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A procedure is developed to detect the onset of interfacial instability in inclined film flows �with
estimated accuracy better than 5%� and is used to show that the finite width of experimental
channels stabilizes the undisturbed liquid film. Deviation from the classical prediction scales
inversely with the product of channel width and sine of inclination angle, and for small inclinations
and/or narrow channels is of the order of 100%. The effect is tentatively attributed to the influence
of sidewalls on the traveling disturbances, which results in curved crestlines and transverse variation
of wave characteristics. © 2010 American Institute of Physics. �doi:10.1063/1.3294884�

I. INTRODUCTION

It is well-known that film flows at all inclinations be-
yond a few tenths of a degree are first destabilized by an
interfacial mode, whose streamwise scale is significantly
larger than the mean film thickness.1–4 A long-wave expan-
sion, based on this observation and exploiting Squire’s theo-
rem for streamwise disturbances, leads to the classical
result5,6 that the critical Reynolds number for the onset of
primary instability depends only on inclination angle �, ac-
cording to the relation

Rec = 5
6cot � , �1�

where Re is defined as Re=hu /� in terms of kinematic vis-
cosity �, undisturbed film thickness h, and mean liquid ve-
locity u. The mechanism of instability is associated with a
balance between rate of work done by the perturbation shear
stress at the surface and rate of viscous dissipation in the
bulk.3,4 Because the most unstable disturbances are very
long, surface tension plays no role in the initial growth stage.
However, surface tension determines the characteristics of
the coherent structures �solitary waves� that develop in the
nonlinear regime by balancing the gravity-induced inertia of
the liquid humps with the capillary force that arises from the
wrinkling of the surface into a series of precursor ripples.7

Verification of the accuracy of the linear prediction, Eq.
�1�, met with significant difficulties, because disturbance
growth near the stability threshold is too weak to permit
direct observation.8 For example, a vertical film may appear
flat for Reynolds numbers as high as 3–5. A more reliable
criterion is provided by measuring the growth/decay of regu-
lar small amplitude disturbances introduced at the inlet. The
decisive experiment was done by Liu et al.9 using distur-
bances of controlled frequency f in a channel 500 mm wide.
According to the authors, the procedure is very tedious and
its accuracy is estimated as no better than 10%.

The present paper investigates experimentally the depen-
dence of linear stability of film flow on the width of the
channel. The conclusions are relevant to experiments per-
formed along planar substrates bounded by sidewalls, which
have actually provided the majority of available results in the
literature. However, it is noted that, in the case of a vertical

film, use of a cylinder with radius much larger than the
Nusselt film thickness would give results asymptotically
equivalent to a flat substrate but without the complications of
the sidewalls.

More specifically, in the present context of a planar sub-
strate, the finite width of experimental channels poses the
question of the significance of edge effects. This question has
two facets: one is the effect of the sidewalls on the base flow
with undisturbed free surface and the other is the effect of
the sidewalls on the form and evolution of traveling distur-
bances. The former question was already posed in classical
literature10 but was comprehensively answered only
recently.11 The latter question appears not to have been dis-
cussed at all and provides the theme of the present paper.

Concerning the unidirectional base flow with undis-
turbed free surface, a first approximation may be made by
neglecting wetting effects or equivalently, assuming a 90°
contact angle at the sidewalls. Then, film flow is formally
identical to the flow inside a rectangular channel with height
equal to twice the film thickness. The available analytic so-
lution to this problem by separation of variables12 indicates
that the key parameter is the ratio of film thickness to chan-
nel width, k=h /w, which in experiments is typically in the
range of 10−2–10−3. For small values of this ratio, the influ-
ence of sidewalls is limited to a transverse distance of the
order of the film thickness, and the major part of the base
flow may safely be considered as one-dimensional. When
wetting effects are considered, the normal capillary length
scale, Ln= �� /�g cos ��1/2—defined by a balance of surface
tension and gravity component normal to the wall—comes
into play, and an interesting overshoot in the free surface
velocity close to the wall may appear when the ratio Ln /h
exceeds order one.11 However, for the typical experimental
scaling Ln�w, the influence of sidewalls is again limited to
a small region in their vicinity and the bulk of the base flow
conforms to the Nusselt solution.

