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The conductive heat transfer through rarefied gases composed by rigid rotators and confined between
coaxially placed cylinders maintained at different temperatures is investigated on the basis of the Holway
and Rykov kinetic models as well as on the Boltzmann equation via the DSMC scheme supplemented by
the Borgnakke–Larsen collision model. The translational and rotational parts as well as the total temper-
ature and heat flux distributions are computed and their behavior in terms of the gas rarefaction, the
temperature difference between the cylinders and the ratio of the radii is investigated. The two kinetic
models and the DSMC method provide results which are in good agreement for HS and VHS molecules.
Furthermore, very good agreement with available experimental data for polyatomic gases has been
observed at small and large temperature differences validating the implemented modeling. Qualitatively
the behavior of the dimensionless total macroscopic quantities is similar to that of the monatomic ones.
Quantitatively however, the heat fluxes of polyatomic gases are significantly higher than the correspond-
ing monatomic ones. Also, as the amount of the elastic compared to the inelastic collisions is increased,
the translational heat fluxes are increased and they tend to the monatomic ones, while always the rota-
tional heat fluxes are about 50% and 75% of the translational ones for linear and non-linear rigid rotators,
respectively. It is clearly demonstrated that heat transfer simulations through rarefied polyatomic gases
in MEMS and other devices cannot rely on typical monatomic modeling. On the contrary, reliable kinetic
modeling for polyatomic gases must be implemented.

� 2014 Elsevier Ltd. All rights reserved.
1. Introduction

The classical problem of heat conduction through a stationary
rarefied gas confined between concentric cylinders maintained at
different temperatures, which has been used to determine the
thermal conductivity of gases and the energy accommodation at
the inner cylinder has been recently attracted a renewed interest.
This is due to potential applications in several emerging technolog-
ical fields including micro heat exchangers and micro sensors in
microfluidics, pressure gauges in vacuum technology, multilayer
insulation blankets in space vehicles and cryogenic systems. The
case of heat transfer through a monatomic gas has been exten-
sively investigated. The literature survey on this topic is very long
and only some very recent papers for linear and nonlinear kinetic
treatment of single monatomic gases or mixtures of monatomic
gases are cited here [1–4]. However, the research work is not as
extensive in the case of polyatomic gases, where the contribution
of the internal degrees of freedom to thermal effects is expected
to be important, leading to deviations from the corresponding
monatomic results.

The polyatomic kinetic models by Morse [5], Holway [6] and
Hanson and Morse [7] have been implemented to solve the plane
heat transfer and temperature jumps problems. Most of the work
refers to small temperature differences and the applied linearized
kinetic model equations are solved via semi-analytical techniques
and variational methods [8–11] as well as by an early version of
the discrete ordinates (velocity) method [12]. The model proposed
by Rykov [13] has also been implemented to solve heat transfer in
diatomic gases confined between parallel plates in a wide range of
temperatures providing good agreement with experimental data
[14]. Also, experimental work in polyatomic gases between parallel
plates has been performed in [15–17] measuring heat flow rates
and thermal accommodation coefficients respectively.

The available research work of cylindrical heat conduction in
rarefied polyatomic gases is rather limited. There are only the early
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works of Lees and Liu [18] applying the ‘‘two-sided Maxwellian’’
associated with the 4th order moment method and of Cipolla and
Morse [19] solving the Morse model by the ‘‘Knudsen iteration
scheme’’ for small temperature differences. Experimental work
has been performed for very small temperature differences in
[20] and for larger differences in [21,22]. The two latter works have
direct relevance to the design of evacuated solar collectors and
Pirani micro sensors respectively. In [21], the DSMC method [23]
subject to the Borgnakke-Larsen collision scheme [24] has also
been applied to provide satisfactory data for desorbable gases
which are difficult to obtain experimentally.

Thus, a detailed investigation of the conductive heat transfer
through rarefied polyatomic gases confined between two coaxially
placed cylinders is needed and it is tackled in the present work con-
sidering only rotational degrees of freedom. This heat transfer con-
figuration is investigated here, based on both deterministic and
stochastic methodologies. The deterministic modeling includes the
direct solution of the Holway and Rykov models, whereas the sto-
chastic DSMC scheme is adopted to solve the Boltzmann equation
in combination with the Borgnakke-Larsen collision model. Macro-
scopic quantities are provided for various radii ratios in a wide range
of the Knudsen number and for small, moderate and large tempera-
ture differences. Comparisons between kinetic models and DSMC
results as well as between simulations and available in the literature
experimental data are presented and discussed. The validity of the
results is confirmed and the effects of all involved parameters on
the heat flux and on the temperature and density distributions are
examined. Also, the influence of the number of rotational degrees
of freedom is investigated and the differences (and similarities)
compared to the corresponding monatomic gas heat transfer prob-
lem are pointed out.

2. Heat transfer configuration

Consider two concentric stationary cylinders with radii RA, RB

and the annular gap R ¼ fðx; yÞ : R2
A < x2 þ y2 < R2

Bg filled with a
polyatomic gas at rest and arbitrary density level. The temperature
of the inner and outer cylinder are maintained constant at TA and TB

respectively with TA > TB. The cylinders are assumed to be very long
and variations in the axial direction (end effects) are neglected.
Then, due to the temperature difference there is an axisymmetric
conductive heat flow through the gas from the inner hot cylinder
towards the cold outer cylinder.

In the temperature range where the effects of vibrational
degrees of freedom can be neglected, the problem may be modeled
by the Boltzmann equation for a gas of rigid rotators. When, as in
the case considered here, intrinsic molecular angular momenta
(spin) have no preferential alignment, it is reasonable to describe
molecular internal states through a single variable, the internal
energy I or the angular momentum modulus. Then, the gas is
described by a spin orientation averaged distribution function
f ðr̂; t; I; tÞ, which obeys the following kinetic equation [25]:

@f
@t
þ t

@f
@r̂
¼
Z

f r̂; t01; I
0
1; t

� �
f r̂; t0; I0; t
� �

� f r̂; t1; I1; tð Þf r̂; t; I; tð Þ
� �

� QIl1 d3t1dI1 ð1Þ

In Eq. (1), t denotes time, t = (tr,t#,tz) = (n cos h,n sin h,tz) is the
molecular velocity ðt2 ¼ n2 þ t2

z Þ and r̂ ¼ ðr̂; #Þ is the position vec-
tor, while Q is defined as

Q ¼
Z

S
d2ê0

Z E�I0

0
I0ldI0

Z E�I01

0
I0l1 dI01

t02r
tr

r E; ê0 � ê; I0; I01 ! I; I1
� �

ð2Þ

Here, r E; ê0 � ê; I0; I01 ! I; I1
� �

is the differential cross-section associ-
ated with a binary collision, which produces a pair of molecules
in the final states (t, I), (t1, I1) from a pair of molecules in the initial
states t0; I0
� �

; t01; I
0
1

� �
. The argument E denotes the conserved total

energy in the center of mass reference frame:

E ¼ 1
4

mt2
r þ I þ I1 ¼

1
4

mt02r þ I0 þ I01 ð3Þ

The unit vectors ê0 ¼ t0r=t
0
r and ê ¼ tr=tr have the directions of the

relative velocities t0r ¼ t01 � t0 and tr = t1 � t before and after a col-
lision, respectively. The exponent l in Eq. (1) takes the values 0 for
j = 2 and 1/2 for j = 3, with j being the number of rotational degrees
of freedom.

