RAPID COMMUNICATIONS

PHYSICAL REVIEW E 91, 061001(R) (2015)

Predicting the Knudsen paradox in long capillaries by decomposing the flow
into ballistic and collision parts
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The well-known Knudsen paradox observed in pressure driven rarefied gas flows through long capillaries is
quantitatively explored by decomposing the particle distribution function into its ballistic and collision parts.
The classical channel, tube, and duct Poiseuille flows are considered. The solution is obtained by a typical direct
simulation Monte Carlo algorithm supplemented by a suitable particle decomposition indexation process. It
is computationally confirmed that in the free-molecular and early transition regimes the reduction rate of the
ballistic flow is larger than the increase rate of the collision flow deducing the Knudsen minimum of the overall
flow. This description interprets in a precise, quantitative manner the appearance of the Knudsen minimum and
verifies previously reported qualitative physical arguments.
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Internal rarefied gas flow in a wide range of the Knudsen
number was first studied experimentally and theoretically by
Knudsen, who examined the dependence of the conductance at
different pressure and geometrical parameters [1]. Considering
a tube much longer than its radius, he developed an expression
for the tube conductance and observed a conductance minimum at Kn  1, well known as the Knudsen minimum or the
Knudsen paradox.
Over the years Knudsen’s results have been improved,
extended, and generalized. The steady isothermal gas flow
through long capillaries still remains an active research topic
and a subject of many investigations [2–17]. Recently, simple
closed-form expressions for the reduced flow rate in long tubes
in all flow regimes were deduced in [18] and [19] based on
direct simulation Monte Carlo (DSMC) and kinetic simulations, respectively. These formulas, as the one in [1], produce
the Knudsen minimum, indicating that the conductance (or the
reduced flow rate) lies below the corresponding free-molecular
values over a range of pressures in the transition regime.
A qualitative explanation for the conductance minimum in
a long capillary has been suggested by Polland and Present
[20]. They considered two groups of molecules flowing across
a differential cross section of the capillary. The first one
consists of particles which arrived from the boundaries with no
collisions and the second one of particles which experienced
at least one collision. At zero pressure the total flow comes
from particles only of the first group, while as the pressure is
increased to small values the flow of the first group particles is
decreased because of the obstruction of the long particle paths
by the added molecules. In parallel the flow of the second
group particles is increased through the development of a drift
transport due to intermolecular collisions. The authors claim
that at small pressures the rate of reduction of the first flow is
larger than the rate of increase of the second one and therefore
the total flow must initially decrease with pressure. A further
increase in pressure stimulates the overall drift velocity that
in turn, from that point on, monotonically increases the entire
flow through the tube.
Recently, the concept of decomposing the solution into two
parts, as described above, has been accordingly implemented
1539-3755/2015/91(6)/061001(6)

in the typical DSMC algorithm by introducing a suitable
particle indexation process [21,22]. In the present work
the same DSMC decomposition is implemented to investigate
the Knudsen paradox in a precise manner with quantitative
arguments.
Consider the classical pressure driven isothermal flow of a
rarefied gas at a reference temperature T0 through a capillary
of length L with the pressure at the inlet and outlet of the
capillary maintained at P1 and P2 , respectively (P1 > P2 ).
The area and the perimeter of the capillary cross section are
denoted by A and   , respectively. The z axis is taken along
the capillary and the cross section is on the (x  ,y  ) plane.
The characteristic length of the cross section, denoted by H , is
assumed to be much smaller than its length (H /L  1). In this
case, as rigorously proved in [23], the pressure (and density)
is constant on each cross section and varies only along the
capillary in the flow direction, i.e., P = P (z ) ∈ [P1 ,P2 ] and
the flow is considered as fully developed in the z direction.
The basic flow parameter is the Knudsen number (Kn) or
alternatively the rarefaction parameter (δ), defined as
δ=

λ
1
H P0
= ,
∼
μ0 υ0
Kn
H

(1)

where P0 = (P1 + P2 )/2 is the reference pressure, H is the
characteristic
length, μ0 is the gas viscosity at T0 , υ0 =
√
2kB T0 /m is the most probable molecular velocity (kB is
the Boltzmann constant and m the molecular mass), and λ
denotes the mean free path. It is convenient to introduce
the dimensionless variables x = x  /H , y = y  /H , z = z /H ,
the dimensionless cross section A = A /H 2 and perimeter
 =   /H , as well as the dimensionless bulk velocity in
the z direction u(x,y) = u (x  ,y  )/(υ0 XP ) (the other two
velocity components are zero) and shear stresses ταz (x,y) =