Though it may safely be concluded from the above that
sidewall effects are insignificant for the undisturbed film
flow in typical experimental realizations, there are strong in-
dications that this is not the case when the flow becomes
unstable. More specifically, it has been repeatedly observed
that the crestlines of traveling disturbances become sym-
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metrically curved around the channel centerplane.13,14 This
behavior is depicted in Fig. 1. Figure 1�a� is a gray scale
image of a traveling wave taken from below the channel,
where brightness is proportional to local film thickness. Fig-
ure 1�b� is a three-dimensional �3D� plot of the same wave.
Intuitively, the curved crestline may only be attributed to an
effect of the sidewalls that evidently extends throughout the
channel width. Measurements taken at the central strip of the
channel have been assumed representative of the theoretical
limit of two-dimensional �2D� flow,9,15 based on the argu-
ment that the ratio k of film thickness to channel width is
very small. However, there exist consistent discrepancies be-
tween solitary wave heights measured and predicted by rig-
orous simulations,16–19 and the curvature of the crestlines
was recently proposed as a tentative cause.20

The present work reports systematic measurements of
the linear stability threshold in inclined film flows as a func-
tion of channel width. Section II describes the experimental
system and the measuring technique. Section III presents the
results: a procedure is developed to identify the transition,

which appears to be less tedious and slightly more accurate
than the previous one in the literature. The data indicate that
liquid films at small and intermediate inclination angles are
significantly more stable than predicted by the classical re-
sult with the discrepancy aggravating with decreasing chan-
nel inclination and width. A mechanistic interpretation of the
effect of sidewalls is proposed, related to the crestline curva-
ture and the variation of wave characteristics in the trans-
verse direction. This conjecture is further discussed in the
concluding remarks of Sec. IV and provides motivation for a
detailed study of the characteristics of curved, traveling
waves observed beyond the primary transition.

II. EXPERIMENTAL METHOD

The main flow facility is an 800 mm long by 250 mm
wide channel made of Plexiglas. The width of the channel
can be restricted by placing along the sidewalls of two Plexi-
glas plates of appropriate size. Using this technique, mea-
surements are taken for active channel widths 250, 166, and
83 mm. Representative results are also confirmed in a newly
built inclined film facility, 3000 mm long and up to 450 mm
wide. The liquids used in the experiments are water-glycerol
solutions with 30–80 wt % in glycerol, maintained at a tem-
perature of 25�1 °C. The inclination angles tested cover
the range of 5°–30°. With increasing inclination, the glycerol
content also increases so that the liquid film always remains
thick enough to avoid rupture. Few experiments are done
after saturation of the glycerol aqueous solution with butanol
��7%�, which leads to a drastic decrease in surface tension.
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FIG. 2. �Color online� �a� A sketch of the experimental setup for the imple-
mentation of the conductivity technique. �b� The output voltage as a function
of the Nusselt film thickness for inclination angle �=25° and 76% glycerol
aqueous solution.

a

b

FIG. 1. �a� Gray scale image �with brightness proportional to the local film
thickness� of a traveling wave with symmetrically curved crestlines. �b� The
same wave in a 3D plot. The liquid is water at Re=30, �=5°, and f
=1.0 Hz.
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A system of perturbing the entrance flow rate at desired
frequency is used, based on the periodic obstruction of a
by-pass liquid stream. The obstruction is imposed either
abruptly by an electrovalve, resulting in a steep-crested dis-
turbance or more smoothly through modulation of a control
valve; thus resulting in a roughly sinusoidal disturbance. The
frequencies used span in the range of 0.167–1.50 Hz and all
result in disturbances that are very long when compared with
the liquid film thickness.

