




or can h rtadily gtnentcd from the d o n  relations 

D a ~ l = t = ~ e - a K ~  

into Eqs. (20H23) to h d  

Starting value may k obkincd from Eqs. (33) and (34). We 
now h v e  N + 1 unknom A,, a = 0,1, ..., N for the Poi- 
acdlc flow problem, and gal a = 0, t ,..., N for the t b c d  
creep problem. Eduating Eqs. (26) a d  (28) kt N distinct 
values oftdo, ) I d s  to a system d N  +- f liacsr dgcbraic 
aquatiom in ePeb e: 

and 

for the P k u i l l t  problem. md 

M t u t i q  Eq. (17) for f g , ~ ) ,  we hi that Dm&) md 
B, g) may be -putad for E(0 ,  rn ), from the uplicit for- 
m& 

for tht "PT " problem. It is i m p h n t  to note that -use of 
the form (24) md I25) for the FN rp~ahuiiw, the system 
(37) .ad (38) and (39) and (40)  re idmtical uccpt for tbt 
r r g h t - M i k T b u s , t h t d h d b o t h m i s s c r x ~ m -  
plirhsd with i ringk matrix indm These equations m y  
t b b l b e s o h d S t r r i g h t f ~ y t 6 b n d t b t r s ~ ~ ~ -  
stantbA,,B,,a = 0, 1, .... N a n d ~ t l y y i e l d ~ t  
I W ~ W  for #p (R, p) and Y@s W (24) and (25)- 
Thtstrtsdtsmay,in hlm,bcuscdtuobtsinflowrat.csand 
vdocity pmfh  in tmms of the u+m d c i e n t o  C, and 
Cg ) or surfact quantities d y .  

x='==p-ga-l--[ l  +. 4 - ly-2--]&-+, 
m - a  

IV. MACROSCOPIC OUANTZTIES 

Using Eqs. (I), (a), and (8), tht vtl& pro& for rbe 
Poisnrillt problem may k c x p m d  a 

and the volumetric flow sate rrs 



and take moments of Eq. (9), we h d  

which may be written as 

dlcr application of the bwndary coflditim (12). 
By a similar procwturc we 6nd 

F d y ,  we substitute the F, appmximatioas given by Eqs. 
(u) and (25) into Eqs. (45) and 146) to express the flow ra te  
Simply in tams of surf- quantitia as 

and 

with 

Qr = Qr - QPT. (491 
We can also show straightfomardly that the vc ld ics  at tbe 
surface an given by 

xpa-  ' e - ~ '  dp, 
and 

For a complete solutim d tbe problem wt aced the 
functions+,(r,p)and Y(r,pjfm&r,mdthuswcproeeedby 
tstablishhg ?he expamian -ts C(S) and C, Full- 
mnge oitbogonali!yl may tK u d  to obtain 

c(Sl= IIdR/5WIV(5)1-' 

XU V K P I - / ~ . - P I I  

where 

N ( 5 )  =6ga[aA %) + ~ [ % - Y ' J ,  (5-4) 
and 

Substituting the F* approximation (24) into Eqs. (53) md . 
(55) yields 

and 

The vcloeity profire u,(r) may bt u t p d  in turns of 
the F, d c i e n t s .  By substituting the g e n d  soiution dv- 
cn by Eq. (16) into Eq. (41) we ob& 

ur{r) = i ( R z - 3 )  

and Eq. {4). 
Qcarly, alkmativt cxpresrions for Qp, Q,, v,(R ), and 

u,(R ) can bt dcrivbd in this same manner and usbd as nu- 
merical checks for the previous expressions. 

V. NUMERICAL RESULTS 

For a givm d u e  of Hwe first c h m  a set of mllmtion 
pointsIJ,)suchthnt~<~,<-. .<&;,<oD. Wthnvtfound 
the @fie ztms of the Hermite plynomiah ofdegree 2N to 
be an & h v t  choice W e  then compurc the functions 
0s(5p)  mdE,((#) from Eqs. (33) and (343 nr EQS. (35) 
and (36) and the function S, horn Eq. (32). To 6ad the 
deaircd values of same of these kt=@ raquim rht use of 
I'fiosrpital'r A t  wbm 5 =p.  Fcm& has suggeansd a 



TABLE I. h v e r p m  of the Pobeuilk low raw Q,(R ). 

427 Php.  F W ,  Vd. 29, No. 2. Febnwry f D M  D. Val- Md J. R. m, Jr. 427 



for cval~%% So d y t i d l y .  fa t h ~  Ap- we 
~ ~ t h b m n b t e x t c n d t d t O d S ,  forevcaa.Tbis 
a d y a b  was used s m y  as r k idmark  for teting the 
.ecuney ofthe numerid resuIts obtabd by Gaussian qua- 
drrturt. 