The main parameters characterizing this problem are the
dimensionless temperature difference

b ¼ TA � TB

TB
¼ DT

TB
ð4Þ

the ratio of the inner over the outer radius

c ¼ RA

RB
ð5Þ

and the reference gas rarefaction parameter

dB ¼
RBPB

lBtB
ð6Þ

In the latter expression PB is a reference gas pressure, measured
when the system is in equilibrium (TA = TB), lB is the gas viscosity
at reference temperature TB and tB ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2kBTB=m

p
, with kB being

the Boltzmann constant and m the molecular mass, is the most
probable molecular speed. The gas rarefaction parameter is propor-
tional to the inverse of the Knudsen number and the cases of dB = 0
and dB ?1 correspond to the free molecular and hydrodynamic
limits respectively.

The problem is axially symmetric and one-dimensional in the
physical space RA < r̂ < RB. The macroscopic quantities of practical
interest are the number density distribution

n r̂ð Þ ¼
Z 2p

0

Z 1

0

Z 1

�1

Z 1

0
fdIdtzndndh ð7Þ

as well as the temperature and heat flux distributions denoted by
Tðr̂Þ and Qðr̂Þ respectively. In polyatomic gases the internal energy
can be divided in two parts, the energy of the translational motion
and the energy associated to the internal structure. These energies
are related to the corresponding temperatures and heat fluxes.
Then, the translational, rotational and total (thermodynamic) tem-
peratures are:

Ttrðr̂Þ ¼
m

3kBn

Z 2p

0

Z 1

0

Z 1

�1

Z 1

0
n2 þ t2

z

� �
fdIdtzndndh ð8Þ

Trotðr̂Þ ¼
2

jkBn

Z 2p

0

Z 1

0

Z 1

�1

Z 1

0
fIdIdtzndndh ð9Þ

Tðr̂Þ ¼ 3Ttrðr̂Þ þ jTrotðr̂Þ
3þ j

ð10Þ

The subscripts tr and rot refer to translational and rotational parts
respectively, with j = 2 for diatomic and linear molecules and j = 3
in all other cases (nonlinear molecules). The corresponding heat
fluxes are:

Qtrðr̂Þ ¼
m
2

Z 2p

0

Z 1

0

Z 1

�1

Z 1

0
n2 þ t2

z

� �
n cos hð ÞfdIdtzndndh ð11Þ

Qrotðr̂Þ ¼
Z 2p

0

Z 1

0

Z 1

�1

Z 1

0
n cos hð ÞfIdIdtzndndh ð12Þ

Qðr̂Þ ¼ Qtrðr̂Þ þ Q rotðr̂Þ ð13Þ

Here, the effect of all involved parameters, namely of b, c and dB on
the heat flux, temperature and density distributions for diatomic
and polyatomic gases is examined. This is achieved both in a
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deterministic and stochastic manner described in Sections 3 and 4
respectively. The former approach includes the replacement of the
rather complex collision term of Eq. (1) by the Holway and Rykov
kinetic models, while the latter one the implementation of the
DSMC method.

3. Deterministic kinetic modeling

TheeffortofsolvingEq.(1)eitheranalyticallyornumerically,issig-
nificantlyreducedbysubstitutingitscollisiontermwithreliablekinetic
models. Two classical kinetic models, which have been commonly
applied with considerable success in rarefied polyatomic gas flows
andheattransferconfigurationsprovidinggoodagreementwithexper-
imental results, are the models introduced by Holway [6] and Rykov
[13]. Theymaybeconsideredas BGK typemodelsand, for monatomic
gases they are reduced to the BGK [26] (or the ES [27,6]) model and to
theShakhov[28]modelrespectively.TheH-theoremhasbeenproven
for a polyatomic gas in the case of the Holway model [29], while such
proofisnotavailablefortheRykov(andShakhov)models.Inthepresent
work for purposes related mainly to benchmarking and validation of
resultsboththeHolwayandRykovmodelsareapplied.TheRykovmodel
is applicable only to diatomic gases (j = 2), while the Holway model is
moregeneralandisapplicabletopolyatomicgasesaswell(j = 2,3).

Both models for the present steady-state heat transfer configu-
ration can be written in a similar form as [6,13]

n cos h
@f ðiÞ

@r̂
� n sin h

r̂
@f ið Þ

@h
¼ mðiÞrot f ðiÞrot � f ðiÞ

� �
þ mðiÞtr f ðiÞtr � f ið Þ

� �
ð14Þ

where the superscript i = H,R denotes the Holway (H) and Rykov (R)
models respectively. Here, the collision term consists of the elastic
and inelastic collision parts, with the subscripts tr referring to elas-
tic and rot to inelastic. The quantities mðiÞtr and mðiÞrot denote the fre-
quency of the elastic and inelastic collisions respectively, while f ðiÞtr

and f ðiÞrot are the corresponding relaxing distributions.
It is obvious that the dependency of the distribution function

f(i), i = H,R to the energy I of the rotational motion significantly
increases the computational effort compared to the monatomic
gas case. It turns out however, that for BGK type models all macro-
scopic quantities can be obtained by a simpler formalism introduc-
ing two reduced density distributions one for the mass and one for
the internal energy according to ĝ ¼

R1
�1 fdI and ĥ ¼

R1
�1 fIdI

[13,29,30]. Then, by integrating Eq. (14) in dI and IdI yields the
equations

n cos h
@ĝðiÞ

@r̂
� n sin h

r̂
@ĝðiÞ

@h
¼ mðiÞrot ĝðiÞrot � ĝðiÞ

� �
þ mðiÞtr ĝðiÞtr � ĝðiÞ

� �
ð15Þ

n cos h
@ĥðiÞ

@r̂
� n sin h

r̂
@ĥðiÞ

@h
¼ mðiÞrot ĥðiÞrot � ĥðiÞ

� �
þ mðiÞtr ĥðiÞtr � ĥðiÞ

� �
ð16Þ

which are coupled through the macroscopic quantities appearing in
the relaxing distributions. At this stage the following dimensionless
quantities are introduced (i = H,R):

r ¼ r̂
RB
; f ¼ n

tB
; cz ¼

tz

tB
; gðiÞ ¼ ĝðiÞt3

B

nB
; hðiÞ ¼ ĥðiÞt3

B

PB

qðiÞ ¼ nðiÞ

nB
; sðiÞtr ¼

TðiÞtr

TB
; sðiÞrot ¼

TðiÞrot

TB
; sðiÞ ¼ 3sðiÞtr þ jsðiÞrot

3þ j

qðiÞtr ¼
Q ðiÞtr

PBtB
; qðiÞrot ¼

Q ðiÞrot

PBtB
; qðiÞ ¼ qðiÞtr þ qðiÞrot ð17Þ

All quantities with the subscript B are considered as reference quan-
tities (PB = nBkBTB). Here, g(i) = g(i)(r,f,h,cz) and h(i) = h(i)(r,f,h,cz) are
the dimensionless distributions, with c 6 r 6 1 while c = (fcos h,fsin
h,cz) is the dimensionless molecular velocity vector. Furthermore,
q(i), s(i) and q(i) are the dimensionless distributions of number den-
sity, temperature and radial heat flux respectively, with sðiÞtr ; s

ðiÞ
rot; q

ðiÞ
tr ,
qðiÞrot denoting the corresponding dimensionless translational and
rotational parts.