The spatial evolution of traveling disturbances is deter-
mined by comparing time signals of the free surface height
taken by conductance probes at streamwise locations 150
and 650 mm from the film entrance. Each probe, sketched in
Fig. 2�a�, consists of two parallel chromel wires, 0.4 mm in
diameter, separated by an axis-to-axis distance of 2 mm. �
function generator provides an input sinusoidal signal to the
probes at a frequency of 25 000 Hz in order to avoid polar-
ization effects. The output signal is a sinusoidal voltage
whose amplitude depends linearly on system conductance

and thus varies with the coverage of the wires by the liquid.
The probes are simultaneously calibrated in situ by taking
measurements of the output voltage in the stable flow regime
�without inlet disturbances� and calculating the film thick-
ness from the Nusselt solution. The output voltage of both
probes varies linearly with the Nusselt film thickness as it is
depicted for a representative case in Fig. 2�b�.

III. RESULTS

A. Determination of marginal stability

A secondary goal of the present paper is to develop an
experimental method to detect the primary transition, which
is reliable but at the same time less tedious than the method
previously used.9,21 We recall that the standard approach of
these authors is based on measurement by laser beam deflec-
tion of the wave slope at two different locations along the
flow. For a given Reynolds number––above the expected
critical––disturbances of varying frequency are consecu-
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FIG. 3. Time series of liquid film height for a 66 wt % glycerol in water solution at various Reynolds numbers around the primary transition. Channel
inclination and width are, respectively, �=15°, w=166 mm, and inlet disturbances have frequency f=0.167 Hz. Here and in all subsequent plots, we
represent by thin lines, the upstream and by thick lines, the downstream signal.
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tively introduced and the cutoff frequency is determined, be-
yond which the spectral power of the time series of the wave
slope declines from the first to the second measuring loca-
tion. This procedure is repeated for sufficiently many Re’s to
permit interpolation to the zero frequency limit according to
the theoretically expected behavior of fc��Re-Rec�1/2.

Our approach is more direct. It relies on the introduc-
tion of disturbances of very low frequency �typically
f=0.167 Hz�, such that the critical Re of linear stability
practically coincides with that of the theoretical disturbance
of zero frequency �infinite wavelength�. The downstream de-
velopment of such low-frequency disturbances is qualita-
tively different in the stable and unstable regimes. This dif-
ference provides added confidence to the quantitative
determination, which involves comparison of the wave
height at the two observing locations, as a function of the
Reynolds number.

A typical example of film height time series is shown in
Fig. 3, corresponding to inclination angle �=15°, channel

width w=166 mm, and inlet frequency f=0.167 Hz. In all
figures, thin lines always represent the upstream and thick
lines the downstream signal. The two signals are compared
for eight values of Re, the first four residing in the stable
regime and the last four in the unstable. For the stable Re
values, the wave height at the second location is always
lower than at the first and the overall shape of the wave
remains unaltered. For the unstable Re values, the wave
height at the second location grows beyond that at the first,
but––more important––the wave shape changes drastically,
disintegrating into a series of shorter waves. This easily de-
tectable change in wave evolution with increasing Re brack-
ets the range where the transition takes place, and serves as a
check of the quantitative determination that follows. Thus, in
the present example it may be inferred that the stability limit
lies in the range of 3.17	Re	3.78.

The quantitative determination of marginal stability is
depicted in Fig. 4 for three representative cases, correspond-
ing to different channel inclinations and widths. It is based
on the observation of the parametric evolution with Re of the
ratio of downstream to upstream wave height. To improve
measurement accuracy, the wave heights are normalized with
the measured mean film thickness at the respective probe
locations. Two characteristics facilitate reliable determina-
tion of the transition. First, the ratio is lower than one in the
stable and higher than one in the unstable regime. Second, its
rate of change with Re exhibits a jump when crossing the
stability limit. Thus, we identify the critical Re with the co-
incidence of three lines: one is the horizontal corresponding
to ratio=1 and the other two are linear interpolations of the
last �first� few points before �after� the transition. Of the two
linear interpolations, the former �points before transition�
typically exhibits a higher scatter and is neglected in case the
three lines do not cross at exactly the same point.

