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Abstract The flow of binary gas mixtures through long
micro-channels with triangular and trapezoidal cross sec-
tions is investigated in the whole range of the Knudsen
number. The flow is driven by pressure and concentration
gradients. The McCormack kinetic model is utilized to
simulate the rarefied flow of the gas mixture, and the
kinetic equations are solved by an upgraded discrete
velocity algorithm. The kinetic dimensionless flow rates
are tabulated for selected noble gas mixtures flowing
through micro-channels etched by KOH in silicon (trian-
gular and trapezoidal channels with acute angle of 54.74°).
Furthermore, the complete procedure to obtain the mass
flow rate for a gas mixture flowing through a channel,
based on the dimensionless kinetic results, which are valid
in each cross section of the channel, is presented. The study
includes the effect of the separation phenomenon. It is
shown that gas separation may change significantly the
estimated mass flow rate. The presented methodology can
be used for engineering purposes and for the accurate
comparison with experimental results.
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1 Introduction

The non-equilibrium gas flow through channels of various

cross sections has recently attracted considerable attention.
This increased interest is well justified by the implementation
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of such flows in several technological fields including the
emerging field of microfluidics (Ho and Tai 1998; Karni-
adakis and Beskok 2002; Kandlikar et al. 2006; Li 2008).
The majority of the research has been performed for
flows through circular and rectangular micro-channels,
where both theoretical and experimental studies have been
implemented. The theoretical study has been based on
hydrodynamics beyond the Navier—Stokes limit (Colin
2005; Lockerby and Reese 2008; Szalmas 2007), the Direct
Simulation Monte Carlo method (Bird 1994), and kinetic
theory as described by the Boltzmann and model kinetic
equations (Ferziger and Kaper 1972; Cercignani 1988). It is
important to note that for flows through long channels,
where the flow may be considered as fully developed,
linearized kinetic theory is overall, the most powerful
theoretical approach, since it is capable of producing
accurate results in the whole range of the Knudsen number
with modest computational effort (Aoki 2001; Sharipov
1999). Experimental study in long micro-channels is also
very extensive, and the most common experimental
approaches include the constant volume and the droplet
tracking methods (Colin et al. 2004; Ewart et al. 2007).
Flows through long channels of other cross sections
have also been studied. In particular, rarefied gas flow
through long tubes with elliptical cross section has been
recently solved by using linearized kinetic models (Graur
and Sharipov 2007, 2008). The linearized BGK model has
been also solved for annular tubes (Breyiannis et al. 2008).
Based on Navier—Stokes solvers, with slip boundary con-
ditions, the pressure-driven flow through channels of tri-
angular and trapezoidal cross sections in the slip regime
has been solved (Morini et al. 2004, 2005; Pitakarrnop
et al. 2008). Also, in more recent studies, the same flow
configuration has been solved in the whole range of the
Knudsen number by using the linearized BGK kinetic
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model (Naris and Valougeorgis 2008; Varoutis et al. 2009).
In Varoutis et al. (2009), a comparison between computa-
tional and experimental results has been performed finding,
in all the cases, very good agreement. It is noted that
channels with triangular and trapezoidal cross sections,
with an acute angle of 54.74°, manufactured by chemical
etching on silicon wafers, known as microchannels etched
by KOH in silicon, are very common in microflow appli-
cations (Morini et al. 2004, 2005).

The majority of all this research study has been per-
formed for single gases, while the corresponding study for
gaseous mixtures is quite limited. In the latter case, the
McCormack kinetic model (McCormack 1973) has been
applied for flows of binary mixtures through channels of
circular and rectangular cross sections (Sharipov and Kal-
empa 2002; Naris et al. 2005). In addition to flows through
channels, the McCormack model has been solved for
Couette flow (Sharipov et al. 2004) or heat flow between
two parallel plates (Sharipov et al. 2007). The analytical
discrete ordinate method has been also used to solve var-
ious one-dimensional flow problems on the basis of the
McCormack kinetic model (Siewert and Valougeorgis
2004a, b). A first attempt to measure pressure-driven mass
flow rates for binary mixtures through rectangular channels
is reported in Pitakarnnop (2010). The small amount of
study in the case of gas mixture flows may be explained by
the increased complexity of the flow due to the large
number of parameters involved in the solution of the
problem. However, gaseous mixture, compared to single
gas flows, have increased theoretical and practical interest.
In the case of gas mixtures, additional non-equilibrium
transport phenomena (e.g., barodiffusion) appear, as the
rarefaction of the flow is increased. Also, in microfluidic
applications, the flow in most cases consists of gas mix-
tures and not of single gases. Another important transport
phenomenon of great practical interest appearing in flows
of gas mixtures is the separation phenomenon. The light
particles are traveling faster than the heavier ones resulting
to the change of the concentration of the gas mixture as it
flows along the channel. This situation, known as the
separation effect, must be taken into account in simulations
and may be useful in the design of gaseous microsystems
(Sharipov and Kalempa 2005; Takata et al. 2007; Sugim-
oto 2009).

In this article, a fully developed binary rarefied gas flow
through long triangular and trapezoid channels is investi-
gated. Pressure- and concentration-driven microflows are
considered. The flow is modeled by the McCormack
kinetic model subject to Maxwell diffuse-specular bound-
ary conditions. The kinetic integro-differential equations
are solved in a very efficient manner, and the obtained
results are valid in the whole range of the rarefaction from
the free molecular through the transition up to the
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hydrodynamic limit. Numerical results are presented for
the noble-gas mixtures of Ne/Ar and He/Xe. Even more, a
detailed procedure is presented for calculating the mass
flow rate from the dimensionless kinetic coefficients taking
into account the separation phenomenon. The presented
methodology and results can be used for comparing
experiments with theory, as well as to the design and
optimization of micro devices.

2 Flow configuration

Consider the isothermal flow of a gaseous mixture through
a channel of length L, with triangular or trapezoidal cross
sections. The cross sections are defined by the x' and y'
coordinates, while the flow is assumed to be in the direc-
tion of the 7’ coordinate. The perimeter and the area of the
channel are denoted by I” and A’, respectively. The
hydrodynamic diameter of the channel D;, = 4A'/T” is
utilized as the characteristic length of the problem. End
effects are ignored by taking D, << L.

The dimensionless spatial variables x = x'/Dy,, y = y'/
Dy, and z = 7//D,, are introduced, while the dimensionless
perimeter and area are defined as I' = I"/D, and A = A'/Dj,
respectively. The cross sections are presented in Fig. 1. Itis
noted that the dimensionless geometry of the trapezoidal
cross section is completely characterized by the acute angle
o and the ratio of the small base b to the height 4. The
triangular channel is recovered from the trapezoidal one by
taking b/h = 0. The dimensionless coordinates of the ver-
texes of the trapeze (x, y) on the large base are given by (+B/
(2Dy,), 0), while on the small base by (£b/(2D;,), h/D},). The
explicit expressions of the dimensionless coordinates to
define the computational domain, in terms of w and b/h are:

h 1b/h+1/tanw+1/sinw (1)
D, 2 b/h+1/tanw

b Lo

b/h+1/tanw+ 1/sinw

2D, 4 b/h+1/tanw
B 1 b/h+1/tanw+ 1/sinw
—=—(b/h+2/t 3
2Dy, 4( /h+2/tan ) b/h+1/tanw 3)
y b y
h h
(O] (O]
B X B X

Fig. 1 The cross sections of the isosceles triangular and trapezoidal
channels
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By setting in Eqs. 1 and 3, b/h = 0, the dimensionless
coordinates of the isosceles triangular are deduced.

The mixture consists of two components. The molecular
masses and the number densities of the two species are
denoted by m, and n, for components o« = 1, 2. In this
study, without loss of generality, m; will always refer to the
light species of the mixture. The average molecular mass of
the mixture is defined by

m(C) = Cmy + (1 — C)my, (4)

where
nj

P (5)
is the concentration of the light species in the mixture. The
total number density of the mixture is obtained by
n = n; + ny,. Other important quantities of the mixture, for
the purposes of this study, are its viscosity u(C) and its
characteristic molecular velocity v(C) = /2kT/m(C),
with k denoting the Boltzmann constant and 7 the tem-
perature of the flow. Since this is an isothermal flow, both
quantities depend only on the concentration of the mixture.