Next, the computational effort is further reduced by eliminating
the cz component of the molecular velocity by introducing the
reduced distributions:

FðiÞ ¼
Z 1

�1
gðiÞdcz GðiÞ ¼

Z 1

�1
gðiÞc2

z dcz SðiÞ ¼
Z 1

�1
hðiÞdcz ð18Þ

By operating successively on Eq. (15) with the integral operatorsR
ð:Þdcz and

R
ð:Þc2

z dcz as well as on Eq. (16) with
R
ð:Þdcz, a system

of three integro-differential equations are obtained, which in com-
pact vector form is written as

f cos h
@WðiÞ

@r
� f sin h

r
@WðiÞ

@h

¼ dBqðiÞ sðiÞtr

� �1�x
Pra 1

Z
WðiÞrot �WðiÞ
� �

þ 1� 1
Z

	 

WðiÞtr �WðiÞ
� �� �

ð19Þ

Here, the vector of the unknown distributions W(i) = [F(i),G(i),S(i)]T

depends on three independent variables, namely r,f and h. Also,
the reference gas rarefaction dB is given by Eq. (6), Pr is the Prandtl
number of the gas, with the parameter a = 1 in the Holway model
(i = H) and a = 0 in the Rykov model (i = R), while the parameter
1 6 Z <1 indicates the fraction of rotational collisions with regard
to the total collisions. As Z ?1, the first two equations in (19) for
i = H,R are transformed to the corresponding reduced BGK and
Shakhov equations for monatomic gas. In the derivation of Eq.
(19) the Inverse Power Law (IPL) interaction between particles
has been introduced with x 2 [0.5,1]. In addition, the translational
and rotational relaxing distributions in Eq. (19) are given by

WðiÞtr ¼ FðiÞtr ;G
ðiÞ
tr ; S

ðiÞ
tr

h iT
and WðiÞrot ¼ FðiÞrot;G

ðiÞ
rot; S

ðiÞ
rot

h iT
respectively, where

the components of these vectors for each kinetic model are as
follows:

(i) H-model
F Hð Þ
tr ¼

q Hð Þ

ps Hð Þ
tr

exp �f2=s Hð Þ
tr

h i
G Hð Þ

tr ¼
1
2
s Hð Þ

tr F Hð Þ
tr S Hð Þ

tr ¼
j
2
s Hð Þ

rot F Hð Þ
tr

F Hð Þ
rot ¼

q Hð Þ

ps Hð Þ exp �f2=s Hð Þ� �
G Hð Þ

rot ¼
1
2
s Hð ÞF Hð Þ

rot S Hð Þ
rot ¼

j
2
s Hð ÞF Hð Þ

rot

ð20Þ
(ii) R-model
F Rð Þ
tr ¼

q Rð Þ

ps Rð Þ
tr

exp � f2

s Rð Þ
tr

" #
1þ 4

15
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 !2
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3
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1
2
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" #
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15
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q Rð Þ s Rð Þ
tr

� �2

f2

s Rð Þ
tr

� 1

 !2
64

3
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 !2
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q Rð Þs Rð Þ
tr s Rð Þ

rot

#
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" #
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4
15
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 !" #
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1
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S Rð Þ
rot ¼

q Rð Þ

p
exp � f2

s Rð Þ

" #
1þx0

4
15

q Rð Þ
tr f cos h

q Rð Þ s Rð Þð Þ2
f2

s Rð Þ � 2

 !"

þ2x1 1� jð Þ q Rð Þ
rotf cos h

q Rð Þ s Rð Þð Þ2

#
ð21Þ
It is stated in [31] that the parameters x0 and x1 are chosen so
that the thermal conductivity obtained from the model equation is
close to the experimental data in [32]. It is also pointed that the
parameter j for a power intermolecular potential is constant.

The macroscopic quantities in Eqs. (19)–(21) in terms of the
reduced distributions F(i),G(i) and S(i) are obtained by operating
accordingly on Eqs. (7)–(13). A similar manipulation to the one
applied in the governing equations is applied to deduce the follow-
ing moments:

qðiÞ ¼ nðiÞ

nB
¼
Z 2p

0

Z 1

0
FðiÞfdfdh ð22Þ

sðiÞtr ¼
TðiÞtr

TB
¼ 2

3qðiÞ

Z 2p

0

Z 1

0
f2FðiÞ þ GðiÞ
� �

fdfdh ð23Þ

sðiÞrot ¼
TðiÞrot

TB
¼ 2

jqðiÞ

Z 2p

0

Z 1

0
SðiÞfdfdh ð24Þ

sðiÞ ¼ 3sðiÞtr þ jsðiÞrot

3þ j
ð25Þ

qðiÞtr ¼
Q ðiÞtr

PBtB
¼
Z 2p

0

Z 1

0
f2FðiÞ þ GðiÞ
� �

f cos hð Þfdfdh ð26Þ

qðiÞrot ¼
Q ðiÞrot

PBtB
¼
Z 2p

0

Z 1

0
SðiÞ f cos hð Þfdfdh ð27Þ

qðiÞ ¼ qðiÞtr þ qðiÞrot ð28Þ

It is noted that by operating accordingly on Eq. (19) the conserva-
tion equations

@ rqðiÞ rð Þ
� �
@r

¼ 0 ð29Þ

are readily deduced, which imply that the products rq(i)(r) remain
constant along c 6 r 6 1. Therefore in the Section 5, results for the
heat fluxes are presented only at the inner hot cylinder where
r = c. In addition, these conservation equations are used for bench-
marking purposes.

To close the problem formulation boundary conditions have to
be assigned. Although the numerical formulation would allow
more general wall scattering models, purely diffuse type boundary
conditions are considered throughout the present work. Then, the
outgoing distributions associated to Eq. (19) are at the inner wall
(r = c)

FðiÞ ¼ qðiÞw

pð1þ bÞ exp �f2=ð1þ bÞ
� �

GðiÞ ¼ 1
2
ð1þ bÞFðiÞ SðiÞ

¼ j
2
ð1þ bÞFðiÞ ð30Þ

and at the outer wall (r = 1)

FðiÞ ¼ 1
p

exp �f2� �
GðiÞ ¼ 1

2
FðiÞ SðiÞ ¼ j

2
FðiÞ ð31Þ

Boundary conditions (30) and (31) are valid for h 2 [ � p/2,p/2] and
h 2 [p/2,3p/2] respectively. The density qðiÞw , associated with the
outgoing wall flux is obtained from the ingoing flux to obtain a zero
wall net mass flux.

The nonlinear vector Eq. (19) along with the associated expres-
sions 20 and 21, the moments (22)–(28) and the boundary
conditions (30) and (31) provide a theoretically well-established
closed kinetic formulation for the heat transfer problem under
consideration, which is solved numerically both for the Holway
and Rykov models in a deterministic manner. The implemented
numerical scheme is the same with the one described in [2] and
therefore only a brief description is provided.

The molecular velocity space (f,h), with f 2 [0,1), h 2 [0,2p],
and the physical space r 2 [c,1] are discretized. The continuum
spectrum of magnitudes of the molecular velocity vector is
replaced by a set of discrete magnitudes fm 2 [0,fmax], m = 1,
2, . . . , M, which are taken to be the roots of the Legendre polyno-
mial of order M accordingly mapped from [�1,1] to [0,fmax]. Also,
by using a uniform grid, the angular space is divided into N inter-
vals. Each of the angular intervals is defined by its angle hn,n = 1,
2, . . . ,N. Finally, the distance between the two cylinders is divided
into K equal segments, defined by rk, k = 1, 2, . . .,K + 1.

The integro-differential equation (19) are first discretized in the
variable f and the resulting equations are integrated over each spa-
tial and angular intervals ½rk�1=2; rkþ1=2� and ½hn�1=2; hnþ1=2�. The
moments (22)–(28) are numerically integrated by applying the
trapezoidal rule and Gauss–Legendre quadrature in the polar angle
h and the velocity magnitude f respectively. The resulting discret-

ized equations for WðiÞk;m;n ¼ ½F
ðiÞ
k;m;n;G

ðiÞ
k;m;n; S

ðiÞ
k;m;n�

T
with the associated

discretized moments are solved in an iterative manner which is
concluded when the convergence criteria

1
3 K þ 1ð Þ

XKþ1

i¼1

qðtþ1Þ
i � qðtÞi

 þ sðtþ1Þ
i � sðtÞi

 þ qðtþ1Þ
i � qðtÞi

 h i
< e

with t denoting the iteration index, is fulfilled. The results presented
in Section 5 have been obtained with M = 24, N = 400 and K = 800
for c P 0.1 and K = 2000 for c < 0.1, while the termination parame-
ter is set to e = 10�8.

