hot towards the cold plate along with the temperature. It is seen
that in the region approximately defined by �0:45 6 y 6 0:45 the
ratio is constant and equal to one, clearly indicating that under
both weakly (b ¼ 1:1) or highly (b ¼ 4) non-equilibrium conditions
the Fourier law works satisfactory far from the boundaries, i.e.,
outside the Knudsen layers. On the contrary, close to the bound-
aries, i.e., inside the Knudsen layers, the ratio departs from one,
which is a clear indication that in that regions the Fourier constitu-
tive law is not valid. Also, the hot wall Knudsen layer is thicker
than the corresponding one at the cold wall since the mean free
path is an increasing function of temperature at constant pressure.
Corresponding results are readily obtained for the other poly-
atomic gases. Thus, the effective thermal conductivity approxima-
tion may be also applied in polyatomic gases with excited
vibrational degrees of freedom provided that the system Knudsen
number is small.
6. Concluding remarks

The problem of heat transfer through rarefied polyatomic gases
between parallel plates maintained at different temperatures has
been considered by taking into consideration the gas rotational
and vibrational degrees of freedom. The solution is obtained by
the Holway kinetic model and the DSMC method. The very good
agreement between the two approaches as well as with experi-
mental data clearly demonstrates the capability of the Holway
model to accurately simulate polyatomic gas heat transfer in the
whole range of gas rarefaction for small, moderate and large tem-
perature differences between the plates. As pointed out however,
in Section 3, the Holway model for polyatomic gases inherits the



172 C. Tantos et al. / International Journal of Heat and Mass Transfer 102 (2016) 162–173
same restrictions of the BGK model, being not recommended
whenever both momentum and energy transport play an impor-
tant role.

The translational, rotational, vibrational and total heat fluxes of
N2, O2, CO2, CH4 and SF6 are computed to examine the effect of the
mean reference temperature and of the gas rarefaction with regard
to the characteristic vibrational temperatures and the correspond-
ing number of vibrational degrees of freedom of each gas. It has
been shown that for gases with low and moderate characteristic
excitation temperatures (e.g. CO2, CH4 and SF6) the vibrational heat
flux may be, even at ambient temperatures, a significant portion of
the total heat flux independent of the gas rarefaction. For example
in the case of SF6 at reference temperatures of 300 K and 500 K the
vibrational heat fluxes are 67% and 76% respectively of the corre-
sponding total ones. The effective thermal conductivity approxi-
mation has been also studied finding out that it can be
successfully applied in polyatomic gases to study non-
equilibrium effects providing that the system Knudsen number is
small.

Overall, the present work aims to provide some useful insight in
the heat transfer design and optimization of technological applica-
tions operating in a temperature range where the vibrational
modes of the involved gases are excited and must be taken into
consideration. It is evident that in such heat transfer configurations
modeling must include the effect of the vibrational degrees of
freedom.
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Appendix A. Relaxation rates in a homogenous gas

In order to achieve a proper comparison between the Holway
kinetic model and the DSMC method, it is necessary to match the
rotational and vibrational relaxation rates of the two approaches

by accordingly relating ZðHÞ
rot with ZðDSMCÞ

rot and ZðHÞ
vib with ZðDSMCÞ

vib . The
corresponding analysis for the rotational relaxation rates has been
done in [14].

Consider a spatially homogeneous diatomic gas at a constant
equilibrium total temperature and an initial vibrational tempera-
ture which is different than the initial translational and rotational
temperatures which are set equal to each other. Then, all partial
temperatures will evolve and relax toward the constant equilib-
rium total temperature with a common rate determined by the col-

lision frequency and vibrational relaxation numbers ZðiÞ
rot and ZðiÞ

vib.
By operating accordingly on the kinetic model equations the time
evolution of the temperatures may be obtained. Then, the param-

eters ZðiÞ
rot and ZðiÞ

vib are accordingly fixed to ensure equivalent trans-
lational, rotational and vibrational relaxation rates in order to have
a consistent comparison.