Before embarking into the main result of the paper,
which is the stabilizing effect of channel width, it is neces-
sary to confirm the absence of effect of the disturbance am-
plitude, frequency, and shape, i.e., verify that the distur-
bances used are linear and long enough, and that the specific
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FIG. 4. Determination of marginal stability for: �a� inclination angle
�=15° and channel width w=166 mm. �b� �=5° and w=166 mm. �c�
�=5° and w=250 mm.
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FIG. 5. Time series at Re values bracketing the transition for two realiza-
tions at inclination angle �=10° and channel width w=166 mm. Distur-
bances have frequency f=0.167 Hz in both cases, but height around 20 
m
in the first ��a� and �b�� and 50 
m in the second ��c� and �d��.
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form chosen does not bias the results. With respect to the
effect of amplitude, we note that typical inlet disturbances
have a height around 5% of the mean film thickness and that
duplicate experiments with disturbance height as low as
1%–2% result in identical critical Re. As an example, the
time series at Re values bracketing the instability threshold
are shown in Fig. 5 for two realizations of a representative
case ��=10°, w=166 mm, and f=0.167 Hz�. Disturbances
have frequency f=0.167 Hz in both cases, but height around
20 
m in the first �Figs. 5�a� and 5�b�� and 50 
m in the
second �Figs. 5�c� and 5�d��.

With respect to the shape of the inlet disturbance, we
note that experiments are typically done with steep-crested
disturbances but many have been duplicated with distur-
bances of sinusoidal shape and the critical Re was always
indistinguishable within experimental error. As an example,
Fig. 6 compares the respective time series for inclination
�=10° and channel width w=83 mm, and shows that the
same qualitative change in wave shape �i.e., the disintegra-
tion into a series of shorter waves� is observed with both
types of disturbance. Quantitative determination of the sta-
bility threshold for the two cases in Fig. 6, produced the
values 8.0 and 8.1, respectively.

Concerning the effect of the frequency of inlet distur-
bances, we want to confirm that the typically used value,
f=0.167 Hz, is low enough for the experimentally deter-
mined critical Re to coincide with the respective value for
disturbances of infinite wavelength. To this end, we perform
systematic experiments with inlet frequencies spanning the
entire range of 0.167–1.5 Hz. Results of such experiments
for channel width w=250 mm and two inclination angles,
�=10° and 15°, are shown in Table I. Also shown in Table I
is the critical Re predicted theoretically for each different

frequency by a standard numerical solution of the Orr–
Sommerfeld equation that governs the 2D linear stability
problem.22 It is noted that even the highest frequencies used
become theoretically unstable at a Re that deviates less than
4% from the theoretical critical Re of infinite wavelength
disturbances. Thus, these data confirm the lack of depen-
dence on frequency in the low-frequency range used in the
experiments and at the same time, their scatter serves as an
indication of measurement precision. In particular, the stan-
dard deviation is about 3%–4% of the respective mean val-
ues, supporting an estimated experimental accuracy better
than 5%.

B. Effect of channel width

The main finding of the present paper is that a restriction
of the channel width strongly stabilizes film flow at small
inclinations. The primary data supporting this conclusion are
plotted in Figs. 7�a� and 7�b�. Figure 7�a� shows the experi-
mentally determined critical Re as a function of inclination
angle and indicates that the deviation from the theoretical
prediction, Eq. �1�, grows with decreasing inclination. The
same data are plotted in Fig. 7�b� using channel width as the
dependent variable and the inclination as parameter. Here is
becomes evident that the variation of critical Re with channel
width is strong at small inclinations but becomes gradually
insignificant beyond �=30°. In other words, a channel
250 mm wide is narrow at �=5°, but is equivalent to an
infinitely wide channel at �=30°.

Representative conditions are duplicated in the 3000 mm
long facility and produce identical results within experimen-
tal accuracy. Most notably, experiments with the full channel
width �450 mm� at inclination �=5° result in a threshold
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FIG. 6. Time series at Re values bracketing the transition for two experiments at inclination angle �=10° and channel width w=83 mm. Inlet disturbances
are steep-crested in the first one ��a�–�c�� and sinusoidal in the second ��d�–�f��.
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value of Re=11.4, which is 20% above the classical predic-
tion. This proves that the presently investigated effect ex-
tends at small inclinations to very wide channels.