The flow is maintained by a pressure and/or concentra-
tion gradient defined by

_ D,oP _10P
PTPor Pa: ©)
and
D,oC 10C
Xe=2_—-=_—" 7
T cd cCcog @

respectively. Here, P = P(z) and C = C(z) are the pressure
and concentration distributions along the channel and, in
general, their gradients are not constant. It is important to
note that under the assumption of D, << L both the
dimensionless gradients are always much less than one,
ie., IXpl << 1, Xl << 1, independently of the magnitude
of the pressure and concentration differences between the
inlet and the outlet of the channel.

The flow is characterized by the rarefaction parameter
defined by

_ DyP(2)
~u(Cpw(C)’

It is emphasized that the rarefaction parameter varies in the
flow direction, i.e., 0 = (z), according to the variation of
the pressure, viscosity, and characteristic velocity along the
channel. The rarefaction parameter is proportional to the
inverse Knudsen number.

Under the assumption of the long channel (fully devel-
oped flow) the only non-zero component of the macro-
scopic (bulk) velocity vectors u!, of the two species is the z/
component, which is the function of the transverse coor-
dinates, ie., u, = (0,0,u,(x",y)), with a =1, 2. Other

(8)

relevant macroscopic quantities concerning the flow prob-
lem are the heat flow vectors having non-zero element only
for the z’ component ¢/, = (0,0, ¢/,(x',)')) and the traceless
pressure tensors having non-zero elements only for
p;xz(x’,y/),p;w(x’,y’), with o =1, 2.

In addition to the bulk velocity of the two species, we
are introducing the mean velocity of the mixture as
Wi yf) = At ©)

ny +ny
We are interested in the overall quantities of the mass flow
rate given by

M= // (mimyuy + nomoul )dx'dy’ (10)
A/

and of the particle and concentration fluxes defined by
(Sharipov and Kalempa 2002; Naris et al. 2005)

Jp = —n// wdx'dy’, (11)
A/
Jo= —nl//A,(u'1 — uy)dx'dy’. (12)

It is readily seen that these overall quantities are
interconnected by the expression

M = —m(C)Jp + (my — my)(1 — C)Jc. (13)

The particle and concentration fluxes are connected to
the gradients of the pressure and the concentration via the
dimensionless kinetic coefficients, namely, App, Acp, Apc,
Acc in the following way:

nA'v(C

Jp = (©) [AppXp + ApcXc], (14)
nA’v(C

Je = ( ) [ACPX]J + AC(;X(;}. (15)

It is noted that the Jp and J. fluxes are two independent
variables since Jp describes the total particle flow rate,
while J¢ is related to the velocity difference between the
components. The driving terms, Xp and X, are also
independent quantities. Xp is related to the total number
density, while X to the ratio of the component densities.
The use of the Xp, X¢ driving terms are straightforward
and advantageous since the pressure and the concentra-
tion are the two main quantities in the description of
gaseous mixtures and the related micro-gas flow
applications.

The cross kinetic coefficients are not independent, and
they are connected via the Onsager—Casimir relationship
Apc = Acp, as it was shown in Sharipov (1994).

The rarefied gas flow in the channel is completely charac-
terized by the above mentioned kinetic coefficients. It is
important to emphasize that these are local quantities and

@ Springer



Microfluid Nanofluid

describe the flow in a given cross section with the corre-
sponding Xp and X gradients. In this article, our goal is to
calculate and tabulate the kinetic coefficients for different
values of ¢ and C and then, based on these kinetic results, to
provide the detailed procedure for estimating the overall mass
flow rate, taking into account the pressure and concentration
variation along the channel including the separation effect.

3 Kinetic description

In order to simulate the flow, a kinetic description, based
on the McCormack model subject to the Maxwell diffuse-
specular boundary conditions is adapted. The approach is
valid in the whole range of the rarefaction.

The basic quantity in the description of the problem is
the distribution function f,(cy,x,y,z) for components
o =1,2. Here, ¢, = (Cax,Coy, csz) is the dimensionless
molecular velocity defined by ¢, = v,(m,/ ZkT)l/ 2 with v,
being the molecular velocity. The distribution function is
linearized such that

:foEO)(COHZ)(l+hd(c17x7y))7 (16)

where h,(c,, x,y) is the perturbation function and fy@ (€4, 2)
is the equilibrium distribution

£0(ea,2) = ma(a) (17)

The perturbation function obeys the McCormack kinetic
model

fOt(cO(>xayaZ)

nmy, )_3/2 —c2
2nkT '

oh,,
6 +c Cay 6 = Wy ZLxﬁh XP + ;/’xXC] (18)

where L,z is the McCormack collision term, which,
together with w,, are defined in Appendix 1. In addition,
the quantity 5, is given by
C
_ 19
1-C (19)

The non-dimensional velocity, heat flow, and traceless
pressure tensor are obtained as the moments of the
perturbation function:

m\ 12 x®

_ _ 2

u, = 3?2 (—) / hycoe” xdey,
My

—00

o0
—3/2( M 2 2 3\ e
gy =T — hacy | ¢ — 7)¢ zdey, (20)

—00

o0
-3/2 —c?
Poiz = T / /hacaicocze *dc,.
—00
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In this formulation, the index i refers to the coordinates
X or y.

In the present flow configuration, the problem can be
described by the following two reduced distribution functions:

D, \/“\/;/ / hyCyze G- dcyz, (21)

-0 —00
l o0
Yi= mﬁ / / hycd e~ ey, (22)
o

In accordance with the McCormack model, Eq. 18, the
reduced distribution functions obey the following system of
four linear integro-differential equations:

oD, od _l E[X Xl
2\ m, P T NyAC
2

e Ty I

+oy Y [Al,; + 2By + 2By Coy

f=1
2

+ ng/f(Cix +c5 - 1)] (23)

and
oY, oY, 3 [m
Cox E + Coy a—y + yaw%qlo’, = - Z m_x[XP + nzxXC]
2

3
+ w, E [zAa/; + 3B,pcCox + 3BypyCay
p=1

3
rleg(e )} | (24)
with o = 1, 2.
The coefficients A,p, B,p; and C,p are connected to the

bulk quantities of velocity u,, heatflow ¢,, and pressure
Duiz SUch that

1
Ai[f = ywu“ — Viﬁ)(

1 (2) m
—up) =5 Vg <% - m:%), (25)

))xﬁ \ / poaz + Vyﬁ \/ Pﬂm (26)
5) © [mg 3 @)
Coup = (Vxﬁ =V, )Qx + Vag QB - Z af (uy — ul?)'

(27)

Bazﬁi =

The parameters 7,5 and v,z are presented in Appendix 1.
Utilizing the reduced distribution functions, the bulk
quantities are obtained by

1 [e’e] oo _ -

_1 / / D, S D deydes, (28)
s
—00 —00
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17 5
4y = - / / {‘I’q + (cix =+ ciy — 5) CD“} e’cifcirdcmdc“y,
(29)
1 m T a —c2 —¢2
Duiz = _ /m— / / CoiPue™ =" wdcyedeyy. (30)
o

For the reduced distribution functions, the boundary
conditions are written by

O =(1-0)d, ¥'=(1-0)V¥, (31)

where 0 < ¢ < 1 is the accommodation coefficient, while
the 4+ and — superscripts denote distributions representing
particles departing from and arriving to the walls,
respectively.

The above system of kinetic Egs. 23 and 24 with the
associated moments (28-30), subject to boundary condi-
tions (31), has been solved numerically by discretizing in
the physical space using a finite difference scheme on a
boundary fitted triangular grid and in the molecular
velocity space the discrete velocity method. The dis-
cretized equations are solved in an iterative manner. This
numerical scheme has been extensively used in the
past and for further details, the interested reader may
refer to Naris and Valougeorgis (2008), Sharipov and
Kalempa (2002), and Naris et al. (2005). The triangular
grid is structured and consists of identical triangular
elements (Naris and Valougeorgis 2008). In addition,
in this study, in order to make the overall computation
more efficient, a diffusion-type acceleration scheme
is used to speed up the slow convergence of the algo-
rithm in the nearly continuum region. The diffusion
equations of the accelerated method are presented in
Appendix 2.