ταz
(x  ,y  )/(2XP P0 ), α = x,y, where XP = (dP /dz)/P0 is the
local pressure gradient.
A quantity of major importance is the kinetic coefficient (or
reduced flow rate) G, which is defined according to

2
u (x,y)dA.
(2)
G=
A A
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The variation of G in terms of δ for gas flows through
long capillaries of various cross sections has been a focal
point of investigation and tabulated results are available in the
literature [2,3,5,6,8,24–27]. The Knudsen minimum always
appears in the transition regime and the exact value of δ where
the minimum occurs depends on the capillary cross section
and the gas-surface accommodation coefficient.
The average shear stress at the wall is also introduced to
be later used for benchmarking purposes. Since the flow is
fully developed and there is no net momentum flux in the flow
direction, the net pressure and the wall shear stress are equated
to yield τ̄w = (A /   )(dP /dz ). This expression is nondimensionalized and it is deduced that τ̄w = τ̄w /(2P0 XP ) =
A/(2) = 0.25 [7,27]. This result is always valid independent
of the channel cross section and the rarefaction parameter δ and
therefore it may be used as a benchmark to test the accuracy
of the DSMC calculations.
The flow is simulated based on the Boltzmann equation
which is solved via the DSMC method subject to the no time
counter (NTC) scheme proposed by Bird [28]. The flow is
simulated only on the capillary cross section pushed by a
uniform force in the flow direction resulting in a dimensionless
acceleration equal to XP /2 acting on each gas molecule.
It is noted that XP is a constant taking sufficiently small
values to ensure the linearity of the flow. The main unknown
is averaged over a time interval dimensionless distribution
function in a cell, denoted by g(x,y,ζ ), where (x,y) are the cell
space coordinates and ζ = [ζx ,ζy ,ζz ] is the molecular velocity
vector. This function is expressed as
g(x,y,ζ ) =

S N(t )
1  k
δ(ζ − ζi (tk )),
SVCell k=1 i=1

(4)

S N(t )
1  k
[1 − Ii (tk )] δ (ζ − ζi (tk )),
SVCell k=1 i=1

(5)

S N(t )
1  k
Ii (tk )δ (ζ − ζi (tk ))
SVCell k=1 i=1

(6)

and
g (c) (x,y,ζ ) =

u(b) =

(c)

u

(b)
ταz
=

(c)
=
ταz

where
g (b) (x,y,ζ ) =

n(b) (x,y) =

(3)

where VCell is the volume of each cell, δ(ζ − ζi (tk )) denotes
the Dirac delta function, S denotes the number of samples,
tk indicates the different times over which the sampling is
performed, and N(tk ) is the number of particles in the cell
at time tk . The total number of sampled particles is NT =
S
k=1 N (tk ).
Furthermore, the decomposition introduced in [19] is
applied and the distribution function is decomposed as
g (x,y,ζ ) = g (b) (x,y,ζ ) + g (c) (x,y,ζ ) ,

involved in a collision are set to 1. During the simulation
process the particle indicators may change their values all the
time. In the sampling stage of the macroscopic properties at
some given time, particles with indicators Ii = 0 and Ii = 1,
i = 1, . . . ,N(tk ), are considered belonging to the ballistic and
collision parts of the particle distribution, respectively. The
total number of all particles accumulated in a cell is divided
into the ballistic and collision groups as NT = NT(b) + NT(c) .
The macroscopic quantities are decomposed into the
ballistic and collision parts as n = n(b) + n(c) , u = u(b) + u(c)
(b)
(c)
and ταz = ταz
+ ταz
, α = x,y. By taking the corresponding
moments of (5) and (6) and integrating over the velocity space
it is deduced that

denote the ballistic and collision parts of the distribution
function, respectively, with Ii (tk ) being an indicator which
has the value of 0 or 1 indicating if a particle contributes to the
ballistic or the collision distribution, respectively.
As described in [19], each time that a particle is reflected
from the wall its indicator is set to 0. In the stage of free
motion the indicators are not changed. In the stage of binary
collisions the indicators (Il ,Im ) of any pair of particles (l,m)

NT(b)
,
SVCell

n(c) (x,y) =

NT(c)
,
SVCell

(7)