Next, we attempt a rescaling of the stability results of
Fig. 7�b� so that all data collapse on a single curve. Rescaling

is straightforward for the y-axis and amounts to normalizing
the experimental critical Re with the theoretical critical Re at
the specific inclination. Thus, all measurements are com-
pared with the wide-channel limit Rec,exp /Rec,th=1. Rescal-
ing of the channel width is more puzzling and will be accom-
plished on a trial-and-error basis. More specifically, data
indicate a strong effect of inclination angle but independence
from liquid viscosity. Also, few experiments with signifi-
cantly reduced surface tension �water-glycerol solution, satu-
rated with butanol� show that surface tension is also relevant
and may be taken into account by the streamwise capillary
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FIG. 9. The transverse curvature of the wave crestline at the channel cen-
terplane, as a function of channel width. Data are for inclinations �=3°
��, Re=35�, �=5° ��, Re=25�, and �=10° ��, Re=12�.
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length scale Ls= �� /�g sin ��1/2. All these observations are
summarized in Fig. 8, where the scaling eventually adopted
for the x-axis is w�sin ��1/2 /Ls=w sin � / �� /�g�1/2. Though
this choice appears to work well for the parameter range
tested in the present paper, we cannot support it with a com-
plete theoretical justification.

The scaling in Fig. 8 suggests that, unlike the classical
prediction, the primary transition in channels of finite width
may depend on surface tension. In particular, the higher the
surface tension, the more significant the delay in the onset of
traveling waves. Though these preliminary findings need to
be thoroughly checked, they will be shown in Sec. IV to
be reconciled with the expected effect of the additional cap-
illary forces resulting from the curved crestline of traveling
disturbances.

C. Properties of post-transition traveling waves

We have noted in the introduction that the channel side-
walls are generally considered responsible for the curved
crestlines of fully developed traveling waves in the unstable
regime. The present experimental evidence, about the effect
of channel width on the transition threshold, indicates the
sidewalls also modify the primary instability. A plausible
conclusion is that the two phenomena are causally related,
i.e., the crestline curvature, attained by initially 2D distur-
bances as they more downstream, leads to stronger attenua-
tion and results in displacement of the transition to higher Re
values.

In order to strengthen the above view, we provide some
preliminary information on the characteristics of curved trav-
eling waves observed in the unstable regime. �Detailed ex-
position of the properties of these nominally 2D waves will
be the topic of a future paper�. Thus, Figs. 9 and 10 present
data of fully developed waves from the 3000 mm long facil-
ity and for channels 250, 350, and 450 mm wide.

Figure 9 displays representative results on the variation
with channel width of the curvature of the wave crestline, as
measured at the channel centerplane. The data are for incli-
nations �=3° ��, Re=35�, �=5° ��, Re=25�, and �=10°
��, Re=12�. It is evident that the wave curvature depends
strongly on channel width and varies inversely with it. Thus,
disturbances in a narrow channel are subjected to stronger
transverse capillary forces, an observation that is consistent
with their delayed destabilization.

Figures 10�a� and 10�b� show, respectively, the maxi-
mum film thickness and the phase velocity of the waves, as a
function of Re for two channel widths, w=250 mm ��� and
450 mm ��� at an inclination of �=5°. It is readily observed
that, at the same Re, waves in the narrower channel are
shorter and slower. Again, a plausible explanation is that the
waves are decelerated by the transverse capillary forces and
as a result, the rate of work done by the perturbation shear
stress decreases and the instability becomes weaker in nar-
rower channels.

Finally, we comment briefly on the periodicity properties
of post-threshold waves and their relation to the input forc-
ing. To this end, we construct in Fig. 11 phase portraits of the
time series in Fig. 3 �downstream point�, following similar

TABLE I. The theoretical and the experimental critical Reynolds number as
a function of frequency for channel width w=250 mm and inclination
angles �=10° and 15°.

