Ta&ivounon Mepikav Ara@opik@v EEtcmoemv
Owovel I'pappikéc Mepikéc Aragopikéc ECionoeig 2nc Tagng

ap _ + 2b(pXy +Cp,, + de, + ep, + fop=g (1)
a,b,c,d,e,f,g="R xy,go,a¢ op
ox Oy

['a arhotNTa £0TM:! ap, +2bp_+co =f, a,b,c,f= SR(X A % &Pj

0y

yy DU ?, Oy, Oy, YVOOGTA 6TV KOPUTOAN I
O&lovue vo ta fpovus mavtov Eexkivavrtog amé v I
IHpopinpo Appkev Twav ?

——————————————————— :O,(X’ay,) O(x',y")=0(x+Ax,y+Ay)

A :
L i op o 2 A2
AN ¢(X+Ax,y+Ay)=(o(X,y)+a— AX +— Ay+O(AX , Ay ) (2)
. x|, )

AX X uéow ¢ (2) Ppiokoovue v ¢ 6to O’
xpewdletar va Bpobpe kot Tig @y, ¢, 6T0 O°
0’ 0’

@, (X + AX,y + Ay) =@, (X,y) + i ) AX + ox0y ) Ay + O(AXZ,A};) (3)
82§0 82§0 2 A2
(py(X+AX,y+Ay)=gpy(x,y)+ AX + Ay+O(AX , Ay ) 4)

(00,4

(0] 0



XPpeldCovToL Ol Qyy, Oy Oy, OTNV T

(3) > do, = 9], dx + o, Jdx+g, | dy (6)

dy (5, (@)~ dg, =,

Ot (1), (5), (6) 0ivouV T1G @y, Py Py APOV OL O, Oy, Py, ETVOLL
YVOOTEC TAVE® GTNV KOUTOAN I

a 2b c ||, f a 2b c a 2b c
dx dy 0 |yo,r=1de, (7) A=det|{dx dy O |=|dx dy O
0 dx dy]||e, do, 0 dx dy 0 dx dy
Edv n opilovca A tov wivako TV Edv n A yiver unoév tote
ocvvteheot®v M ¢ (7) elvan dtdpopn Bpiokovue TNV GLYKEKPIUEVT
T0V 0 TOTE Y10 vaL BPOVLE TS Py, Py otevBvvon OO’ oty omoia
Pyy» TIPETEL VOL EXOVLLE OVESAPTNTO LLEPTKT] OLOUPOPIKN YiveTow cuvnOng
voAoyopo tov de,, de,
f 2b c a 2b ¢
dp, dy 0 detM=0—>|dx dy 0|=0—>
dp, dx dy 0 dx dy
Pux = Doy =00 Py =
a 26 ¢ ady? — 2bdx dy + cdx dx = 0—1_
dx dy O
0 dz dy 29V oy g, Ay DEVD —ac (8)

dx dx dx a



Mé£0060¢ XapaKTNPLoTIKOV

INa TpofAinuata topafoiikov/vrepfoiikod Tomov, b2-ac=0, yio va £yet
Ao 10 cvoetnua (7) Ba mpémel va unoeviCetot kot 1 dkpivousa Tov
apOuntn. I[Ly. av Aovoupe Yo v @,, TOTE EYOVLUE:

A=0—A=0-fdy’ —2bdp, dy+c(dp, dx —dp, dy)=0—"2—

f 2b ¢
dp, dy 0
2

dp, dx dy| A fﬂgj _pdedy fdo dndy) |
P T A dx dx dx dx dx dx

dx dy 0 d ?

> di( —2bdyj Py dy :—f(ﬂj (13)
0 dx dy dx dx dx dx dx
dy b= Jb? —ac Ioyvovv mave oTiC

dx \ YOPOUKTNPLOTIKES KOUTOAES

2 | 4 14
do, ( _2b dyj do, dy ¢ ( dy j / Hupaxovv,ﬂg.uvakkmmrag
dx dx dx dx dx Kotda Riemann

*  Endvo oTic yopaKInploTikes Kaumvreg 1 Mepikn) Alapopikt) EEicmon yivetou
>uvnOng ko ypetdleTal otakprrtomoinon Lovo og o katevbovvon kabe popd —
Hpopinua Apyik®v Twpov

*  Otav 0gv LIAPYOLV YOPAKTNPIOTIKES KAUTVAES YPELALETAL OLOKPITOTOIN G Kol
TV 000 katevdvuveewv pavtdypova — [Mpofinna Xvvoprokov Tipov