It is noted that upon convergence the conservation Eq. (29) is
accordingly satisfied in several significant figures. In addition, the
numerical solutions at the free molecular (dB = 0) and continuum
(dB ?1) limits have an excellent agreement with the correspond-
ing analytical ones presented in Appendix A.

4. Stochastic modeling: DSMC solutions of the Boltzmann
equation

In order to increase confidence into the predictions of the
kinetic models described in the previous section, the problem has
also been studied by solving Eq. (1) by a DSMC particle scheme
[23]. In general, the determination of the form of the collision cross
section for polyatomic gases is not easy. As it is well known, the
dynamics of a binary molecular collision is much more complicated
than a binary atomic collision which is largely amenable to analyt-
ical treatment. Simple mechanical models of translational-rota-
tional coupling (rough spheres, loaded spheres, spherocylinders)
[33] are not flexible enough to fit experimental data on polyatomic
species. Hence, the collision dynamics and cross-sections have
been obtained from the well-known phenomenological model pro-
posed by Borgnakke and Larsen [24]. The model can be easily
adapted to reproduce experimental translational-rotational relaxa-
tion rates with good accuracy [34]. Moreover, its collision algo-
rithm is very well suited to particle schemes used to obtain
numerical solutions of the Boltzmann equation [23].

In the particular form of the Borgnakke-Larsen model adopted
here, collision dynamics is organized as follows:

� The collision probability of two molecules in the pre-collision
state t0; I0

� �
; t01; I

0
1

� �
is proportional to rhst0r , where rhs = pa2 is

the integral cross-section of hard sphere molecules of diameter
a and t0r ¼ t01 � t0

�� �� is the relative velocity modulus.
� An individual collision is inelastic with probability 1/Z or elastic

with probability 1 � 1/Z. An inelastic collision gives rise to an
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exchange between translational and rotational energies, as
explained below. In an elastic collision pre- and post-collision
rotational energies do not change, i.e. I ¼ I0; I1 ¼ I01. Conserva-
tion of total energy then implies tr ¼ t0r and, according to hard
sphere impact dynamics, post-collision relative velocity is writ-
ten as tr ¼ tr ê, being ê a random vector uniformly distributed
on the unit sphere S.
� In an inelastic collision total energy E is randomly partitioned

between translational and rotational motion by sampling the
translational energy fraction Etr/E from a given probability den-
sity function P1(Etr/Ejj). The available total rotational energy
Erot = I + I1 = E � Etr is then randomly distributed between the
collision partners by sampling the fraction I/Erot from a given
probability density function P2 (I/Erotjj). The relative velocity
after a collision is again written as tr ¼ tr ê, where ê is a random
unit vector and tr ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4Etr=m

p
.

The specific form of the probability densities P1(Etr/Ejj) and P2(I/
Erotjj) depends both on the number of internal degrees of freedom
and on the assumed intermolecular interaction [23]. In the case of
hard sphere interaction and j = 2 they take a particularly simple
form [23,25]

P1 Etr=Ej2ð Þ ¼ 6
Etr

E
1� Etr

E

	 

ð32Þ

P2 I=Erotj2ð Þ ¼ 1 ð33Þ

As shown by Eq. (32), post-collision translational energy has a par-
abolic distribution; the available Erot amount is then randomly
divided between I and I1, according to Eq. (33). Taking into account
the assumed scattering isotropy and Eqs. (32) and (33) the collision
cross-section takes the form:

r E; ê0 � ê; I0; I01 ! I; I1
� �

¼ rhs

4pE2 h I; I1; I
0; I01

� �
ð34Þ

with

h I; I1; I
0; I01

� �
¼ 1� 1=Zð Þd I � I0

� �
d I1 � I01
� �

þ 6 1� I � I01
� �

=Z ð35Þ

and I = I/E. The strength of translational-rotational coupling is
determined by the mixing parameter Z which can be made to
depend on the local flow field temperature to fit experimental
relaxation rates [34].

As mentioned above, the hard sphere collision cross section has
been used in the DSMC simulations presented in this work. The
choice is suggested by the limited temperature range of the exper-
imental measurements which allow to assume a constant value of
the total collision cross section. For the same reason, a similar
choice has been made about the rotational collision number, Z,
whose value has been assumed not to depend on temperature,
neglecting its weak temperature dependence in the case of air spe-
cies [34].

Steady solutions of Eq. (1) have been obtained as the long time
limit of unsteady solutions numerically computed by a DSMC
scheme [23] in which f r̂; t; I; tð Þ is represented by a large number
of mathematical particles. Each of them is characterized by spatial
position r̂ðtÞ, velocity t(t) and internal energy I(t) associated with j
rotational degrees of freedom. The particles states are advanced
from time t to time t + Dt in two stages. In the first stage gas–gas
collisions are neglected and particles move along straight lines
with the constant velocity and rotational energy they had at time
t. In this free flight stage wall boundary conditions are applied to
change the velocity and internal energy of molecules hitting a wall.
In the second stage, particles positions are kept fixed and equal to
the final values resulting from the free flight. Particles belonging to
the same cell of the spatial grid are allowed to collide according to
the rule described above. Macroscopic quantities are obtained by
sampling and time averaging particles microscopic states after
the onset of steady flow conditions.

In the particular DSMC implementation adopted here, the spa-
tial annular domain R ¼ fðx; yÞ : R2

A < x2 þ y2 < R2
Bg is divided into

a number of annular cells. Flow properties are assumed not to
depend on the coordinate z along the common cylinders axis,
hence the z component of particles positions is not used in the
advection sub-step. An axisymmetric solution is constructed by
converting the global Cartesian x and y components of particles
velocities to local radial and transversal components before each
collision step. Then, particles within the same annular cell are
allowed to collide, irrespectively of their spatial position. After
the collision stage is completed, radial and transversal velocity
components are converted back to global Cartesian components
to perform the next free flight step. Full accommodation has been
assumed to occur at both walls.

The reported DSMC results have been obtained from simula-
tions using 106 particles and not less than 1250 particles per cell.
The statistical errors associated with the heat flux values in Table 2
have been estimated by repeating each simulation eight times,
changing the random number sequence. For each of the considered
flow conditions, the obtained standard deviation, normalized to
the average heat flux value, never exceeds 0.5%, being around
0.2% in most of the computed cases. Cell size Dr not exceeding
1/20 of the reference mean free path has been used. The time step
Dt has been set equal to the minimum between the estimated time
a particle takes to cross a cell, ðDtÞadv ¼ Dr=

ffiffiffiffiffiffiffiffi
RTA
p

, and a small frac-
tion (typically 1/10) of the minimum mean free time, based on the
maximum value mc of the collision frequency in the domain. Mac-
roscopic quantities have been obtained by sampling microscopic
particles states for 20 � 40 � 104 time steps after the estimated
onset of steady conditions. When simulating experimental condi-
tions, where the ratio RB/RA takes a very high value, a weighted par-
ticle scheme [23] has been used to increase the accuracy near the
internal cylinder surface, while keeping the overall number of par-
ticles within reasonable limits.
5. Results and discussion

Results for the macroscopic quantities obtained by the Holway
and Rykov kinetic models as well as by the DSMC method in a wide
range of all parameters involved in the problem are presented in
tabulated and graphical form. More specifically, the density, tem-
perature and heat flux distributions are provided for diatomic
and polyatomic gases enclosed between cylinders with the nor-
malized temperature difference b = [0.1,1,10], the radii ratio
c ¼ 1

2 ;
1

10 ;
1

65 ;
1

667

� �
and the gas rarefaction parameter dB varying from

the free molecular limit up to the hydrodynamic regime. Compar-
isons between computational results as well as with experimental
data are performed.