Once the solution of the integro-differential system is
obtained, the dimensionless flow rates of the components
are deduced as

2
Ga:——// udxdy, o=1,2.
AJJ a

It is noted that the above described kinetic problem is
linear, and, as a consequence, the solution may be
decomposed in terms of Xp and Xc. This is also the case
for the dimensionless flow rate, which can be decomposed
by

(32)

G, =GP Xp + GOX. (33)

Then, for a pressure-driven flow, the kinetic coefficients
App and Acp are calculated from

App=CGP +(1-C)GY), Acp= C(Gﬁ” _ GgP)) . (34)
while for a concentration-driven flow, the Kkinetic
coefficients Ap- and A are calculated from

Apc = CGgC) + (1 - C)G(QC)a Acc = C(ch) - ch))
(35)

In Sect. 6.1, tabulated results are presented for the kinetic
coefficients of two typical binary gas mixtures in terms of &
and C, flowing through one triangular and two trapezoidal
channels.

4 Mass flow rate of gaseous mixture flowing through
a channel

In applications, the mass flow rate M , defined by Eq. 10, of a
gaseous mixture flowing through a channel, connecting two
reservoirs, is a very important quantity. Utilizing the kinetic
coefficients, the mass flow rate can be calculated for realistic
situations, provided that the pressure and the concentration
of the upstream and downstream reservoirs, denoted by / and
11, respectively, as well as the geometry of the channel are
known. In this section, the detailed methodology for
deducing M is presented for flow caused by either a pressure
or a concentration gradient. This section provides an
approximation for the mass flow rate with the assumption
that the concentration (or the pressure) is constant for the
pressure (or concentration-)-driven flow. The analysis is
valid for any pressure or concentration differences between
the reservoirs as long as the restriction D;/L << 1 holds.

4.1 Pressure-driven flow

In this case, the flow is maintained by a constant pressure
drop between the containers. The pressures in the upstream
and downstream reservoirs are given by P; and Py,
respectively, while the concentration in the containers and
along the channels is considered constant and equal to C,,.
Substituting Egs. 14 and 15 for the Jp and J¢ fluxes, with
Xc =0, into Eq. 13 and utilizing the ideal gas law
P = nkT, as well as the definition of the characteristic
velocity, the mass flow rate can be written as

. my — m A" dp

M= |-App+——+—(1—Co)Acp| —~—.
PP ( 0)Acp W(Co) &z

m(Co) (36)

It is important to note that in Eq. 36, the mass flow rate is
given in terms of quantities which vary along the channel and
refer to a given cross section. Of course, the mass flow rate is
a quantity, which, due to mass conservation, is constant at
each cross section. Then, the mass flow rate may be also
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defined in terms of reference quantities, which do not vary
along the channel according to the auxiliary expression:

V(Co) L

. nyp — m
M= |-Abp+———
PP m(C())

(1 — Co)ALp -

(37)

Here, A;‘, pand A;‘,C are the average kinetic coefficients, which
will be deduced such that Eq. 37 yields the correct mass flow
rate. We note that the average kinetic coefficient has been
earlier used for single gases (Sharipov and Seleznev 1998).
Now, it is applied for mixtures with the assumption that the
concentration is constant for the pressure-driven flow.

In order to achieve that the right-hand side of Egs. 36
and 37 are equated to find

dpP
Py —p

dpP
PPy —P

D
A = A;‘,szfh (38)

Dy,
A — Afpdz =L (39)
L
Based on the definition of J, given in Eq. 8, it is easily
deduced that dP/(P;; — P)) = dd/(8;; — &;), where the
rarefaction parameters d; and o refer to pressures P; and
Py, respectively. Next, Eqs. 38 and 39 are integrated over
in the interval [0}, 0] and 0 < z < L/D,, to yield
(511
1
/ Appdo, (40)

511 - 51
Sy

* —_—
App =

orr
1
——— | Acpd)d. 41
511—515/ r (41)

*
Acp =

The average kinetic coefficients can be calculated by
Egs. 40 and 41, provided that the kinetic coefficients for a
specific gas mixture as a function of the rarefaction
parameter along the channel have been estimated. Then,
the mass flow rate is estimated from Eq. 37.

4.2 Concentration-driven flow

In this case, the flow is caused by a concentration drop
between the two reservoirs. The concentrations in the
upstream and downstream containers are given by C; and
Cy;, respectively, while the pressure and, therefore, the
number density remain constant and equal to Py and ny,
respectively. The calculation is similar to the pressure-
driven flow. Substituting Eqs. 14 and 15, with Xp = 0, into
Eq. 13 the mass flow rate is given by

. my — my nom(C)A'v(C) dC
M= | Ape + 21— Oy pe | BEIENE) T
PO (1= C)ec 2C dz
(42)
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The mass flow rate is also defined in terms of reference
quantities as

M= A + 22201 — o) AL
I’l()m(C())A/V(CQ) C[] — C[
X Dh.
2Cy L

Here, it is recalled that the pressure is considered constant
for the present situation. As a consequence, the average
kinetic coefficients can be applied. For the concentration-
driven flow, since the concentration varies along the
channel, the reference concentration Cy is chosen as the
average value between the two reservoirs, i.e.,
Co = (C; 4+ Cpp/2. This also defines the reference mass
m(Cp) and characteristic velocity v(Cp). Then, the right-
hand sides of Eqgs. 42 and 43 are equated to deduce

dC Gy m(C)v(C) Dy,

A = Abpdz 2 44

PCCn = C Cm(Cov(Co) ~ TPERL (44)
dC Cy1—-C v D,

A =0 = Abpdz =t 45

CCu—C C1—Cov(Cy) %L (45)

Integrating these equations along the channel, the average
kinetic coefficients are obtained by

Cy

| Co m(C)v(C)
A = =0 ApcdC 46
pc CII_CIC/ C m(Co)v(Cy) ret (46)
1
1 eyt —c o)
Ar = S0 272 ) foedC. 47
e c,,—c,/c1—cov(c0) « (47)
Cr

Having calculated the average kinetic coefficients in terms
of the concentration C and the corresponding 6(C), the
mass flow rate is obtained from Eq. 43 for the concentra-
tion-driven flow. In conclusion, we note that when the flow
is driven by both pressure and concentration gradients, then
the total mass flow rate is obtained by superimposing the
two solutions.

5 Separation effect in rarefied binary gaseous flow

It is well known that in gas mixtures, consisting of various
species, the particles of different types travel with different
speeds. As the flow becomes more rarefied and the number
of intermolecular collisions is reduced, this difference in
the molecular velocities results to different macroscopic
velocities for each species of the mixture as well. As a
result, for gas mixtures flowing through long channels, the
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concentration of the mixture may alter significantly in the
flow direction. This phenomenon is known as the separa-
tion effect. It is observed in gaseous mixtures, but it is
absent for single gases. The separation effect is very
important in many applications including pumping, sam-
pling, filtering, etc. (Sharipov and Kalempa 2005; Takata
et al. 2007; Sugimoto 2009) and should be taken into
consideration in the estimation of the mass flow rate.

A detailed investigation of the separation effect has been
presented in Sharipov and Kalempa (2005) for binary gas
flow through long tubes into vacuum, based on the pre-
scribed number densities of the two reservoirs. Here, this
procedure is slightly modified having as primitive vari-
ables, the pressure and concentration distributions. This
treatment is equivalent to the one in Sharipov and Kalempa
(2005), but it is considered as more straightforward and
suitable for microflow applications, where, in general, the
downstream pressure is not equal to zero, while the con-
centration of the gas in the downstream reservoir is known.
The analysis, in addition to the exact estimation of the mass
flow rate, provides in parallel the concentration and pres-
sure variation along the channel.