S N(t )
1  k
[1 − Ii (tk )]ζz,i (tk ),
XP NT k=1 i=1

S N(t )
1  k
=
Ii (tk )ζz,i (tk ),
XP NT k=1 i=1

(8)

S N(t )
1  k
[1 − Ii (tk )]ζα,i (tk )ζz,i (tk ) − u(b)
a uz ,
XP NT k=1 i=1
(9)

S N(t )
1  k
Ii (tk )ζα,i (tk )ζz,i (tk ) − u(c)
a uz .
XP NT k=1 i=1

(10)

Similarly the reduced flow rate is decomposed as G =
G(b) + G(c) where G(b) and G(c) are the reduced ballistic and
collision flow rates, respectively.
Applying this methodology, four rarefied gas flows through
long capillaries, namely the flow between parallel plates
(channel flow), through orthogonal ducts with two aspect ratios
H /W = 0.1 and 1 (duct flow), and through long circular tubes
(tube flow) are explored. Purely diffuse boundary conditions
are considered and the hard sphere model was used. The
physical space domain is discretized using 100 cells per unit
length with about 1000 simulator particles per cell. The time
step is chosen close to 1/3 of the cell transversal time, defined
as x  /υ0 . The macroscopic quantities are obtained by time
averaging over more than S = 107 time steps after the steady
state has been recovered. By setting the acceleration parameter
XP /2 = 0.01 the deduced DSMC solution has the well-known
linear characteristics (i.e., the solution is directly proportional
to the source term) and nonlinear phenomena are absent. The
results presented here are accurate up to at least two significant
figures which is adequate for the objectives of the present work.
The flow rates G(b) , G(c) , and G are plotted in terms of δ in
Fig. 1 for the channel, the duct (H /W = 0.1 and 1), and the
tube flows. The well-known behavior of G with a minimum
in the transition regime is observed [2,6,24,25]. The values of
δ where the Knudsen minimum occurs, denoted by δmin , are
indicated in Fig. 1 and in tabulated form in Table I.
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FIG. 1. Ballistic, collision, and overall reduced flow rates in terms of the rarefaction parameter for (a) channel flow, (b) duct flow
(H /W = 0.1), (c) duct flow (H /W = 1), and (d) tube flow.

For the channel flow, a detailed comparison between the
results in Fig. 1(a) with the corresponding ones in Table V of
[2] has been performed. To achieve that δ has been related to the
parameter k of [2] according to δ = 1/(αk) with α = 5/4 and
also the present flow rates have been divided by 2. For all values
of δ ∈ [0.1,10] the agreement is excellent with the relative
error being less than 0.5%. Based on this comparison and on the
previously described formulation it is quantitatively verified
that the present “linear” DSMC solution corresponds to the
one obtained by solving the same flow configurations based
on the linear Boltzmann equation for hard sphere molecules.
In Fig. 1, the ballistic and collision flow rates always have a
monotonous behavior with respect to δ. As δ is increased G(b)
constantly decreases and finally diminishes as δ → ∞, while
G(c) initially at δ = 0 is zero and then constantly increases.
Thus, at δ = 0 and δ → ∞ the overall flow rate is G = G(b)
and G = G(c) respectively. In the free-molecular and early
TABLE I. Values of δmin for flows through long capillaries of
various cross sections.
Capillary
δmin

Channel
(H /W → 0)

Duct
(H /W = 0.1)

Duct
(H /W = 1)

Tube

1.1

0.93

0.61

0.31

transition regimes the reduction rate of G(b) is larger than the
increase rate of G(c) resulting to the Knudsen minimum of the
overall flow G.
To further elaborate on this issue, in Fig. 2, the derivatives
dG(b) /dδ, dG(c) /dδ, and dG/dδ are plotted in terms of δ.
They are computed numerically based on the results of G(b)
and G(c) . It is seen that dG(b) /dδ is always negative and
as δ is increased it tends to zero since G(b) itself is zero.
Actually, for δ > 5 there is no contribution of G(b) to G.
In parallel dG(c) /dδ is always positive and as δ → ∞, the
lim (dG(c) /dδ) = lim (dG/dδ) = c. In the hydrodynamic
δ→∞

δ→∞

limit, solving the Stokes equation, it is readily deduced that
c = 1/6 in the channel flow and c = 0.25 in the tube flow [24].
The corresponding values in Fig. 2 at δ = 10 are very close to
these ones. Furthermore, it is computationally confirmed that


 dG(b)  dG(c)
>

<
 dδ  < dδ for δ > δmin .