The kinetic model Eq. (16) are rewritten for a time-dependent
homogeneous system, i.e., by adding the time derivative term
and omitting all space derivatives terms. Then, they are accord-
ingly combined and the resulting equations are integrated over
the velocity and energy spaces to yield the following relaxation
kinetic equations:

dTtr

dt̂
¼ Pr

ðTtrÞ1�xP0

ðT0Þ1�xlðT0Þ
1

ZðHÞ
vib

ðTtot � TtrÞ þ 2
5

1
ZðHÞ
rot

ðTrot � TtrÞ
" #

ðA1Þ
dTrot

dt̂
¼ Pr

ðTtrÞ1�xP0

ðT0Þ1�xlðT0Þ
1

ZðHÞ
vib

ðT tot � TrotÞ þ 3
5

1
ZðHÞ
rot

ðT tr � TrotÞ
" #

ðA2Þ
d½TvibfvðTvibÞ�
dt̂

¼ Pr

ZðHÞ
vib

ðTtrÞ1�xP0

ðT0Þ1�xlðT0Þ
½T totfvðTtotÞ � TvibfvðTvibÞ� ðA3Þ

All quantities are defined in Sections 2 and 3. The number den-
sity remains constant in time @n=@t̂ ¼ 0. The relaxation rates of the
kinetic model equations have been compared numerically with the
corresponding ones of the DSMC method and it has been found
that good agreement is observed by setting [34,14].

ZðHÞ
i ¼ Pr

30
6� 4

a

� �
4� 4

a

� �
ZðDSMCÞ
i ; ðA4Þ

where i ¼ rot; vib and a ¼ 4=ð2x� 1Þ is a parameter of the Inverse
Power Law potential which varies between the limits for Maxwell
molecules (a ¼ 4) and hard sphere molecules (a ! 1).

Indicative results are demonstrated in Fig. 8, where the
time evolution of the translational, rotational and vibrational
temperatures toward the equilibrium temperature for a diatomic
gas (Pr ¼ 0:764, x ¼ 0:74, P0 ¼ 0:1 Pa, lðT0Þ ¼ 94:55 lPa s) [33]

with initial temperatures TðiÞ
tr ð0Þ ¼ TðiÞ

rotð0Þ ¼ 3371 K and T ðiÞ
vibð0Þ ¼

6742 K, are shown. It is seen that for ZðDSMCÞ
vib ¼ 50 and ZðDSMCÞ

rot ¼ 5
there is very good agreement provided that using Eq. (A4),

ZðHÞ
vib ¼ 24:7 and ZðHÞ

rot ¼ 2:47. Eq. (A4) is used in Section 5.1 to define
the rotational and vibrational collision numbers for the Holway
kinetic model and the DSMC method in order to have a consistent
comparison between the computed heat fluxes and the other
macroscopic quantities.
Appendix B. Analytical solutions at the free molecular limit

In the free molecular limit (d0 ¼ 0) the right hand side of the
kinetic model Eqs. (22) becomes zero and then, based on the asso-
ciated boundary conditions closed form expressions for the
reduced distributions functions W are readily deduced. Next, they
are substituted into the moment Eqs. (24) to yield analytical
results for the macroscopic distributions. It is noted that in the free
molecular limit all moments remain constant at any position
between the plates.
Fig. 8. Translational–rotational–vibrational relaxation in a homogeneous gas.
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Following this procedure and using the boundary conditions
(27) and (28) the translational and rotational heat fluxes in terms
of the normalized temperature difference b are identical with those
obtained in [14], while the vibrational heat flux is given by

qvib;fm ¼ 1
2
ffiffiffiffi
p

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffisw;Csw;H

pffiffiffiffiffiffiffiffiffisw;C
p þ ffiffiffiffiffiffiffiffiffisw;H

p sw;Hfvðsw;HÞ � sw;Cfvðsw;CÞ½ � ðB1Þ

where sw;H ¼ TH=T0 ¼ 2b=ðbþ 1Þ and sw;C ¼ TC=T0 ¼ 2=ðbþ 1Þ,
while fv is the vibrational degrees of freedom as defined by Eqs.
(25). The translational and rotational temperatures are obtained
to be equal to each other and equal with str;fm ¼ srot;fm ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffisw;Csw;H
p

, while the vibrational temperature may also be deduced
in an implicit form given by

svib;fm ¼ sw;H
ffiffiffiffiffiffiffiffiffisw;C

p
fvðsw;HÞ þ sw;C

ffiffiffiffiffiffiffiffiffisw;H
p

fvðsw;CÞ
fvðsvib;fmÞð ffiffiffiffiffiffiffiffiffisw;C

p þ ffiffiffiffiffiffiffiffiffisw;H
p Þ : ðB2Þ

In the case of diatomic gases (B2) is simplified to deduce the
explicit expression

svib;fm;diatomic ¼ hV

ln 1þ 2hV
ffiffiffiffiffiffiffi
sw;C

p þ ffiffiffiffiffiffiffi
sw;H

p
sw;H

ffiffiffiffiffiffiffi
sw;C

p
fv ðsw;HÞþsw;C

ffiffiffiffiffiffiffi
sw;H

p
fv ðsw;C Þ

� � : ðB3Þ

Finally, the number density is qfm ¼ 1.
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