The procedure is starting by introducing the mass flow
rate of each component of the mixture, namely,

M, = nym, / /u&dx’dy’, (48)
A/

with o = 1, 2, while M = M + M,. Our aim is to derive
an expression for these fluxes as a function of the pressure
and concentration gradients as driving terms. Utilizing
Eq. 13, straightforward calculation shows that the
component mass flow rates are connected to the fluxes Jp
and J¢ according to

My = —mi(CJp + (1 — C)Jc), (49)
MQZ —mZ(l—C)(Jp—Jc). (50)
At this point, we introduce the non-dimensional flow rates
Cv(Cr)L .
J, = MM% (51)
myPiA'Dy,

where « = 1, 2. The mass flow rates of each species, given
by Egs. 49 and 50, are introduced into Eq. 51 and then the
fluxes Jp and J, given by Eqgs. 14 and 15, respectively, are
substituted into the resulting equations to obtain

D= = ot (CAen (1= CO)cr X
+ (CApc + (1 = C)Acc)Xcl, (52)
e
J2 o 7P]V(C])Dh (1
— C)[(App — Acp)Xp + (Apc — Acc)Xc]. (53)

Utilizing the definitions of the characteristic velocity, the
pressure and concentration gradients and the ideal gas law,
Eqgs. 52 and 53 are rewritten as

P m(Cy)
==\l

X [(CAPP + (1 - C)ACP)Z_:%

+ (CApc + (1 — C)ACC)%_gé]7 (54)
Jr = —g %( -C)

X |:(/1pp - ACP) Z—:% + (APC - ACC)%S%:l ’ (55)

where 0 <z <1, defined as z=7/L, is the non-
dimensional coordinate along the axis of the channel.
The coupled ordinary differential Eqs. 54 and 55 are the
main equations to be solved for the unknown distributions
P(2) and C(Z). These equations are supplemented by the
following boundary conditions at the inlet and outlet of the
micro-channel

P(0)=P;, P(1) =Py, (56)
C(0)=¢, C(1)=Cy. (57)

It is mentioned that the reservoirs are considered large. As
a consequence, the pressure and the concentrations are
constant in the containers, and Eqgs. 56 and 57 are well
defined.

It is noted that the quantities J; and J, are unknown, and
they will be deduced in an iterative manner such that the
outlet boundary conditions at Z = 1 are satisfied. Initially
some estimates of J; and J, are provided, and then the
system of the ordinary differential equations is solved,
starting from z = 0 and moving up to Z = 1, by applying a
typical marching integration scheme, such as the Euler
method. The computed values of the pressure and the
concentration at the exit of the channel, Z =1 , are com-
pared to the corresponding boundary conditions. In order to
find the values of Ji, J,, a bisection root-finding method
has been developed. Initially, two intervals are selected for
Ji and J,. Then, the fluxes are determined in two joint
iterations. The fluxes are always fixed at the middle values
of the intervals. In each stage of the iteration, the corre-
sponding interval is bisected, and the flux is reassigned to
the new middle value. The changes of the fluxes in the
algorithm are determined as follows. First, assuming the
given value for the J, flux, J; is calculated depending on
the concentration at the exit of the channel C(1). If C(1) is
smaller (or larger) than Cj then J; is decreased (or
increased). In this way, J; is obtained, provided that the
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concentration boundary condition is satisfied with a con-
vergence criterion. After this procedure, the overall itera-
tion starts with an updated value of J, depending on the
pressure at the exit P(1). If P(1) is smaller (or larger) than
Py then J5 is decreased (or increased). The iteration on J5 is
repeated until the pressure boundary condition at the outlet
is satisfied with a convergence criterion. Utilizing this
method, P(Z) and C(Z) , as well as the quantities J; and J,
are calculated. Finally, utilizing Eq. 51, the mass flow rates
of each species and obviously of the gas mixture may be
obtained.

In Sect. 6.2, based on the above methodology, results are
presented for the mass flow rate for pressure-driven rarefied
binary gas mixture flows through the triangular channel
taking into account the separation effect. For this purpose,
the normalized mass flow rate is introduced as

_ V(C[)LM.
P/A’D,,

M (58)
This quantity can be expressed in terms of J,, o = 1, 2,
by utilizing Eq. 51, in the more convenient form:
mg myp
v = ——1 +—=/2. (59)
m(Cr)  m(Cy)
In addition to the estimation of Jj, the corresponding
quantity without including the correction due to separation,
is estimated. In order to achieve that and to be able to
examine the importance of separation, it is necessary to
introduce the quantities:
Py — P
P
Py —P
P’

Ji = —[CApp + (1 = C)Agy) (60)

S

—(1 = O)[App — Acp]

(61)

The fluxes J;, o = 1, 2 are based on the average kinetic
coefficients, which are obtained from Eqgs. 54 and 55
assuming zero concentration gradient (X = 0). Also, these
fluxes correspond to J,,, & = 1, 2, obtained above including
the separation effect. Finally, the normalized total mass
flow on the basis of the average kinetic coefficients is given
by

m

* *

ny %
M m(C;) 1 J5. (62)

m(C))"?

We note that J}, is the total mass flow rate without accounting
for separation, and it corresponds to the mass flow rate
given by Eq. 37 utilizing the normalization of Eq. 58.

6 Results

In this section, numerical results are presented in tabulated
and graphical forms for the kinetic coefficients, the
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concentration and pressure variations along the channel,
and the mass flow rates for certain flow configurations. In
particular, the simulations include two binary mixtures,
namely, the Ne/Ar mixture, with m; = 20.183 g/mol,
my = 39.948 g/mol and the He/Xe mixture, with
my = 4.0026 g/mol, my = 131.30 g/mol, and the following
three different cross sections: Two isosceles trapezoidal
with b/h = 0.5 and 3, and one isosceles triangular (b/
h=0). In all these three cross sections, the angle
o = 54.74° (Fig. 1), which is the angle of micro-channels
etched by KOH in silicon. In all the cases, purely diffuse
accommodation is considered (¢ = 1), while the collision
frequencies in the kinetic equations are computed based on
experimental data for the specific binary mixtures (Shari-
pov and Kalempa 2002; Naris et al. 2005).

6.1 Kinetic coefficients

The integro-differential system of equations, described in
Sect. 3, is solved to obtain the kinetic coefficients.
Depending upon the values of § and the geometry, the
discretization has been progressively refined to ensure grid-
independent results up to several significant figures. The
presented results have been obtained by utilizing the fol-
lowing discretization: In the molecular velocity space, the
number of discrete velocities is set to M x N = 16 x 300
foro <land M x N =16 x 72 for 6>1. Here, M and N
denote the number of magnitudes and polar angles of the
discrete velocity vector, respectively. In the physical space,
for the triangular cross section, the number of nodes along
its base is set equal to 1000 for 6 < 1 and to 1400 for
0 > 1, while for the trapezoidal cross section, the number
of nodes along its large base B is set equal to 1500 for all
values of J. The iteration process is terminated when the
absolute difference between subsequent values of the
dimensionless flow rates is less than 107°.