1. b?ac=0: 1 yapoktnpiotikn koumwvAn, A=dy/dx=b/a,
Hoapaporko mpofinua

2. b*ac>0 : 2 yopokmnpiotikég Kapmores, A, ,=dy/dx=[bx(b*-ac)'*|/a
YnrepPoirko wpofinpa

3. b%-ac<0: Agv vadapyovv yopoKTNPIoTIKES KOUTOAES, AF0)
Ellaurtiko wpopfinpo pe minpn 610KpPLTtomoincn 600 oLeeTAGE®Y

Me Tov KOTAAANAO LETACYNUATIGUO TPOKVITTOVV Ol YOPOKTIPLOTIKOL TOMTOL
TOV VOTEP® TPOPANUATOV (TT.Y. Yo YPOUUKE TpoBAnuaTa)

—AX =
y X:é: ni’(g)_)(pfg :SR(qoaqonagpgagan) (9)

N ax+Py=E, N omworoonmote popPn ®ote N laxwProvn tov
LeTacyNUATIoLov (X,y)—(E,n) va unv unoeviCetat.
o’u

KAaoowko mapdostypa n eEicmon Letapopis 0epuotntog % =a——
X

2NV TEPIMTOON VTN Y=t, X=X, 1] YUPAKTNPLoTIKN 01evBvvon eivon 1 dt/dx=0
KOl GUVETMC 6€ KAOE dEOOUEVT ¥POVIKT] GTIYUT], t, OLOKPLTOTTOLEITOL T
ou/ot=f(u(t),u(t-At))=(u(t)-u(t-At))/At ko emAdeTOU 1] GLVNONC OLAPOPIKN
ad>u/dx*=f(u(t),u(t-At)) dakprromoldvIag Lovo TNV X kaTevbuvon

1. IapaPoiikd tpdPAnua:

H swdikacio cuveyileton o€ kdBe ypoviko Pryua - ITpodPANHa apyikov TIHdOV



2. E Kr r y—ﬂlng'i'ln (1),(8 .
AMemTiKo TpOPANHa Y é—iﬂ%% +9,,=R(0.0,,0,.51) (12)
2

KAaoowd mapadeiypata ol eElomoelg Laplace kot Poisson

o'u o%u o'u o%u

e A

2NV TEPITTOGT VTN OLOKPLTOTOLOVVIAL TAVTOYPOVA KOt 01 dV0 01EVBVVGELS
YOPIC Puatikn dlodKacio Kot £(0VUE TPOPANULA CUVOPLUKOV TILDV

3. YmnepPoiwod mpofAnua y-AX=E4T _
pB p B n“ y_/lxzé_n—)(ogg_wrm_m((pagpn)wgagan) (10)
2
, , c—N=2 (10) _ R 11
1| EVOALAKTIKG D (9.0,.0,.z.0) (11)
14 7 4 14 62 1 82

KAoookd mapddstypo n Kopatikn eCicmon 8—121 ——Zat—lzl =0

X C

E0® vrdpyovv 000 yopaKInploTikEG KOUTOAEC Kol TPETEL Vo, YiVel
OLOKPITOTOIN G KATE UNKOG Kol TV 00O OOV 1 LEPTKN O10LPOPIKN YiveTon
AL cvvnOne — IIpoPANUa apyKOV TIL®V



x, (e):0,=0,+ :

['to pun ypopptko vepPoAikd TpofAnua apyika eivar yvootd ta X, vy,
D, Oy, Py, AV 0T oNpEia A, B, C, D.... kok. g kaumding I.

OAloxAnpaovouue Tig e€lomoelg (a), (b), (¢) ko (d) (m.y. pne v Crank-
Nicholson) kat emiAvovpE Y00 TIG TIHES TOV X, ¥, @, KOL ¢, OTO GTUEin
P, Q, R, S..... koK. OOV CLVAVTOVTAL 01 OVO OIKOYEVELEG TV
YOPOUKTIPLOTIKOV KOUTLADV

Ao Bpebovv ot véeg THES TOV X, Y, @, KoL ¢, TOTE pmopei va. Ppebet
KOl OTLONTTOTE AALO YPEWGTEL, T.Y. N @ ue TNV Pondeta avamtdyuatog
Taylor (dtaxpiromoinon g e€icmwong (2)— eEicwon (e)).