(11)

Clearly, this behavior of the derivatives of the two parts
leads to a single root of the derivative of the overall reduced
flow rate, which is crossing the δ axis from negative to positive
values, indicating the existence of a minimum. Obviously, the
value of δ = δmin where dG/dδ = 0 is where the Knudsen
minimum occurs. This description quantitatively explains
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FIG. 2. Derivatives with respect to δ of the ballistic, collision, and overall reduced flow rates in terms of the rarefaction parameter for
(a) channel flow, (b) duct flow (H /W = 0.1), (c) duct flow (H /W = 1), and (d) tube flow.

the appearance of the Knudsen minimum and verifies the
qualitative physical arguments presented in [20].
In Fig. 1 only the case of purely diffuse accommodation is
presented. The DSMC decomposition may also be applied in
the case of Maxwell boundary conditions. In this latter case
the indicator of the particles following a specular reflection
at the wall is not set equal to 0 (as is done with the diffuse
reflection) and on the contrary remains the same as before the
specular reflection. Beyond that the methodology is identical
and the values of δ where the Knudsen minimum occurs for
α < 1 are accordingly obtained and justified.
The behavior of the ballistic and collision velocity distributions is according to the corresponding flow rate results; i.e.,
as δ is increased, u(b) is decreased, while u(c) is increased. At
δ = 0.1, u(b) (x) is larger than u(c) (x), then at δ = 1 is smaller
but remains large enough compared to u(c) , while at δ = 5
becomes negligibly small.
More interesting is the partition of the number density into
its ballistic and collision segments which are plotted, scaled to
the average sampled initial density, in Fig. 3 for channel flow
with δ = [0.1,1,5]. All distributions are symmetric about x =
0.5 and thus only half of the flow domain is shown. The overall
number density n(x) = n(b) + n(c) = 1 is always constant. For
all δ, n(b) (x) has its largest values at the walls (x = 0,1)
and it decreases moving towards the center of the channel,
taking its lowest values at x = 0.5, while n(c) (x) = 1 − n(b)

behaves in an exactly opposite manner. For the ballistic particle
distribution the boundaries act as a source, while the bulk flow
acts as a sink and the situation is reversed for the collision

FIG. 3. Number density distributions for channel flow and various
values of δ.
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TABLE II. Dimensionless average wall shear stress for the channel and tube flows.
Channel
δ
0.01
0.1
1
5
10

Tube

τ̄xz

(b)
τ̄xz

(c)
τ̄xz

τ̄rz

τ̄rz(b)

τ̄rz(c)

2.47(–1)
2.48(–1)
2.47(–1)
2.47(–1)
2.46(–1)

2.40(–1)
2.13(–1)
1.45(–1)
1.13(–1)
1.08(–1)

7.00(–3)
3.48(–2)
1.03(–1)
1.34(–1)
1.39(–1)

2.49(–1)
2.49(–1)
2.49(–1)
2.48(–1)
2.48(–1)

2.45(–1)
2.13(–1)
1.25(–1)
1.06(–1)
1.03(–1)

4.83(–3)
3.71(–2)
1.25(–1)
1.42(–1)
1.42(–1)

particle distribution, where the bulk flow acts as a distributed
source and the walls as a sink. The overall behavior of the
ballistic and collision number densities in terms of δ is similar
to the one of the velocities. Note that even at δ = 5, although
at the center of the channel n(b) is negligible small compared to
n(c) , close to the boundaries is lower but still close to n(c) . The
region next to the boundaries where n(b) is nonzero corresponds
to the Knudsen layer.
Tabulated results of the dimensionless average wall shear
stresses are given in Table II for the channel and tube flows.
The overall stresses τ̄αz are independent of δ and they are
slightly lower than the analytical result of 0.25, since they
are calculated, as all macroscopic quantities, at the center of

(b)
(c)
each cell. As δ is increased τ̄αz
decreases and τ̄αz
increases,
(b)
with τ̄αz remaining important as a wall quantity even at δ = 5,
while its contribution to τ̄αz far from the wall at the same δ
rapidly vanishes.
The well-known Knudsen paradox has been investigated
by decomposing the particle distribution function into its
ballistic and collision parts and examining the effect of
each part to the overall solution. It has been shown in
a precise quantitative manner that the difference in the
rate of change of the corresponding ballistic and collision
flow rates with respect to the rarefaction parameter yields
the Knudsen minimum of the overall reduced flow rate or
conductance.
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