Tables 1,2, and 3 depict the kinetic coefficients App, Acp,
and A ¢ for the whole range of C and for a very wide range of
0 <6 <100. As mentioned before Acp = Apc. With
regard to App, it can be deduced that it has a minimum in the
transient region for all the cases. This corresponds to the so-
called Knudsen-minimum phenomenon, that is, the total
flow rate has a minimum in the transition region. The
Knudsen-minimum appears for pressure-driven gas flows
through channels or between plates in the transient region. It
can be observed in both single component gases and gaseous
mixtures. Considering Acp, which is a cross effect and cor-
responds to a diffusion flux due to a pressure gradient, it can
be seen that it increases as the rarefaction parameter 0 is
decreased. This demonstrates that the velocity difference
between the components of the binary mixture, which causes
the diffusion flux, becomes larger as the flow becomes more
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Table 1 Kinetic coefficients for the isosceles triangular channel (v = 54.74°)

d C Ne/Ar He/Xe

App Acp Acc App Acp Acc
0 0.0 0.934 0.000 0.000 0.934 0.000 0.000
0.1 0.0 0.878 0.000 0.000 0.878 0.000 0.000
0.5 0.0 0.839 0.000 0.000 0.839 0.000 0.000
1 0.0 0.844 0.000 0.000 0.844 0.000 0.000
5 0.0 0.107(+1) 0.000 0.000 0.107(+1) 0.000 0.000
10 0.0 0.142(+1) 0.000 0.000 0.142(+1) 0.000 0.000
50 0.0 0.438(+1) 0.000 0.000 0.438(+1) 0.000 0.000
100 0.0 0.813(+1) 0.000 0.000 0.813(+1) 0.000 0.000
0 0.2 0.959 0.722(—1) 0.294 0.163(+1) 0.793 0.100(+1)
0.1 0.2 0.901 0.660(—1) 0.263 0.153(+1) 0.732 0.922
0.5 0.2 0.859 0.526(—1) 0.209 0.139(+1) 0.615 0.775
1 0.2 0.860 0.427(—1) 0.173 0.132(+1) 0.528 0.667
5 0.2 0.108(+1) 0.165(—1) 0.735(—1) 0.133(+1) 0.258 0.331
10 0.2 0.143(+1) 0.900(—2) 0.424(—1) 0.160(+1) 0.155 0.202
50 0.2 0.439(+1) 0.188(—2) 0.956(—2) 0.446(+1) 0.364(—1) 0.482(—1)
100 0.2 0.813(+1) 0.943(-3) 0.486(—2) 0.819(+1) 0.185(—1) 0.246(—1)
0 0.5 0.975 0.165 0.975 0.225(+1) 0.158(+1) 0.225(+1)
0.1 0.5 0.916 0.150 0.865 0.211(+1) 0.147(+1) 0.208(+1)
0.5 0.5 0.871 0.118 0.679 0.190(+1) 0.124(+1) 0.176(+1)
1 0.5 0.871 0.946(—1) 0.554 0.178(+1) 0.107(+1) 0.152(+1)
5 0.5 0.109(+1) 0.353(—1) 0.228 0.161(+1) 0.541 0.779
10 0.5 0.144(+1) 0.191(—-1) 0.130 0.181(+1) 0.329 0.480
50 0.5 0.439(+1) 0.399(—2) 0.290(—1) 0.458(+1) 0.779(—1) 0.116
100 0.5 0.814(+1) 0.201(—2) 0.147(—1) 0.830(+1) 0.397(=1) 0.592(—1)
0 0.8 0.962 0.236 0.314(+1) 0.212(+1) 0.167(+1) 0.344(+1)
0.1 0.8 0.904 0.213 0.275(+1) 0.199(+1) 0.155(+1) 0.317(+1)
0.5 0.8 0.861 0.165 0.212(+1) 0.182(+1) 0.132(+1) 0.270(+1)
1 0.8 0.862 0.131 0.171(+1) 0.173(+1) 0.116(+1) 0.236(+1)
5 0.8 0.109(+1) 0.470(—1) 0.675 0.166(+1) 0.619 0.126(+1)
10 0.8 0.143(+1) 0.253(—1) 0.380 0.188(+1) 0.386 0.787
50 0.8 0.439(+1) 0.528(—2) 0.839(—1) 0.468(+1) 0.935(—1) 0.192
100 0.8 0.814(+1) 0.266(—2) 0.425(—1) 0.840(+1) 0.479(—1) 0.985(—1)
0 1.0 0.934 0.270 0.934 0.771
0.1 1.0 0.878 0.242 0.878 0.701
0.5 1.0 0.839 0.185 0.839 0.600
1 1.0 0.844 0.145 0.844 0.533
5 1.0 0.107(+1) 0.508(—1) 0.107(+1) 0.306
10 1.0 0.142(+1) 0.272(—1) 0.142(+1) 0.199
50 1.0 0.438(+1) 0.570(—2) 0.438(+1) 0.512(=1)
100 1.0 0.813(+1) 0.287(—2) 0.813(+1) 0.265(—1)

rarefied. The results of Acp for C = 1 may be considered as
limiting values corresponding to a concentration very close
but not equal to one. For C = 1, the gas is one-component,
and diffusion flux does not appear. However, for the limiting

case C — 1, the diffusion flux and Acp are finite. The Acp
limiting value is presented in the table. In regard to Acc, it is
seen that it increases with decreasing rarefaction parameter.
Hence, the direct diffusion effects are stronger in a rarefied
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Table 2 Kinetic coefficients for the isosceles trapezoidal channel (w = 54.74°, b/h = 0.5)

d C Ne/Ar He/Xe

App Acp Acc App Acp Acc
0 0.0 0.904 0.000 0.000 0.904 0.000 0.000
0.1 0.0 0.852 0.000 0.000 0.852 0.000 0.000
0.5 0.0 0.816 0.000 0.000 0.816 0.000 0.000
1 0.0 0.821 0.000 0.000 0.821 0.000 0.000
5 0.0 0.104(+1) 0.000 0.000 0.104(+1) 0.000 0.000
10 0.0 0.138(+1) 0.000 0.000 0.138(+1) 0.000 0.000
50 0.0 0.427(+1) 0.000 0.000 0.427(+1) 0.000 0.000
100 0.0 0.792(+1) 0.000 0.000 0.792(+1) 0.000 0.000
0 0.2 0.928 0.699(—1) 0.284 0.158(+1) 0.768 0.971
0.1 0.2 0.874 0.640(—1) 0.256 0.148(+1) 0.711 0.896
0.5 0.2 0.835 0.514(—1) 0.205 0.135(+1) 0.600 0.756
1 0.2 0.837 0.419(—1) 0.170 0.129(+1) 0.517 0.653
5 0.2 0.105(+1) 0.164(—1) 0.733(—1) 0.130(+1) 0.256 0.329
10 0.2 0.139(+1) 0.895(—2) 0.423(—1) 0.156(+1) 0.155 0.201
50 0.2 0.428(+1) 0.188(—2) 0.956(—2) 0.435(+1) 0.364(—1) 0.482(—1)
100 0.2 0.793(+1) 0.942(-3) 0.486(—2) 0.799(+1) 0.185(—1) 0.246(—1)
0 0.5 0.944 0.160 0.944 0.218(+1) 0.153(+1) 0.218(+1)
0.1 0.5 0.889 0.145 0.841 0.205(+1) 0.142(+1) 0.202(+1)
0.5 0.5 0.847 0.115 0.665 0.185(+1) 0.121(+1) 0.171(+1)
1 0.5 0.847 0.929(—1) 0.545 0.174(+1) 0.105(+1) 0.149(+1)
5 0.5 0.106(+1) 0.351(—1) 0.227 0.158(+1) 0.537 0.774
10 0.5 0.140(+1) 0.190(—1) 0.130 0.176(+1) 0.328 0.479
50 0.5 0.428(+1) 0.399(—2) 0.290(—1) 0.447(+1) 0.778(—1) 0.116
100 0.5 0.793(+1) 0.200(—2) 0.147(—1) 0.809(+1) 0.397(=1) 0.592(—1)
0 0.8 0.932 0.229 0.304(+1) 0.205(+1) 0.162(+1) 0.333(+1)
0.1 0.8 0.877 0.207 0.268(+1) 0.193(+1) 0.150(+1) 0.308(+1)
0.5 0.8 0.837 0.161 0.208(+1) 0.177(+1) 0.129(+1) 0.263(+1)
1 0.8 0.839 0.128 0.168(+1) 0.169(+1) 0.114(+1) 0.232(+1)
5 0.8 0.106(+1) 0.467(—1) 0.673 0.162(+1) 0.615 0.125(+1)
10 0.8 0.139(+1) 0.252(—1) 0.380 0.184(+1) 0.385 0.785
50 0.8 0.428(+1) 0.528(—2) 0.839(—1) 0.456(+1) 0.935(—1) 0.192
100 0.8 0.793(+1) 0.265(—2) 0.425(—1) 0.819(+1) 0.479(—1) 0.985(—1)
0 1.0 0.904 0.262 0.904 0.746
0.1 1.0 0.852 0.235 0.852 0.681
0.5 1.0 0.816 0.181 0.816 0.586
1 1.0 0.821 0.143 0.821 0.522
5 1.0 0.104(+1) 0.505(—1) 0.104(+1) 0.305
10 1.0 0.138(+1) 0.271(—1) 0.138(+1) 0.199
50 1.0 0.427(+1) 0.569(—2) 0.427(+1) 0.512(=1)
100 1.0 0.792(+1) 0.287(—2) 0.792(+1) 0.265(—1)