H dwdikacio cuveyiletot yio to ETOUEVO GNUEIN TOUNC TOV
YOPOUKTNPLOTIKOV KOUTLADV (TOLTOYPOVT] KATAGKELT TOV
YOPOKTNPLOTIKOV Holl pe TNV emilvet Tov TpoAr|LaTog)



Hapoaostypata AragopeTikav Torwwv Por|g

Hopapoiko Ipofinpa: Avantuén cuvoplokod GTPOUATOS Yo Re—o0
C
U. A ‘ B ¢ 2uvOnkeg ponc oto A
- — ennpedovv ta B kot C
G y =i | Kol 0L avamooo

v

=1/

% |
X

Elleuttiko IpoPinpa: Pon pe Avakvkiogopia péca oe Koot ta

| Omnowadnmote PeTaPoAn OTIC
GLVOPLOKEC cLVONKEC Oa
EMNPEAGEL TNV POT] TAVTOD

LUEGO GTNV KOIAOTNTO!

=l
I
=
=l
I
=

v



YrnepBoiko Ipofinpa: Por) yopw and Aentd mtepylo, moyog Yopone moin

UIKpOTEPO TOV UnKovg Tov L, otav o apBudg Mach=M_=U_/c>1, vrepnymtikn pon,

3.
evm glvan edemtiko Yo M<l1
y Y
* P=u-v=20
U U, +0=(U,_+0)& +7g,
e y = | sin(2np)
—
« Q=u+y=0
e -

u \Y € 0
—=0u,—=90v, —=0<<l1 u=—¢, V——(I)

U, U, L X oy
R D % D R R
e s e B B e
T T S R g T o Rl SRR
U (Mg =0
s i Sl S Sl Sl S M
T L0 M

A A R A R A R - X=x/L}
e 1 — - - =L — - -~ T e - e e >

-nmax 0 1 [+nmax

Otav M_<1 n pon givon vonymtikn
Kol To0 TPOPANUa yiveton EAAEITTIKO
LE avavTn enidopacn

Omoadnmote petafoin otig cuvOnKeg ponc
o€ éva onueio exnpedlel tnv porn o€ Eva
16&0 mov opileton amod T1g 600
YOPOKTNPLOTIKES KOUUTOAEG

O yopaktnplotikég evbeieg mpoxvmTovLy
x OTO TNV KLUATIKN €icmaon

¢, —(M: -1)¢, =0

qy 4
Ly o—eq
]
M<l
Sonic line/.-’ \"..
MU i Shock Wave
-
P p ; M>1 Airfoil
LR oy = \
[ —— A~y =8F (x
- — ~ ~ - rs) _-—-7 —’-:___’ '
B —— I —— —X
— [

Otav M_~1 n pon elvor dupmrikn Kot to
TPOPANU yiveTon un ypouuikd kot eivol
dvvatn 1 dNovpyio KPOLGTIKMOV KLUATOV

Murman & Cole 1971



Enthivon Awordotatne Kopatikig yio M>1 pe M£0000 XapoKTnpLoTIKAOV
od 0%

—c’ =0 ue yopoKINPIoTIKY
ox oy’ HE XOapaKInp n

eClowon dy/dx =+c ko =0, ondTe 01 avarroiwteg Katd Riemann maipvouvv v popen

d o d
%(0—219@)—0 cﬂyd_y:_f(dyj S >d¢xic 2 =0 Jdmov 0=Q= 21 ;
dx dx dx dx dx dx dx M: -1

['a M_>1 n xopatikn e&icmon maipvel v YEVEL TNV LOPON

dx

‘Etotav Oécovpe i/ U, — 8l 6mov Vh=tlpeu=4¢ ,v=¢mave o1ig 600 YapaKTnpIoTIKES TOV
TOVTOTO0VVTAL ad TNV KAlon f¢, Ty, Yo M = 2 >ec= 1, woyveL Ot utcv=constant Kot

YOPOKTNPLOTIKY Yo +C: u —cv = P = constant ) ) ) u= (P + Q) /2
— 210 oNUElN TOUNG TOVG 1oYVEL:

|
YOPOKTNPLGTIKY Y0 -C: 1 + cv = O = constant v=(0Q-P)/(2¢) @

‘Etol o€ kdBe onueio tov mediov pong vroroyiletal n taydtnta av yvopilovue ta P kol Q, ta omoia
OUM®G LETAPEPOVTOL OVOALOIOTO TAV® GTIS AVTIGTOLYES YOPOUKTNPIOTIKES VOElEG