In Table 1, the dimensionless translational and rotational heat
fluxes computed by the Holway and Rykov models (j = 2) are given
for various b and dB with c = 1/2. The tabulated results are at the
surface r = c of the inner cylinder. The enclosed gas is nitrogen
(N2) and the variable hard sphere (VHS) model with x = 0.74 has
been applied. In the case of the Rykov model, the parameters in
Eq. (21) are set to x0 = 0.2354, x1 = 0.3049 and j = 0.645 [31,35].
Results are provided for Z = 1 and 5, which are indicative for this
type of simulations since as noted in Section 3, Z = 1 means that
only inelastic collisions occur, while Z = 5 refers to the situation
where the amount of inelastic collisions is small compared to the
elastic ones. In the last column the corresponding heat fluxes
obtained by the Shakhov model for a monatomic gas are given. It
is observed that the agreement between the results of the Holway
and Rykov models is, in general, very good. As expected, at dB = 0
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identical results are provided and then as dB is increased the devi-
ation between the Holway and Rykov heat fluxes is increased. Also,
in terms of the parameter Z the agreement is better as Z is
increased. The largest discrepancies are about 10% and they are
occurring at Z = 1 and dB = 10 (independent of b). In both models
the rotational heat fluxes are about half of the corresponding trans-
lational ones (at dB = 0, qrot is exactly one-half of qtr). It is clearly
seen that the Rykov model is more sensitive to the variation of Z,
compared to the Holway model which, at least for this set of
parameters, is slightly affected and only at large values of dB. In
both models as Z is increased, the translational heat fluxes are
increased approaching those of the Shakhov model (Z ?1). The
values of qtr, at Z = 5, are already close enough to the corresponding
q(S). The total heat fluxes q = qtr + qrot of N2 for the Rykov and Hol-
way models are higher about 22–50% and 36–50% respectively
than the corresponding monatomic heat fluxes. It is noted that
the analytical free molecular results (see Eqs. (A5) and (A6), with
j = 2) are recovered to all significant figures tabulated, while the
conservation Eq. (29) are fully satisfied. The heat flux distributions
between the cylinders are readily reduced by multiplying the tab-
ulated values by the ratio r=c.

In Table 2, a comparison between the results obtained by the
Holway model and the DSMC method for a diatomic gas (j = 2)
enclosed between cylinders with c = 1/2 and various values of b
and d0 is performed. Based on the hard sphere (HS) model the
dimensionless translational and rotational heat fluxes for Z = 1
and 5 at r = c are provided. It is important to note that in
order to facilitate comparison between the DSMC and kinetic
results, the gas rarefaction parameter d0 is defined in terms of a
reference pressure P0 given by P0 = n0kBTB (instead of PB = nB kBTB),
where n0 is an average reference number density defined as

n0 ¼ 2
R2

B�R2
A

R RB
RA

nðr̂Þr̂dr̂. Therefore, the Holway kinetic heat fluxes

presented in Table 2 are not directly compatible with the ones in
Table 1. The variation of the DSMC heat fluxes in terms of the prob-
lem parameters (b,d0,Z) is exactly the same as for the kinetic mod-
els. More importantly, in all cases the quantitative agreement
between the Holway and DSMC results is excellent with the largest
discrepancies not to exceed 5%. For completeness purposes the
monatomic modeling results based on the Shakhov model are also
included.

The comparison is continued in Figs. 1 and 2, where the distri-
butions of density and temperature respectively, obtained by the
Holway and DSMC approaches, are plotted for the indicative values
Table 1
Heat fluxes at the inner hot cylinder (r = c) with c = 1/2 for N2 (x = 0.74, j = 2, Pr = 0.71)

b dB Z = 1

qtr qrot

Rykov Holway Rykov Holway

0.1 0 5.64(�2) 5.64(�2) 2.82(�2) 2.82(�2)
0.1 5.57(�2) 5.58(�2) 2.78(�2) 2.79(�2)
1 4.97(�2) 5.10(�2) 2.46(�2) 2.52(�2)
4 3.65(�2) 3.96(�2) 1.75(�2) 1.90(�2)
10 2.37(�2) 2.72(�2) 1.11(�2) 1.27(�2)

1 0 5.64(�1) 5.64(�1) 2.82(�1) 2.82(�1)
0.1 5.57(�1) 5.58(�1) 2.78(�1) 2.79(�1)
1 4.98(�1) 5.11(�1) 2.47(�1) 2.53(�1)
4 3.73(�1) 4.01(�1) 1.81(�1) 1.94(�1)
10 2.53(�1) 2.86(�1) 1.20(�1) 1.35(�1)

10 0 5.64 5.64 2.82 2.82
0.1 5.57 5.58 2.79 2.79
1 5.00 5.10 2.49 2.53
4 3.86 4.08 1.91 2.00
10 2.86 3.10 1.40 1.51
of b = 0.1, 1, 10 and d0 = 0.2, 2, 20. As it is observed in Fig. 1, the cor-
responding density distributions are in excellent agreement for all
b and d0, with the relative plots actually coinciding on each other.
Furthermore, in Fig. 2 the agreement between the corresponding
translational and rotational temperature distributions is again very
good in all cases with an exception at b = 10 and d0 = 20, where a
small deviation between the relative plots is observed. It is also
seen that the translational and rotational temperatures for the
same set of parameters are almost identical. Therefore, Eq. (25)
yields s � str � s rot. Observing the results presented so far (Tables
1 and 2 and Figs. 1 and 2) it is deduced that the deterministic mod-
eling based on two different kinetic model equations namely the
Holway and Rykov models and the stochastic modeling based on
the DSMC method provide similar results in simulating polyatomic
gas heat transfer between coaxial cylinders in a wide range of
problem parameters.

Next, a comparison with experimental data available in the lit-
erature is performed in terms of the total heat fluxes. In [20], in an
effort to estimate the energy accommodation coefficient of various
gases, a detailed experimental investigation has been performed
for heat transfer in rarefied gases between coaxial cylinders main-
tained at a very small temperature difference. It has been found
that in the case of N2 the interaction with the wall is almost purely
diffusive. These dimensionless experimental data for N2 with c = 1/
65 and TB = 300 K (see Tables 2 and 3 in [20]) are compared, in
Fig. 3, with the corresponding computational ones, based on the
Rykov model. Since the temperature difference is very small and
to avoid introducing a specific temperature difference, the linear-
ized Rykov model [35] has been applied. It is noted that the nonlin-
ear Rykov model with b < 0.1 provides very similar results with
those of its linearized version. Simulations are performed with (i)
Z = 3 and (ii) Z obtained by the Landau-Teller expression [23] based
on the Lordi and Mates [36] experimental data and as it is seen in
Fig. 3, the corresponding results are in excellent agreement. They
are also in very good agreement with the experimental results in
a wide range of the gas rarefaction dB 2 [1,102]. On the contrary,
the heat fluxes obtained by the linearized Shakhov kinetic model,
also shown in Fig. 3, are erroneous underestimating the experi-
mental ones about 50%.