gas rather than in a dense gas. The variation of the kinetic =~ Ne/Ar mixture. As expected, the qualitative behavior of the
coefficients in terms of Cis more significantin the case of the  findings are in agreement with the one obtained in previous
He/Xe mixture compared to the corresponding one for the studies (Sharipov and Kalempa 2002; Naris et al. 2005) for
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Table 3 Kinetic coefficients for the isosceles trapezoidal channel (w = 54.74°, b/h = 3)

d C Ne/Ar He/Xe

App Acp Acc App Apc Acc
0 0.0 0.965 0.000 0.000 0.965 0.000 0.000
0.1 0.0 0.892 0.000 0.000 0.892 0.000 0.000
0.5 0.0 0.830 0.000 0.000 0.830 0.000 0.000
1 0.0 0.818 0.000 0.000 0.818 0.000 0.000
5 0.0 0.965 0.000 0.000 0.965 0.000 0.000
10 0.0 0.123(+1) 0.000 0.000 0.123(+1) 0.000 0.000
50 0.0 0.354(+1) 0.000 0.000 0.354(+1) 0.000 0.000
100 0.0 0.649(+1) 0.000 0.000 0.649(+1) 0.000 0.000
0 0.2 0.991 0.746(—1) 0.304 0.169(+1) 0.819 0.104(+1)
0.1 0.2 0.916 0.675(—1) 0.267 0.156(+1) 0.748 0.941
0.5 0.2 0.850 0.530(—1) 0.208 0.139(+1) 0.617 0.775
1 0.2 0.834 0.427(—1) 0.170 0.130(+1) 0.524 0.659
5 0.2 0.975 0.166(—1) 0.727(—1) 0.122(+1) 0.254 0.325
10 0.2 0.124(+1) 0.905(—2) 0.422(—1) 0.140(+1) 0.155 0.200
50 0.2 0.355(+1) 0.188(—2) 0.956(—2) 0.362(+1) 0.364(—1) 0.482(—1)
100 0.2 0.649(+1) 0.944(-3) 0.486(—2) 0.655(+1) 0.185(—1) 0.246(—1)
0 0.5 0.101(+1) 0.170 0.101(+1) 0.233(+1) 0.164(+1) 0.233(+1)
0.1 0.5 0.932 0.153 0.879 0.216(+1) 0.150(+1) 0.212(+1)
0.5 0.5 0.863 0.119 0.674 0.190(+1) 0.124(+1) 0.176(+1)
1 0.5 0.845 0.947(—1) 0.544 0.175(+1) 0.107(+1) 0.151(+1)
5 0.5 0.982 0.355(—1) 0.226 0.150(+1) 0.533 0.765
10 0.5 0.124(+1) 0.192(—-1) 0.130 0.161(+1) 0.327 0.476
50 0.5 0.356(+1) 0.399(—2) 0.290(—1) 0.374(+1) 0.778(—1) 0.116
100 0.5 0.650(+1) 0.201(—2) 0.147(—1) 0.665(+1) 0.398(=1) 0.592(—1)
0 0.8 0.995 0.244 0.325(+1) 0.219(+1) 0.173(+1) 0.356(+1)
0.1 0.8 0.919 0.217 0.279(+1) 0.203(+1) 0.158(+1) 0.323(+1)
0.5 0.8 0.852 0.166 0.210(+1) 0.182(+1) 0.132(+1) 0.269(+1)
1 0.8 0.837 0.131 0.168(+1) 0.170(+1) 0.115(+1) 0.233(+1)
5 0.8 0.978 0.472(—1) 0.669 0.154(+1) 0.607 0.123(+1)
10 0.8 0.124(+1) 0.254(—1) 0.379 0.168(+1) 0.382 0.780
50 0.8 0.355(+1) 0.528(—2) 0.839(—1) 0.383(+1) 0.935(—1) 0.192
100 0.8 0.650(+1) 0.266(—2) 0.425(—1) 0.674(+1) 0.479(—1) 0.985(—1)
0 1.0 0.965 0.279 0.965 0.797
0.1 1.0 0.892 0.246 0.892 0.712
0.5 1.0 0.830 0.185 0.830 0.593
1 1.0 0.818 0.145 0.818 0.519
5 1.0 0.965 0.510(—1) 0.965 0.296
10 1.0 0.123(+1) 0.273(—1) 0.123(+1) 0.195
50 1.0 0.354(+1) 0.570(—2) 0.354(+1) 0.512(=1)
100 1.0 0.649(+1) 0.287(—2) 0.649(+1) 0.265(—1)

binary flow through circular and rectangular channels. Of
course, there are significant quantitative differences.

The geometric effects on the kinetic coefficients are also
investigated by comparing the corresponding results for

trapezoid and rectangular channels (Naris et al. 2005). For
the comparison, we have selected isosceles trapezoidal and
rectangular channels with the same height and the same
hydrodynamic diameter. The flow problem is characterized
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Table 4 Geometric effects on the kinetic coefficients, He/Xe mixture with C = 0.5. The results are denoted by T and R for trapezoidal and
rectangular channels, respectively

hiw 5/1 App Acp ACC
T R T R T R

1 0 0.219(+1) 0.203(+1) 0.154(+1) 0.142(+1) 0.219(+1) 0.202(+1)
1 1 0.174(+1) 0.165(+1) 0.105(+1) 0.101(+1) 0.149(+1) 0.143(+1)
1 10 0.177(+1) 0.170(+1) 0.329 0.327 0.479 0.477

05 0 0.224(+1) 0.209(+1) 0.157(+1) 0.147(+1) 0.224(+1) 0.209(+1)
0.5 1 0.169(+1) 0.162(+1) 0.975 0.943 0.138(+1) 0.134(+1)
0.5 10 0.185(+1) 0.180(+1) 0.260 0.259 0.380 0.379

0.1 0 0.278(+1) 0.264(+1) 0.196(+1) 0.186(+1) 0.278(+1) 0.264(+1)
0.1 1 0.160(+1) 0.159(+1) 0.879 0.873 0.124(+1) 0.123(+1)
0.1 10 0.172(+1) 0.172(+1) 0.198 0.198 0.290 0.291

by the height to width ratio &/w of the rectangular channel
and the rarefaction parameter 6" corresponding to the height
(Naris et al. 2005). Note that the corresponding rarefaction
parameter in the present approach is & = (D,/h) 6". In
addition, the kinetic coefficients, AZ appearing in Naris
et al. (2005) needs to be converted to our formulation as
Ay = (h/Dh)AZ . In Table 4, A; is presented as a function
of hiw and 6" for the He/Xe mixture with concentration
C = 0.5. It can be seen that the difference between the
kinetic coefficients for the trapezoid and the rectangular
channels becomes smaller as h/w decreases. This demon-
strates that the trapezoid and rectangular channels provide
the same results in the limiting case as i/w tends to zero and
the two cross sections become identical.

In addition to the above comparison, the flow of a
selected gaseous mixture (He/Xe, with C = 0.5) has been
also simulated in a square channel by the same method of
this study. That geometry can be recovered by an orthog-
onal triangle w = 45° and specular boundary condition at
the bottom wall. The results have been compared to the
available data in the literature (Naris et al. 2005). We have
found an excellent agreement between the two situations in
a wide range of the rarefaction.