Frequency
�Hz�

�=10° �=15°

Rec,th Rec,exp Rec,th Rec,exp

0.16 4.73 5.40 3.12 3.62

0.25 4.74 5.23 3.12 3.58

0.50 4.75 5.41 3.13 4.08

0.75 4.77 5.63 3.15 3.87

1.00 4.81 5.58 3.17 3.71

1.25 4.85 5.30 3.20 3.85

1.50 4.90 5.20 3.24 3.93

Mean 5.39 3.81

StDiv�100 /Mean 3.07% 4.12%

FIG. 11. Phase portraits of the last six time signals in Fig. 3. Left column is
drawn for one period and right column for four periods of the inlet forcing.
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approaches in the literature.23,24 The left column represents
phase portraits for one period of the inlet forcing and the
right column for four periods. In both columns, we plot re-
sults for the six larger Re’s in Fig. 3 and to facilitate com-
parisons between signals and portraits, we retain the same
numbering �c�–�h�.

It is noted that the forcing frequency is always present
and is still dominant beyond transition �Figs. 11�c�–11�f��.
The curls that gradually appear at the right end of the main
cycle correspond to the secondary crests developing on top
of the main hump. With further increase in Re, these second-
ary crests gradually exert stronger influence and eventually
dominate the phase portrait �Figs. 11�g� and 11�h��. How-
ever, the phenomenon is still considered as periodic with
slight variations between cycles being understood as the re-
sult of experimental imperfection in the realization of con-
secutive periods of forcing.

In order to further support this last point, we present in
Fig. 12, phase portraits for experimental conditions that re-
sult in a large number of secondary crests. Figure 12�a�
alone, which is constructed from a time signal with duration
four periods of the inlet forcing, would leave reasonable
doubt about the periodicity of the phenomenon. However,
Fig. 12�b� �eight periods� and most important Fig. 12�c� �160
periods� confirm that this complex signal is still periodic. We
conclude that periodicity is retained for a range of Re beyond

the primary instability. The transition to a nonperiodic free
surface, which is expected to occur at higher Re is beyond
the scope of the present work.

IV. CONCLUDING REMARKS

This work investigated the effect of channel width on the
primary instability of inclined film flow. To this end, a pro-
cedure was developed, based on conductivity probes, which
permitted accurate determination of the transition with mod-
est effort. The data showed that liquid films at small and
intermediate inclination angles are significantly more stable
than previously believed and the deviation from the classical
prediction scales inversely with the product of channel width
and sine of inclination angle. This unexpected finding was
attributed to the influence of sidewalls on traveling distur-
bances, and more specifically to the downstream develop-
ment of a curved crestline. Preliminary results on the prop-
erties of post-transition traveling waves and in particular
their variation with channel width were used to support this
view.

The present findings motivate a detailed study of the
characteristics of the traveling waves that appear beyond the
bifurcation threshold. Of particular interest are the effect of
channel width and the deviations from the theoretically ex-
pected 2D behavior. In this respect, the conditions close to
the wall need to be carefully considered, as the additional
viscous and capillary forces �due, respectively, to the bound-
ary layer and change in curvature close to the sides� are
expected to strongly influence the local wave characteristics.

Preliminary findings �and also a careful examination of
Fig. 1� indicate that the streamwise steepness of these waves
varies symmetrically along the crestline with maximum at
the centerplane and decreasing height of the main hump �and
increasing wavelength of the precursor ripples� toward the
sidewalls. Thus, these nominally 2D waves have a qualitative
similarity to the horseshoe waves that appear either naturally
at much higher Re �Ref. 25� or artificially by localized addi-
tion of liquid mass.26–28 Of course, the two kinds of waves
differ in length scale with the former scaling according to the
channel width and the latter being much smaller. It is envi-
sioned that this similarity in shape and difference in scale
may permit a unified treatment of the nominally 2D and the
3D flow regimes, and may offer an interpretation of the 2D-
to-3D transition in terms of a gradual reduction of the scale
of the largest stable curved wave.
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