A comparison with the experimental data in [22] is also per-
formed in Fig. 4, in dimensional form. Now, the inner diameter is
RA = 75lm, the radius ratio c = 1/667, the temperature of the outer
cylinder TB = 298 K and the temperature difference DT = 100 K
(b = 0.336). The computational total heat fluxes, based on the
based on the Holway and Rykov models.

Z = 5 q(S)

qtr qrot

Rykov Holway Rykov Holway Shakhov

5.64(�2) 5.64(�2) 2.82(�2) 2.82(�2) 5.64(�2)
5.58(�2) 5.58(�2) 2.79(�2) 2.79(�2) 5.59(�2)
5.12(�2) 5.11(�2) 2.54(�2) 2.52(�2) 5.15(�2)
3.98(�2) 3.97(�2) 1.92(�2) 1.89(�2) 4.08(�2)
2.75(�2) 2.74(�2) 1.28(�2) 1.25(�2) 2.87(�2)

5.64(�1) 5.64(�1) 2.82(�1) 2.82(�1) 5.64(�1)
5.59(�1) 5.58(�1) 2.79(�1) 2.79(�1) 5.60(�1)
5.14(�1) 5.11(�1) 2.56(�1) 2.53(�1) 5.18(�1)
4.05(�1) 4.02(�1) 1.97(�1) 1.93(�1) 4.15(�1)
2.90(�1) 2.88(�1) 1.37(�1) 1.34(�1) 3.02(�1)

5.64 5.64 2.82 2.82 5.64
5.61 5.58 2.81 2.79 5.62
5.24 5.10 2.62 2.53 5.31
4.25 4.08 2.11 2.00 4.37
3.24 3.11 1.59 1.50 3.37



Table 2
Heat fluxes at the inner hot cylinder (r = c) with c = 1/2 for a diatomic gas (j = 2, Pr = 0.71) with HS molecules, based on the Holway model and the DSMC method.

b d0 Z = 1 Z = 5 q(S)

qtr qrot qtr qrot

Holway DSMC Holway DSMC Holway DSMC Holway DSMC Shakhov

0.1 0.2 5.59(�2) 5.61(�2) 2.79(�2) 2.80(�2) 5.59(�2) 5.62(�2) 2.79(�2) 2.79(�2) 5.61(�2)
2 4.73(�2) 4.81(�2) 2.30(�2) 2.36(�2) 4.73(�2) 4.89(�2) 2.30(�2) 2.30(�2) 4.81(�2)
8 3.08(�2) 3.09(�2) 1.44(�2) 1.49(�2) 3.09(�2) 3.26(�2) 1.42(�2) 1.40(�2) 3.23(�2)
20 1.79(�2) 1.76(�2) 8.18(�3) 8.30(�3) 1.81(�2) 1.89(�2) 8.03(�3) 7.76(�3) 1.93(�2)

1 0.2 5.98(�1) 6.01(�1) 2.98(�1) 3.00(�1) 5.98(�1) 6.02(�1) 2.98(�1) 2.99(�1) 6.01(�1)
2 5.16(�1) 5.26(�1) 2.52(�1) 2.59(�1) 5.17(�1) 5.35(�1) 2.52(�1) 2.53(�1) 5.30(�1)
8 3.42(�1) 3.45(�1) 1.61(�1) 1.66(�1) 3.44(�1) 3.62(�1) 1.59(�1) 1.57(�1) 3.60(�1)
20 2.03(�1) 2.01(�1) 9.35(�2) 9.53(�2) 2.05(�1) 2.14(�1) 9.18(�2) 8.94(�2) 2.18(�1)

10 0.2 6.85 6.85 3.42 3.42 6.85 6.85 3.42 3.41 7.00
2 6.48 6.64 3.19 3.26 6.48 6.65 3.17 3.17 6.99
8 4.85 4.94 2.32 2.38 4.86 5.06 2.29 2.24 5.27
20 3.26 3.27 1.53 1.56 3.29 3.43 1.50 1.46 3.54

Fig. 1. Dimensionless density distributions with c = 1/2 for a diatomic gas (j = 2, Pr = 0.71) with HS molecules, based on the Holway model and the DSMC method.
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DSMC method and the Rykov model, with Z = 3, are in very good
agreement with the experimental ones, while once again the heat
fluxes based on the Shakhov model for monatomic gases are signif-
icantly smaller than the experimental ones. As it is seen the com-
parison is in a wide range of the reference pressure PB varying from
1 Pa up to 103Pa, with the corresponding gas rarefaction parameter
dB varying from 6 up to 2,600. It is noted that as dB is increased the
computational results tend to the analytical ones obtained by



Fig. 2. Dimensionless translational and rotational temperature distributions with c = 1/2 for a diatomic gas (j = 2, Pr = 0.71) with HS molecules, based on the Holway model
and the DSMC method.
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Eq. (A9). Indicative simulations performed with Z obtained by the
Landau-Teller expression are, once again, in very good agreement
with the ones for Z = 3. Overall, the comparison studies in Figs. 3
and 4 with the experimental data in [20,22] respectively, validate
the simulation results.

In Table 3, the translational, rotational and total heat fluxes of a
diatomic gas (j = 2) are presented for c ¼ 1

2 ;
1

10 ;
1

65

� �
; b ¼ ½0:1;1;10�

and dB = [0,0.1,1,4,10]. These dimensionless results demonstrate
the effect of all parameters on the heat fluxes including the effect
of the radius ratio, which has not been shown before. Furthermore,
they may be used for reference purposes in future computational
and experimental studies. Therefore, in order to be as general as
possible for diatomic gases, they are obtained based on the Holway
model, which depends only on the parameter Z. Also, based on the
literature the value of Z = 3 used in the simulations, is the most
suitable one covering a wide range of diatomic gases. The behavior
of the polyatomic heat fluxes in terms of c,b and dB, qualitatively is
similar to that of the monatomic ones (are also included for com-
parison purposes), i.e., they are increased slowly as c is decreased,
they are increased almost proportionally to b and they are
decreased as dB is increased. Quantitatively however, they vary
significantly, with the polyatomic heat fluxes being 36–50% higher.
Also, qrot is about one-half of qtr, with the latter one to be close and
always smaller to q(S).

In Table 4, the translational, rotational and total heat fluxes for a
polyatomic gas (j = 3) are presented for c = 1/2, b = [0.1,1,10] and
dB = [0,0.1,1,4,10]. The results are based on the Holway model
and since no results for j = 3 have been presented so far, the param-
eter Z is set to Z = 1 and 5. The variation of all heat fluxes in terms
of b and dB, as well as of Z I similar to the one for a diatomic gas (see
Tables 1 and 2). The numerical solutions at dB = 0 are exactly the
same to all tabulated significant figures with the ones obtained
by the analytical expressions (A6) with j = 3. Also, at dB = 0, qrot is
75% (instead of 50%) of qtr. This relation applies approximately to
all dB > 0 independent of b, with rotational heat fluxes to be about
75% of the translational ones, while the latter ones are close to the
translational heat fluxes of a diatomic (and monatomic) gas. As a
result the dimensionless total heat fluxes of polyatomic gases are
about 58–75% higher than the corresponding monatomic ones.

In order to obtain a more physical understanding of the heat
transfer in monatomic and polyatomic gases and to facilitate com-
parisons with experiments, in Fig. 5, some dimensional total heat



Fig. 3. Comparison between computational and experimental [20] dimensionless
heat fluxes q (r = c) for N2 confined between two cylinders with RA = 200 lm, 1/65
and maintained at a very small temperature difference with TB = 300 K.