The present results in terms of the kinetic coefficients
refer to the whole range of the rarefaction and concentra-
tion. However, it is interesting to compare the results to the
slip flow results for a single gas presented by Morini et al
(2004). The comparison is based on the Poiseuille number
Po = fRe, which is the Fanning friction factor times the
Reynolds number. In this case, the Poiseuille number is
given by Po = 6/App for C = 0 (or C = 1). For describing
the rarefaction, Morini et al. utilized a modified Knudsen
number, Kn,,, which includes the first-order slip coefficient.
It is related to the rarefaction parameter such that
Kn, = a0, where o, = 1.018 is the slip coefficient of the
S kinetic model. Note that the McCormack model reduces
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Table 5 The Poiseuille number for triangular and trapezoid channels
as a function of Kn, for a single gas (C = 0). The symbols K and S
stand for the kinetic and slip solutions, respectively

Kn, Po

blh =0 blh =2

K S K S
0.100 0.710(+1) 0.748(+1) 0.784(+1) 0.828(+1)
0.075 0.809(+1) 0.838(+1) 0.902(+1) 0.937(+1)
0.050 0.936(+1) 0.954(+1) 0.106(+2) 0.108(+2)
0.025 0.110(+2) 0.111(+2) 0.127(+2) 0.127(+2)
0.010 0.123(+2) 0.123(+2) 0.143(+2) 0.143(+2)

to the S kinetic model for a single gas. In Table 5, we
present the kinetic and the slip flow results for triangular
and trapezoidal channels in terms of Kn,. It is clearly
visible that the kinetic result converges to the slip solution
when Kn, — 0. This is the case for both the triangular and
trapezoid channels.

6.2 Pressure-driven binary gas flow in long
microchannels

The methodology described in Sect. 5 is implemented to
obtain the exact mass flow rate accounting for the gas
separation and the estimated value on the basis of the
average kinetic coefficients for certain binary gas flows
through channels. In addition, the concentration and pres-
sure distributions along the channel are computed. Results
are presented for the He/Xe gas mixture flowing through
the isosceles triangular channel. The coupled ordinary
differential Eqgs. 54 and 55 are numerically integrated,
along 0 < 7 < 1, with a first-order scheme having AZ =
1/500 for several sets of boundary conditions. The iteration
process for estimating J; and J, is terminated when an
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absolute convergence criterion of 10~ on both C(1) and
P(1) is satisfied.

In Fig. 2, the concentration distribution C(Z) along the
channel is shown for pressure ratio Il = P/P;; = 3 and 6,
and for ; = 1 and 10, with C; = C;; = 0.5. The corre-
sponding results for C; = Cj; = 0.8 are presented in Fig. 3.
The chosen values of the pressure ratio and the rarefaction
parameter are typical in microflow experiments and
applications. Since in both cases C; = Cy, the flow is
purely due to a sustainable pressure difference between the
inlet and outlet of the channel. It is clearly seen that in all
the cases, the concentration along the channel is not con-
stant. As the gas mixture is flowing through the channel,

0.6 T T T T

zZ/L

Fig. 2 Concentration distribution along the isosceles triangular
channel for the He/Xe mixture, with C; = C;; = 0.5. Symbols open
square, open circle represent results for 6; = 1 and 10, respectively,
with pressure ratio I1 = 3, while filled square, filled circle represent
the corresponding results, with pressure ratio IT = 6

0.9 T T T T

0.7 b

0.6 . . . .
0 0.2 0.4 0.6 0.8 1

zZ'/L

Fig. 3 Concentration distribution along the isosceles triangular
channel for the He/Xe mixture, with C; = C;; = 0.8. Symbols open
square, open circle represent results for 6; = 1 and 10, respectively,
with pressure ratio I1 = 3, while filled square, filled circle represent
the corresponding results, with pressure ratio I1 = 6

due to the separation phenomenon, the concentration of the
light species starting from C; is decreasing along the larger
part of the channel, from z =0 up to about z = 0.8 and
then it starts increasing to reach the imposed boundary
value of Cj;at z = 1. Also, in both figures, when I1 = 3 the
variation of C(Z) from the constant values of the two res-
ervoirs is very small, while when IT = 6 the corresponding
deviation becomes significant. This is a clear indication
that as the pressure ratio is increased, gas separation is
intensified. In addition, it appears that for the same pressure
ratio, the concentration drop is larger at 6; = 10 compared
to 0; = 1. A similar behavior of the variation of C(Z) in
terms J has been also observed by Sharipov and Kalempa

O 1 1 1 1
0 0.2 0.4 0.6 0.8 1

z'/L

Fig. 4 Pressure distribution along the isosceles triangular channel for
the He/Xe mixture, with C; = Cy; = 0.5. Symbols open square, open
circle represent results for 6; = 1 and 10, respectively, with pressure
ratio Il = 3, while filled square, filled circle represent the corre-
sponding results, with pressure ratio I1 = 6

1.2 T T T T

P/P,

0 1 1 1 1
0 0.2 0.4 0.6 0.8 1

Z'/L

Fig. 5 Pressure distribution along the isosceles triangular channel for
the He/Xe mixture, with C; = C;; = 0.8. Symbols open square, open
circle represent results for 6; = 1 and 10, respectively, with pressure
ratio Il = 3, while filled square, filled circle represent the corre-
sponding results, with pressure ratio IT = 6
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(2005). The pressure distributions along the channel are
presented in Figs. 4 and 5, corresponding to the cases
shown in Figs. 2 and 3, respectively. In both figures, the
effect of the rarefaction parameter is clearly observed. At
higher values of the rarefaction parameter, the pressure
distribution becomes increasingly nonlinear. This nonlinear
behaviour vanishes as the gas becomes more dilute.

In Tables 6 and 7, the fluxes and the normalized mass
flow rates with and without gas separation are tabulated for
C;=Cy=0.5 and C;= C; = 0.8, respectively. The
values of the pressure ratios are I1 = 5 and 10, while of the
rarefaction parameters are d; = 0.1, 1, 5, 10, and 30. It is
seen that for ; = 0.1 and 1, the differences between Jy,
and J;; are negligible. In this range of rarefaction, the
effect of the separation phenomenon is not important and
may be ignored. However, for 6; = 5, 10, and 30, there are
some discrepancies. It is seen that in the case of the large
pressure ratio, the relative error defined as A = (Jy —
Ji)/Ju varies between 3.7-7.6% for 6; = 5, 6.0-9.8% for
oy = 10, and 5.4-6.2% for 6; = 30. It is interesting to note
that the separation effect becomes more important in the

limit between the transition and slip regimes, i.e., in
moderate and not in highly rarefied atmospheres. However,
the phenomenon is characterized by the inlet rarefaction
parameter, J;. Since the average rarefaction parameter is
smaller in the channel than at the inlet, the separation effect
is the strongest in the transition region. The reason of this is
that both rarefaction effects and intermolecular collisions
are important in regard to the separation. Concerning the
mass flow rates, the discrepancies between Jy, and Jj, are
always larger for Il = 10 compared to the corresponding
ones for I = 5. Overall, the largest deviation is about 10%
and occurs for C; = C;; = 0.5, IT = 10 and 6; = 10.
Finally, note that that the gas separation occurs in
mixtures as a result of the component-dependent collision
mechanism between the gas molecules. The separation has
no primary connection to the wall accommodation. The gas
separation occurs for pure diffuse walls, as has been shown
in this analysis. Non-diffuse walls have minor impact on
the separation effect. The role of the accommodation
coefficient can be important in comparative studies against
experiments. In fact, the accommodation coefficient

Table 6 Normalized fluxes and mass flow rates with and without separation effects (He/Xe, C; = C;; = 0.5)

I d; Ji Js N Js Iy Iy A(%)
5 0.1 0.147(+1) 0.263 0.147(+1) 0.263 0.597 0.597 0.0
1 0.124(+1) 0.271 0.125(+1) 0.270 0.599 0.597 0.3
5 0.905 0.370 0.961 0.357 0.772 0.750 2.8
10 0.801 0.485 0.883 0.460 0.989 0.944 45
30 0.966 0.876 0.104(+1) 0.835 0.176(+1) 0.168(+1) 4.4
10 0.1 0.166(+1) 0.296 0.166(+1) 0.296 0.673 0.673 0.0
1 0.141(+1) 0.304 0.142(+1) 0.302 0.673 0.671 0.4
5 0.103(+1) 0.411 0.111(+1) 0.391 0.857 0.826 3.7
10 0.891 0.535 0.102(+1) 0.497 0.109(+1) 0.103(+1) 6.0
30 0.104(+1) 0.942 0.115(+1) 0.886 0.189(+1) 0.179(+1) 5.4