I'a Aentd mtephylo yvootob oynuatog, y=of(X) o€ adidotateg petafAntéc, n ootapoyn e Kébetng
ad1AoTATNG TOYOTNTOC OTNV EXPAVELL TOV AOY® TOL TtTEPLYiov eivan yvwot v=do/dy(y=0)=df/dx, av
o=¢/L, y=y’/L, x=x’/L, pe L 10 pMxo¢ kot € YopaKInploTiko mdy 0og TOV TTEPVYIOL

Av 1 dtatapayn TG TayLTNTOG otV €10000, X=0, Kot pakpid and to trepvylo, y—o givar 0 tote
P=Q=0 oT11g 6¢ce1¢ avTES Kl aKOAOLODOVTOG TNV YOPAKTNPIOTIKN UE OPVNTIKT KAIGT, -C, LITOPOVLE VO,
Bpovue v tayd T u 6€ omoladNmote BEon 6To TTEPVY10, OOV EEpovue TV v=df/dx, pécw ¢
avoiloimtng Q=0=u+cv—u=-cv Kal GUVERTMOS TNV TIUN NG avaAroiotn P=-2¢cv o10 1610 onueio
Kotomv 1 T g taydTnTog 6€ 0molo0nToTe onueio LEca oto medio ponc Ppioketal Bemwpovtac v
TOUN MOC YOPOKTNPIOTIKNG He apvnTikn kKAon kot Q=0 wov Eekivael and 1o eninedo 16000V, X=0,
ue pta Oetikn yopaktnpiotikn P wov Eekvdetl and to mtepiylo, y=0, u€cm e mapandve cyéong (1)
(meprocotepa otoryeia oto Pipiio twv Anderson, Tannehill & Pletcher)



Avaluon Auvvapikig Pong yupw amd Aemnto Epnddio

*  OfAOUUE VO LEAETAOOUE TNV QVOLKTI) pOn aepiou, eV YEVEL
ouprieotoU, yupw amo dtdtdotato Aemto eunodio pikoug L
KoL TtaXouG € wote g/L=6<<1

e Anoucia tou eunodiou n pon eivat euBLUypapN KoL
opoLopopdN Uw =U,é. kaLBeloupe va Bpoupe tnv

- x Sdlatapaxn mou Ba emipEpeL oTo poiko nedio n mapoucia

Tou gunobdiov G=U, +i' =€ (U, +u')+8 Vv

Oewpovpe aviEwdn por LbavikoU aeplou pe UKPES LPOUETPLKEC SLadopEC Kol
nopaywyn N petadopd Beppotntag, O=0, p=gp+ ng%ﬁ%)—Vp =—Vp+V(pg-Z)
OTtOTE LoXUouV oL Stadoplkec e€lowoelg Euler :

Tuvéyelo: 2—’? +V-(pii)=0 (1)

—

. Ou L= —
Opun:p5+pu-Vu=—Vp (2)

olpu) -
2OVINPNTIKY LOPPT) OPUNG: ﬁ(l) +(2) > —(;u) +V. (pﬁﬁ + p) =0 (3)
D 2/2 0 /2 . _
Evépyela: p (e;qt )=,0 (e+; )+p[i-V(e+q2/2):—V(pi[) 4) QEHﬁ”:\/m
8[,0(e+q2/2)] _

2OVTNPNTIKY) LOPPN EVEPYELOC: (e +q°/ 2)(1) +4)—> Py

Kataotatikog vopog tedeiov agpiov: p=pRT (6)

+V-[p(e+q2/2+p/p)ﬁ}=0

)



Oewpwvtag ddldotatn pon €XOUUE:

%, o(pu) . d(pv) _0 ()
ot ox oy

o(pu) 0(pu*+p) o(puv)

2uvEYELNL:

2UVTNPNTIKT LOPPT) X OPUNG: + + =0 (8)

ot ox oy

) ) ~ 0(pv) o(puv) © pv:+p
ZOVINPNTIKN HOPQT) Y OppNgG: (g )+ o )+ ( )=0 ©)
t ox oy

ol ple+q” /2 o| pulh+q* /2 o| pv(h+q* /2

2UVTNPNTIKY] LOPQT] EVEPYELNG: [,0( atq )}+ [,0 ( p ! )]+ [,0 ( p 1 )} =0 (10)
X v

JUVOTTTLKA EXOUUE TNV TApaKATW popdormnoinon twv eélowoswv Euler

P pu PV
2
o i ou” +p pouv
U, % F_o 6mov U= , E= , F= 2 (1)
ot oOx Oy PV puv PV +P
plevar)]  [olneati2)] [ pv(neas2)

loxUouv yla Ldavikn pon - AHEANTEQ avaVTIOTPETTN LEWONC OKESAON EVEPYELOC EVW
ETUTPETETAL N AVTLOTPENTH Beppopnyxavik aAAnAentibpoon HECW TNG CUMTILECTOTNTOG



OgWPOUE HOVLN KOTAOTAON KOl €XOUE OAOKANPWVOVTAG TNV 0PI KATA MAKOC HULOC
POLKAC YPAUUNAC, OTtou  dS oTOoLXELWENC LETATOTILON TAVW OTNV POLKHA VPO

(2)- ds—>< Vi )dﬂ: VP ds—)u@eds——vp'esdse
p " Os p
o(ii-¢ g : o :
JOE) @8 ldp ldu of_ 1dp e 1dul 1dp_ o0

n
o 0s " 8s pds 2ds R pds e o oge o 5ds
n : KAOeTO d1dvuoa TAVE® TNV POtkn Ypauun, R : xopmvidtnto poikng ypouung

H 13a toxVeL og kaBe katevBuvon yla acTtPOPLAn pon Kal prmopoupe va ypaoupe os Stadopikn popdn

d(q*) 4 d - d d 1dg® 1 (v’ +V
o) __ % - qdq =L - dp =—pqdq et p=—q2q=——z%:_a_2d ”

2 p p p a a

Gp:—,zo(uéu_H]@V} 8,0:—,20 uau+vaV (14a, B)
ox a ox  0x oy a oy Oy
5‘u 6,0 ov Op
Toautoxpova LOXUEL N CUVEXELA O 2d Kal HOVLUN Kataotaon A 8x 8x+'0 +v—=0 (15
2 2
(15) s, O I-— Al A M N0 16
Ox a oy a 6y Ox

E¢lowon Euler yla tbavikn, a.oTpOPLAN Kol LOEVTPOTILKA PON



. , . . , log ON de+ pdv
Oeppodvvokég oyéocls Gibbs Yo avriotpenti) owepyacia: Tds = dg—=

— = STds= -

hretpy dh —vdp
de=c,dIl — [Tg—p

—p |dv
| -]

o ) . D=pRT
e=e(v,T), h=h(p,T) Kataotatukdg vopog Teleiov agpiov: e
pv =
dh=c dT - o—12% |ap
’ or |,
_ T h _ h T de = CudT h=e+ pv _ + R Ioevtpomikn diepyocia \dh _ d dT _ Ed
e=e(T), h=nh( )’dh:cpdT—)cp_c“ s >dh=vdp — ¢, dT = , Ip
p 1
dT d py y = Cl CZCVT = —1 £
_ c - o -
wa @0 WV nT—dinpoT"=Cp T S TP (170)
Cp/R—}//(]/ 1) R T p 7/_1 ]/ p
P _ C, h=c,T =——=

Yo,

v
Toaydtnra tov Nyov a= /;Z—p =\y'"'C, = /7/CLC2 = 7£ =\yRT (17p)
ps 2p ,O



Ma Bapotporikr) pon LoxVeL oTL p=p(p). Eav emni mA€ov £xoupe Loevtporikr) pon Wavikol aepiou Ue xpron
TOU 1°° BepoSUVAULKOU VOUOU TIPOKUTITEL OTL

plp, = (p /p., )W (17a), to o cvuPorilel cuvONKeC 6TO EMEPYOUEVO PELLLOL

c,
Koy = — ~ 1.4 moAvtpomikn otabepd
C

v

AvtikaBlotwvtac otnv (13a) Kot OAOKANPWVOVTAC KATA S TTAPVOULLE

1y s 2 2
pldul = p. i 11/ Py 7 P U 7 Po g4
52 ds p. 5P ds 2 y-lp 2 y-lp,

* Hmapandvw oxeon LOXUEL TAVW O€ pia polkn ypauug Ldavikou asgtou, EVW €AV N
por elval aoTPOPAN oxVeL tavTtol oto meSio ponnc 4", ¥ P _ U, VAR (188)
2" y-lp 2 y-lp,
H €. (18B) eivaw n e€iowaon Bernoulli yia to 1davikd aéplo kal Umopet eniong va

napaxBel pe Baon 1o Looluylo EVEPYELOG
e Emiong yla toeviporikn pon tdavikou agpiou toxvetl n (17B) ya tnv Taxvutnta Tou