Fig. 4. Comparison between computational and experimental [22] dimensional
heat fluxes Q(r = c) for N2 and air respectively, confined between two cylinders with
RA = 75 lm, c = 1/667 and maintained at a temperature difference of DT = 100 K,
with TB = 298 K.

Table 3
Heat fluxes at the inner hot cylinder (r = c) for a diatomic gas (j = 2, Pr = 0.71) with HS
molecules.

c b dB Holway(Z = 3) Shakhov

qtr qrot q q(S)

1/2 0.1 0 5.64(�2) 2.82(�2) 8.46(�2) 5.64(�2)
0.1 5.58(�2) 2.79(�2) 8.37(�2) 5.59(�2)
1 5.10(�2) 2.51(�2) 7.62(�2) 5.15(�2)
4 3.95(�2) 1.88(�2) 5.84(�2) 4.07(�2)
10 2.72(�2) 1.25(�2) 3.97(�2) 2.86(�2)

1 0 5.64(�1) 2.82(�1) 8.46(�1) 5.64(�1)
0.1 5.58(�1) 2.79(�1) 8.37(�1) 5.59(�1)
1 5.09(�1) 2.51(�1) 7.60(�1) 5.15(�1)
4 3.95(�1) 1.90(�1) 5.84(�1) 4.08(�1)
10 2.77(�1) 1.29(�1) 4.06(�1) 2.91(�1)

10 0 5.64 2.82 8.46 5.64
0.1 5.57 2.78 8.35 5.62
1 4.99 2.48 7.47 5.22
4 3.84 1.87 5.71 4.11
10 2.81 1.35 4.15 3.04

1/10 0.1 0 5.64(�2) 2.82(�2) 8.46(�2) 5.64(�2)
0.1 5.61(�2) 2.80(�2) 8.41(�2) 5.61(�2)
1 5.32(�2) 2.64(�2) 7.96(�2) 5.38(�2)
4 4.51(�2) 2.19(�2) 6.70(�2) 4.66(�2)
10 3.41(�2) 1.62(�2) 5.04(�2) 3.62(�2)

1 0 5.64(�1) 2.82(�1) 8.46(�1) 5.64(�1)
0.1 5.61(�1) 2.80(�1) 8.41(�1) 5.62(�1)
1 5.30(�1) 2.63(�1) 7.93(�1) 5.39(�1)
4 4.45(�1) 2.17(�1) 6.62(�1) 4.63(�1)
10 3.37(�1) 1.61(�1) 4.98(�1) 3.57(�1)

10 0 5.64 2.82 8.46 5.64
0.1 5.60 2.80 8.40 5.66
1 5.22 2.60 7.82 5.61
4 4.21 2.08 6.29 4.70
10 3.17 1.55 4.72 3.50

1/65 0.1 0 5.64(�2) 2.82(�2) 8.46(�2) 5.64(�2)
0.1 5.63(�2) 2.82(�2) 8.45(�2) 5.63(�2)
1 5.55(�2) 2.77(�2) 8.32(�2) 5.57(�2)
4 5.29(�2) 2.62(�2) 7.91(�2) 5.35(�2)
10 4.80(�2) 2.36(�2) 7.17(�2) 4.94(�2)

1 0 5.64(�1) 2.82(�1) 8.46(�1) 5.64(�1)
0.1 5.63(�1) 2.82(�1) 8.45(�1) 5.64(�1)
1 5.55(�1) 2.77(�1) 8.31(�1) 5.58(�1)
4 5.25(�1) 2.60(�1) 7.85(�1) 5.34(�1)
10 4.70(�1) 2.32(�1) 7.02(�1) 4.87(�1)

10 0 5.64 2.82 8.46 5.64
0.1 5.63 2.82 8.45 5.65
1 5.52 2.76 8.27 5.70
4 5.07 2.52 7.59 5.50
10 4.32 2.14 6.47 4.75
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fluxes [W/m2] in terms of the reference pressure PB [Pa] are given
for the monatomic gases of He and Ar, the diatomic gases of H2 and
N2 and for the polyatomic gas of CO2. The inner diameter is RA = 1 cm
with c ¼ 1

2 ;
1

10

� �
, while the reference temperature is TB = 293 K

with b = [0.1,1]. The reference pressure PB 2 [10�3,10]Pa and is eas-
ily connected to the rarefaction parameter dB, via Eq. (6) once the
viscosity and the most probable velocity of each gas is specified.
All computations are based on the Holway model with Z = 3 and
the VHS model (x = [0.66,0.81,0.67,0.74,0.93] for He, Ar, H2, N2,
CO2 respectively). In all cases, as expected, the heat flux is mono-
tonically increased with pressure. At highly rarefied atmospheres
the heat flux is proportional to gas pressure, then, in the transition
regime the relation becomes more complex and at dense atmo-
spheres the heat flux depends weakly and finally is independent
of pressure. Also, the heat fluxes for b = 1 are about one order mag-
nitude higher than the corresponding ones for b = 0.1, while the
effect of c is not that important with the heat fluxes to be slightly
decreased as the gap between the cylinders is increased.

More importantly, it is observed in Fig. 5, that under the same
conditions the heat flux of different gases varies significantly. The
largest heat fluxes are achieved for H2 followed successively by the
heat fluxes of He, N2, CO2 and Ar. This trend is valid in the whole
range of pressure except for the curves of CO2 and Ar, which cross
each other at some relatively large pressure PB > 1 Pa. It is well
known that in heat transfer through monatomic gases confined
between coaxial cylinders, the dimensional heat flux is increased
as the molar mass of the gas is decreased (see Fig. 9 in [2]). How-
ever, this remark cannot be generalized in the case of polyatomic
gases since, as seen in Fig. 5, in a wide range of pressure the heat
flux of CO2 is larger than that of Ar, while its molar mass is larger.

It has been proposed in [18] that the heat flux between confined
coaxial cylinders may be computed in the whole range of the rar-
efaction parameter, assuming small temperature differences and
large radius ratios, according to

1
q
¼ 1

qFM
þ 1

qC
ð36Þ



Table 4
Heat fluxes at the inner hot cylinder (r = c) with c = 1/2 for a polyatomic gas (j = 3,
Pr = 0.71) with HS molecules based on the Holway model.

b dB Z = 1 Z = 5

qtr qrot q qtr qrot q

0.1 0 5.64(�2) 4.23(�2) 9.87(�2) 5.64(�2) 4.23(�2) 9.87(�2)
0.1 5.58(�2) 4.18(�2) 9.76(�2) 5.58(�2) 4.18(�2) 9.76(�2)
1 5.10(�2) 3.77(�2) 8.87(�2) 5.10(�2) 3.77(�2) 8.87(�2)
4 3.94(�2) 2.83(�2) 6.77(�2) 3.96(�2) 2.82(�2) 6.78(�2)
10 2.70(�2) 1.88(�2) 4.58(�2) 2.72(�2) 1.86(�2) 4.58(�2)

1 0 5.64(�1) 4.23(�1) 9.87(�1) 5.64(�1) 4.23(�1) 9.87(�1)
0.1 5.58(�1) 4.18(�1) 9.76(�1) 5.58(�1) 4.18(�1) 9.76(�1)
1 5.08(�1) 3.77(�1) 8.86(�1) 5.09(�1) 3.77(�1) 8.86(�1)
4 3.94(�1) 2.85(�1) 6.79(�1) 3.95(�1) 2.84(�1) 6.79(�1)
10 2.76(�1) 1.94(�1) 4.70(�1) 2.77(�1) 1.92(�1) 4.69(�1)