Table 7 Normalized fluxes and mass flow rates with and without separation effects (He/Xe, C; = C;; = 0.8)

5

I o Ji Js N Js Ju I A(%)
5 0.1 0.156(+1) 0.708(—1) 0.156(+1) 0.708(—1) 0.528 0.528 0.0
1 0.136(+1) 0.833(—1) 0.137(+1) 0.821(—1) 0.556 0.552 0.7
5 0.113(+1) 0.144 0.120(+1) 0.131 0.794 0.747 5.8
10 0.112(+1) 0.200 0.120(+1) 0.180 0.105(+1) 0.965 7.6
30 0.154(+1) 0.362 0.160(+1) 0.340 0.182(+1) 0.173(+1) 49
10 0.1 0.176(+1) 0.797(—1) 0.176(+1) 0.797(=1) 0.594 0.594 0.0
1 0.154(+1) 0.929(—1) 0.156(+1) 0.911(—=1) 0.623 0.618 0.9
5 0.127(+1) 0.160 0.137(+1) 0.142 0.885 0.818 7.6
10 0.124(+1) 0.222 0.136(+1) 0.193 0.116(+1) 0.104(+1) 938
30 0.166(+1) 0.390 0.175(+1) 0.360 0.196(+1) 0.184(+1) 6.2
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depends on the gas and the channel surface and may not be
equal to unity (Ewart et al. 2007; Graur et al. 2009; Maurer
et al. 2003). In such cases, the accommodation coefficient
can be adjusted in the theory and the method.

The present method for calculating the flow rate can be
used in practical applications. The advantageous nature of
the method is that it is based on the kinetic description of
the flow and properly takes into account the diffusion
effects. The kinetic problem is solved locally with modest
computational effort. In comparison, solving kinetic prob-
lems by the DSMC method is computationally more
demanding for low speed flows which is the case in micro-
gas flow applications.

7 Concluding remarks

The flow of binary gaseous mixtures through channels with
triangular and trapezoidal cross section, due to pressure and
concentration gradients, has been investigated in the whole
range of the Knudsen number. The flow is modeled by the
McCormack kinetic model subject to diffuse-specular
boundary conditions. The system of linear integro-differ-
ential equations has been solved by discretizing in the
physical space using a finite difference scheme on a
boundary fitted triangular lattice, and in the molecular
velocity space by an upgraded version of the discrete
velocity method. The kinetic coefficients have been cal-
culated for Ne/Ar and He/Xe mixtures. In addition, a
detailed methodology has been presented for converting
the dimensionless kinetic results to mass flow rates by
taking into account the variation of the concentration of the
mixture as it is flowing through the channel due to the well-
known gas separation effect. Results are presented for
isosceles triangular and trapezoidal channels with an acute
angle of 54.74°, which are very common in microfluidics
applications. For the examined flow configurations, the
discrepancies between the estimated total mass flow rate
with and without taking into account gas separation may be
up to about 10%. The presented analysis and results may be
useful in the design of micro-systems and for accurate
comparison with corresponding experimental study.
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Appendix 1: elements of the McCormack model

The McCormack collision term reads such that

Laﬂhx = _Va(ﬁhot

fm 1 1 m
+2 Za |:Vc<[)’ux - viﬂ) (MO( - Mﬂ) - Eviﬂ) (q“ - m;qﬁ>:| Coz

3 4
+ 4[<Vacﬁ - V(S([; )Paxz + Vi/gpﬁxz}cazcxx

3 4
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5
X Cyy <c§ — 2> . (63)

The collision frequencies in the McCormack model are
defined as follows:

(1) 16m“,ﬂ 11
Vap =3 ey Qyp5 (64)
(2) _ 64 (myp 2 A
Vap = E( m, ) ﬁ(Qaﬁ - EQa/s‘ ) (65)
2
@) _ 16 (myp\"my (10 Sy mp o
Vop = 5 (ma ) ﬁn,;( 3 Q.+ m%Q“ﬁ , (66)
o 16(mup\’m, (10
== o) e QL — Q% ), (67)
2
(5) _ 64 (myp\ My (s)
Vap = 1_( "ja ) m_;n/}r%/f7 (68)
2 3/
(6) _ 64 (maop\" (1 ©)
Vap = 1—< m, ) (m—ﬁ) npl'p (69)
where
® — o2 15my | 25mg\ on
ap p 4dmg 8m op
m
- ( . ‘1) (s@if - 0l3). (70)
55 5 1
' =-0% + ol - -0l + 0l (71)
8 2 2
In addition,
myhp
oy = 72
L (72)

In the above expressions, Q;;;,Q;,%,QLZ,Q% are the
Chapman—Cowling integrals (Sharipov and Kalempa
2002; Naris et al. 2005). The y, g collision frequencies
appear in the combination y, = 7, + 7,4 defined by
#,4)
SuSg— v v
Y=t b (73)

4
Sp+ fo/;

with S, = v&? — v&i) + vgjg). In the expressions of y,, S, and
Eq. 73, o, f = [1, 2] and a# 8. The w, coefficient is given
by
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o 1 -
w, = ,/m—[£+ C}s. (74)
m V2

Appendix 2: The upgraded discrete velocity method

Diffusion synthetic accelerated discrete velocity algorithms
have been applied in a series of flows simulated on rect-
angular grids (Naris et al. 2004). Here, this methodology is
accordingly adapted in triangular lattices. The accelerated
scheme is derived by operating according to the McCor-
mack kinetic equations.

First, the following Hermite moments

00 00
1

Uypn = / /Hm(cm)Hn(c%y)(Dae " deydeyy, (75)
1 o0 o0
; Hm(cacx Cy\)

5

are introduced. Here, U, and Q% are the velocity and the
heat flow vectors, respectively, for component o = 1, 2. In
the following, we use the m + n <2 moment-system.

Then, by taking the zeroth- and first-order Hermitian
moment of Egs. 23 and 24 and manipulating the resulting
equations, the following system of four diffusion equations
is obtained:

2 2
0 U&O 0 USO

3
o2 oy2 - 2(1)2(\)&? + viﬁ) - Véi))Fg/;
27700 27170 2770
mg (4) 107035, 10°Ug o°UY,
2m, —v Gy = — —
+ S0 \/ m v“ﬂ b 2 O0x2 2 0y? Ox0y

0[S = GDXe + (St = vigp)Xe] (77)
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where

2
1 o vai o My
Fop = Viﬁ)(Uoo — Uy) +7/(Q00 - m_/;Qg())’ (79)
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Ug) + -4 <Q00 "’ﬁQO()) (80)

with o, f = [1, 2] and a# .

Equations 77 and 78 are discretized in the physical
space on the same triangular grid as the kinetic Eqs. 23 and
24. The spatial derivatives are calculated via a second-
order finite-difference scheme obtained from the Taylor’s
expansion of the moments around the nodes of the grid.
The solution of the diffusion equation proceeds in parallel
with the iterative solution of the kinetic equations, Egs. 23
and 24. In each iteration stage, the kinetic equations are
solved for the unknown distribution functions. On the basis
of the distribution functions, the higher moments in
Egs. 77 and 78 with m 4 n = 2 are calculated by the
integral expressions (75) and (76). Then, these higher
moments, U3, Ug,, UT, and 0%, 0f,, QF, , are substituted
into the right-hand sides of Eqs. 77 and 78. These latter
equations, Eqs. 77 and 78, are solved for the unknown
velocity and heat flow vector U, and Qf, . The solution of
the diffusion equation is performed via a successive-over-
relaxation solver. Finally, the accelerated moments, U,
and Qy), are substituted into the right-hand sides of Egs. 23
and 24. Then, these kinetic equations are solved for the
distribution functions in the next iteration stage.

Gy = Vil/f)(Ugo -
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