NXOU OTO KIVOUHLEVO QLEPLO WG: 2_dp) —yRT=y2
yo,

S




OswpwvTog oAU Aento MTepUYLO SLEpeUVOUE TNV ETtbpacn Ttou Adyou oPewc 6=¢/L otnv
pon YUpw arto to MTepUYLO, ELOAYOVTAC LULKPEC HETABOAEC ota media tou xapaktnpil{ouv to
nebio pon¢ HakpLd armo To mTePUYLO, oL oTtoileC oupBoALlovTal UE TOVIOUEVEC TTOOOTNTEG:

u=U_+u, v=Vv, p=p_+p, p=p, +p, a=a_+a

* OLTOVIOUEVEG TTOOOTNTEG ELVAL LLKPOTEPEG OO QUTEC TOU EAEVBOEPOU pevpaTOG, TLY. U'<<U_
e Me Bdon TI¢ mapanavw ool eKPPALOULE TIC TOVIOUEVEC METAPANTEG cav ouVAPTNON

TwV avtiotowv petaBoAwv tou nediov TaxutATWV
e Amo tov vOuo Wavikwy agpiwv, €. (13B), Exoupue:

l/Y !/ !/ !/ 2 ! !/
(m}(uj %ngnip_m(gl NGRS

Mot TNV TaXUTNTO TOU NXOU £XoUpE pe Baon tnv €€. (17B) ya lbaviko agptlo

(19a)

! 1 ’

az:@ :E%(anra’)Z:y—p P —a’ +2aa +a” yp‘” +p'/pm_)

dp|. p p,+ p. 1+p'/p,

2
a’ +2a,a'+0(a"”) y—(l+—} Py [—J —>2awa':ypw(p _p] o,
P., P.\P. P,

/ p p, M2 u2/a a’ Y p

2a a =y—=(y-1 y— =+ (19
. va(v )pw e e T o (19B)



Avaloya armo tnv €. Bernoulli (18B) maipvoupe, ayvowvtag To YWWOUEVA ULKPWV

aplOpwy ,

2+U 4 12 ' 2 2 u' 1) 1) ' 2
(U +w) v p.+p UL v p. U1z +u+v+vp1+p/p _U, v
2 y=1p,+p" 2 y-lp, y=1p, 1+p'/p, 2 y-lp,

2 12 !
—>U°°+Uwu’+0 u2 R -1 Y 1——+O = 4
2 U, ) v=1p,\ »p. Y- lp
P,
P.

OO

I

-0

0

U u'+ v pw(p —p]+0(u'2) 0—E00 51 y' + {y
vy—=1p, \p. p. Y- 1 p, P

y(y—l) p. P ~ 0 p __pwau':_Mz u' EE (190) )p = —yM> u
” U

(19y,0)

v—-1 p,p. P, Yp.. U, p., .

Uu'+

AvtikaBlotwvtac otnv TaxUTNTO TOU AXOU TIPOKUTITEL OTL
d



[pappLkorolwvtac TV (16) pe fAon TIC MAPAAvVW OXECELC KOl AYVOWVTOC
OPOUC AVWTEPNC TAENC EXOUUE

o w142 2
T ™ Y. : v’
(16) QEVI ﬁzv' >UX ]._ u, +Vy 1_ u, —
ox oy Y 2 2 2 2
a |l-(y—-1)M a |l-(y—-1)M
_ o{ (r-1) ooUJ_ _ w[ (r-1) OOUJ_

!