10 0 5.64 4.23 9.87 5.64 4.23 9.87
0.1 5.57 4.17 9.74 5.57 4.17 9.74
1 4.99 3.72 8.71 4.99 3.72 8.71
4 3.82 2.82 6.64 3.84 2.81 6.65
10 2.79 2.03 4.82 2.81 2.01 4.82 Fig. 6. Comparison of the radial heat flux at the inner hot cylinder qðr ¼ cÞ for N2

and b = 10 with corresponding results of Eq. (36).
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where qFM and qC are the corresponding free molecular and contin-
uum heat fluxes, which are readily obtained by Eqs. (A6) and (A9). It
has been observed in [3] that in monatomic gases this expression
remains valid well beyond the introduced assumptions providing
easy-to-go results. Here, this investigation is extended to N2 and
in Fig. 6, a comparison is made between the computed heat fluxes
based on the Rykov model for the large temperature difference of
b¼10;c¼ 1

2 ;
1

10 ;
1

65

� �
and in a wide range of dB, with the corresponding
Fig. 5. Dimensional heat flux Q(r = c) through various gases enclosed between two cylin
terms of the reference pressure PB obtained by the Holway model (Z = 3, VHS model).
ones obtained by the empirical Eq. (36). It is seen that the agree-
ment is excellent for dB < 10 and then as dB is further increased there
are some discrepancies which are increased as c is decreased. How-
ever, the overall agreement remains good and it becomes even bet-
ter as b is decreased. Therefore this expression may also be
implemented in polyatomic gases for engineering purposes when
the temperature distributions are not needed.
ders with RA = 1 cm and c = [1/2,1/10], maintained at TB = 293 K and b = [0.1,1], in
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6. Concluding remarks

The problem of heat transfer through rarefied polyatomic gases
confined between two coaxial cylindrical surfaces maintained at
different temperatures is solved based on the Holway and Rykov
kinetic models as well as on the DSMC method subject to the Borg-
nakke - Larsen collision model. The quantitative behavior of the
radial heat flux is examined in a wide range of the gas rarefaction
parameter, small, moderate and large normalized temperature dif-
ferences and various radius ratios. The deduced density and tem-
perature (translational, rotational, total) distributions are also
provided. The results obtained by the two kinetic models are in
good agreement, with the Rykov model being more sensitive, com-
pared to the Holway model, in the variation of the mixing param-
eter indicating the strength of translational-rotational coupling.
Very good agreement between the Holway model and DSMC
results for HS molecules has also been observed. In addition, the
computational results perfectly match the analytical ones in the
free molecular and continuum limits. These findings along with
the successful comparison between simulations and available
experimental data for polyatomic gases associated to small and
large temperature differences demonstrate the validity of the
implemented modeling approaches.

The translational and rotational as well as the total tempera-
tures are very close to each other for all parameters examined here
and they are similar to the corresponding monatomic ones. In con-
trary, the total heat fluxes for polyatomic gases are significantly
higher than those for monatomic gases. More specifically, the heat
fluxes of diatomic and polyatomic gases, obtained by the Holway
model, are higher about 36–50% and 58–75% respectively than
the corresponding ones obtained by the Shakhov model, with the
highest differences occurring in the free molecular limit. As the
amount of elastic compared to inelastic collisions is increased,
the translational heat fluxes are increased and they tend to the
monatomic ones, while always the rotational heat fluxes are about
50% and 75% of the translational ones for diatomic and polyatomic
gases respectively. Furthermore, it has been found that the simple
expression (36), proposed in [18], provides reasonably accurate
results in a wide range of parameters, while another observation
of practical interest is that, while in monatomic the dimensional
heat flux is increased as the molar mass is decreased, this is not
necessarily the case in polyatomic gases.

Overall, it may be stated that the implementation of the Holway
model is more flexible to polyatomic gases, while the Rykov model,
although seems to be more accurate, is limited to diatomic gases
and additional experimental data for the specific gas under consid-
eration. In addition, since polyatomic kinetic modeling provides
heat fluxes, which are significantly higher than the corresponding
monoatomic ones, heat transfer simulations in MEMS and other
technological devices with polyatomic gases must be based on
polyatomic kinetic modeling.
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Appendix A. Analytical solutions in the free molecular and
continuum limits

In the free molecular limit (dB = 0) the right hand side of Eq. (17)
becomes zero and in the case of Maxwell diffuse boundary
conditions the reduced distribution functions are given for
h 2 [ � p/2,p/2] by

FðiÞ ¼ qðiÞw

pð1þ bÞ exp � f2

1þ b

" #
; GðiÞ ¼ qðiÞw

p
exp � f2

1þ b

" #
;

SðiÞ ¼ jqðiÞw

2p
exp � f2

1þ b

" #
ðA1Þ

and for h 2 [p/2,3p/2] by

FðiÞ ¼ 1
p

exp � f2

1þ b

" #
; GðiÞ ¼ 1

2p
exp � f2

1þ b

" #
;

SðiÞ ¼ j
2p exp � f2

1þ b

" #
ðA2Þ

where the impermeability parameter is found from the no penetra-
tion condition to be

qðiÞw ¼
1ffiffiffiffiffiffiffiffiffiffiffiffi

1þ b
p ðA3Þ

Then, substituting Eqs. (A1)–(A3) into the moment Eqs. (20)–
(26) and following a straightforward manipulation yields

qðiÞðrÞ ¼ 1
p

h1ffiffiffiffiffiffiffiffiffiffiffiffi
1þ b

p � h1 þ p

 !
ðA4Þ

sðiÞtr ðrÞ ¼ sðiÞrotðrÞ ¼
1

qðiÞðrÞp h1

ffiffiffiffiffiffiffiffiffiffiffiffi
1þ b

p� �
þ p� h1

h i
ðA5Þ

qðiÞtr ðrÞ ¼
bc

r
ffiffiffiffi
p
p qðiÞrotðrÞ ¼

jbc
4r

ffiffiffiffi
p
p qðiÞðrÞ ¼ 1þ j

4

	 

bc

r
ffiffiffiffi
p
p ðA6Þ

In Eqs. (A4) and (A5), the discontinuity angle h1 is given by
h1 = sin�1(c/r). Obviously the results do not depend on the type of
model and are exactly the same for the Holway and Rykov models.
However, we keep the superscript i = H,R just for consistency in
notation.

It is seen that in the free molecular limit for j = 2 and j = 3 the
rotational heat flux is one half and three quarters respectively of
the corresponding translational one, while in the case of a
monatomic gas (j = 0), the rotational is equal to zero and the trans-
lational is equal to the total heat flux. It is noted that the numerical
solution for dB = 0 is in excellent agreement with the analytical
results of Eqs. (A3)–(A6).

In the hydrodynamic limit (dB ?1), based on the Fourier law,
the dimensionless heat flux for a monatomic gas with HS mole-
cules confined between two cylinders has been obtained analyti-
cally in [2]. It is noted that the ratio of the thermal conductivity
k of a polyatomic gas over its viscosity l, introducing the Eucken
correction, can be written as [37]

k
l
¼ 9cp � 5ct

4
ðA7Þ

where cp and ct are the specific heats at constant pressure and tem-
perature respectively given, in terms of the degrees of freedom
j = 0,2,3, by

cp ¼
kB

m
5þ j

2
ct ¼

kB

m
3þ j

2
ðA8Þ

Then, following the same procedure as in [2] it is readily
deduced that
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qðrÞ ¼ � 5
4
þ j

6

	 
 bþ 1ð Þ3=2 þ 1
h i

rdB ln c
ðA9Þ

For j = 0, Eq. (A9) is reduced to the monatomic heat flux in [2], while
for j = 2,3 the corresponding diatomic and polyatomic heat fluxes
are obtained. The present numerical results for large values of the
gas rarefaction parameter tend to the analytical results of Eq. (A9).
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