Ncxt, tbt lintar system (37) and (38) and 139) and (40) 
ue colvcd for the F, cocfficients.4, and B,, a = 41, .,., N, 
w W b  an in turn used in Eqs. (47)-(52), {56), and (57) to yield 
tk quantities diamd- 

b Table I and Table iI the ccmvergmm rate of the FN 
metbod b illushated d the o o n q o d  regults for the k w  
~ Q ~ ( R ~ ~ Q r l R ) ~ ~ p s r a d ~ ~ a f ~ '  
w k e  R b tbt m v a  Gndm number. Wt consider tbe 
# 1 p ~ d b t o b e ~ t O  * lintbclmdigit8hom 
TbtrpeemmtwithLoy$llr'apip#~tobtbestmthe 
buds- n u m k  mngc 0.02 < R  < 3.0, dthough our mat 
wnu*te d t r  uc aehitvad outside this fatlgt a m s i d e d  
cwu ht mmpltk Knudeen n u m k  tbt a p e -  
-t mgu b e e m  three and gw sigrifimt figures. 

T . M s m c o n ~ ~ f o r t h t v c l d t y l l i p a t t h e d  
f~rbaChPaibeuiatflowdthamnlcrcqa&rw.Toour 
kwwladgt tbcae rcsdb have not hem ~ o ~ y  reportad. 
W e ~ ~ r e s u l t s t u b ~ w r c a m w i t h i a  i l i a t h e  
fd ri@cmt 6- 
Fdy, in Table IV we cornput wr results for the v a  

locity p d h  for R = 2 in both Poiseuille flow aad t h d  
wh t o t h c u f b y a k a T h t d ~ o f a ~ t  ia 

rimibr to that f w d  for the flow m h  Q* a d  QTI 

cxccp very closc to the boundary wbert the qament 
~ t o o a e ~ t B g u r c A & , w e - ~ & r o u r r c -  
iuIb cuntct to the number of dgnificanl figures shown. 

Tbe F, method has btm usal suecccsfulty to solve the 
ldnaiF themy pmblans O f P o d e  fiow md t h d  mep 
b w  m 8 cylindricsl tuk The ~~lnmetric flow rates, v c l d t y  
fip at the wall, and v d d t y  profiles havt been computed to 
m of at least four a idcant  figum with modest 
oomputltiod dort. Our numetical results qmmhg the 

ran& of tbt Kn- number iabe that previous 

TABLE IV. V W t y  b R - 2 

workby ~ ' a n d ~ ' i s a e c u r a k t o U i t b  1%. 
Tbc p-t d y i s  can k wed as a h c b m k  for tathag 
tht ncumq of the various n u m u i d  metbods usod pre 
v iody  for the BGK modtl and in v- new techdqum 
that mi@t bt developed in thc future. We are q h h t i c  
about extmding thh worlt to solving higher ar& mdeh 
and m d d a  that d-'be biDary fIowr. 

'Ihisworkwru~upportbdinpartby thtU.SNahnd 
Seima F m & t b ~  UII& h t  CPE-8107473. 

The authors would like to thnnlr Prof- C -- 
nmni for suggdq this @ l a ~ ,  and PrOTcawr S. K. 
b y a h  for h d f l  vugecstima 

APPENDIX: ANALYTICAL EVALUATION OF EQUATION 
(31) 

We hrrve mtntimed h t  tbc integral (JZ), which can k 
*as 

ean bt computed analytidy, and thus we now p r m d  to 
derive this dtmative e x p ~ m .  It bas bten found that the 

Sb, a = 1.53, ... bt gwuetd by a the 
partial dtrivatives of So with respect to b, h u g b  the for- 
mul8 

To initiate our dculations we rrse 

wbue r =p/R. A method of tvduahg thb in* hu 
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hm pointed out by Ftrziger,' who p v t  a -term rsymp 
t d c  expansion. Wt have found tbt complete mult to k 
rim by 

B y d n g b =  1 wtbavcSo,andtheusedEq. (A2)yictdr 
dytieai  expressions for the bighcrorda h d i m u  S,, 
a = 1 2  ... . Tlit computadexactredtadS,,a = 54, ..., 
~weteclrmpmdwithnum&dtsobtained~y 
thm@ 8400 piut Cfrussian q w h t w e  schemeand 
mcntwasdmedfor9to 1 4 s i g d c m t ~  W o n  
this we used only thc numerical m&bd for aid 
value oba. 