:|i|+V; +0(v?)=0

o0 e}

V'Uw£1+lljl,] ,
) }[u’y+v;}_0—>u;{l—Mi[l+fju]{1+(7—1)Mi{}1

“U.
u’ [I—Mi — f}iMi —(y-1)M; u;}+v’y :OﬁMiu;{I;EIi — [ljl; [2+(7/—1)Miﬂ+v'y =0
Mo aotpdBLAn pon opiloupe cuvdptnon duvapkoy = VO 5> d=Ux+¢ kat naipvoupe
Mid{IEMAfi - ((’; [2+(7—1)M§]}+¢y’y =0 M >M;¢;x[1;jfi - éf (7/+1):| +¢, =0
- 1 - 1
M, <l— > P + —M g,=0 M, >l— >, — M _1¢y'y =



Mo tnv enilvon tou MpoPARMATOC SLNXNTIKAC PONC ELOAYOVTOL VEEC AOLAOTOTEC
HeTOBANTEC Mou oxetilovtal pe to adlaotato naxoc 6=g/L <<1 Tou mrepuylou, €10l
WOTE VA CUVUTIAPYXOUV O0TNV OXEoN Tou Kabopilel To Suvapiko taxutntag ¢ Kol oL KN
YPOLULKOL OpoL Ttou Ba Swoouv TNV SuvatoTNTA UTIOAOYLOUOU KPOUOTLKWY KUUATWY

Murman Cole (1971)

_ y . OLU, — M’ LU 6% — LU 6" — )

y = L5—1/3 » X :Z’ Lz ¢rx |:(1_M°i)_ ¢f(1+7/) + L25—2/3 ¢W e >
Go_ P _[1-m2 - _ o _
N | S 1) |48 0B (k-0 0]+,

H aidotatn andotaocn and tov dfova tou rreepuyiou, ¥ =Y/ (L8 7). rou elodyetat

Ba npémeL va eival peyaAUTeEpPN oo To TIAX0G Tou LEWdouc cuvopLlakoU oTpwHaTtog, LRe
KOl LLLKPOTEPN ATTO TO UNKOC TOU TITEPUYioU L woTe vor UmopoUpE vaL 0lyVOOOUUE TNV
LEwdn aAAnAemnibpaon pe to Tolywua

Mo TNV eMAVON TWV TMEPUTTWOEWV UTIO KOL UTTEPNXNTLKNAC PONC XPNOLLOTIOLOU UE TNV

KAQOOLKN adlaotatornoinon
% Q' E— U &= €= o N0 ¢
Y= X=—, =¢p=—0, =—u=—Vg, omota Otvel 1-M_ + =0
L L LU / L ? U L L ? i ( ) oxX> oY’

o0 o0

-1/2

M



To mpOPANUO AUTO OpIlETAL OTOV NULATIELPO XWPO —o < x <o, 0< y <oo, KAL TO AEMTO
ntepUlyLo Bewpeltal OtL ektelveTal otov Betiko nuiaéova 0<x/L <1, y=0. NapaAAnAa,
UTTOOETOUE CUUMETPLKO EUTTOOLO OTtOTE ETUAUOUE 0TOV BETIKO nuLdéova Twv y. Makpld
Qo TO MTEPUYLO N pON €lval adLATAPAKTN EVW EMAVW OTO MTEPUYLO N KABETN TaxUTNTA
undeviletal. Etol etodyovtag to oxnua tng diemidpavetlag y=f(x) kot adlactatonolwvtag
avddoya: y/L=Y=f(x)/L=F(x/L)= 5f(X) maipvoupe

G _[3 (U, + Uw5ﬁ)5L7X +oU, v
B Lo~ - Y +Ex _ i'=u'e +V'e, _
u|l —O—>u-n—(Uwe +u)- —_— =0———= =0
n y—f(x) X 1-|-f2 u'=ou ,v'=6v L
* A y=e +07 = fX ~1
szﬂ d¢7 —_ [} ’ 7 ’ 2 7

—— Y|~ f =0(5) %W ~ fy Omou ayvooupe 0poug tagng &% kat mavw

7=0

TeAlkd to POoPAnua o adldotatn popdr otnv eAAELTTIKA Kot uTtepBoALkr Tou ekdoxn
naipvel tnv popdn
$(X—>10,Y)=¢(X,Y 5> 0)=0

_q
dx

EMewmticy 9% 1 0%

; + = "
M2 <1 oX*> 1-M2 oY’ 0<X<l 2—?

X<0, X>1, %
oY

Y=0

$(X=0,Y)=¢(X,Y > 2)=0

:i, X>1 %
dX 0

YrepBoluery  5°¢ 1 0% 0 _
M2>1 ~ ox® M?-10Y? 0<X<1 2—¢

Y=0 Y=0



Ymohoyiopog poikng ovvaptnone : I'io t1ov vmoAoyiouo TG POIkNG GLVAPTNONS EXYOVUE CEKIVOVTOG
amd TV €El6MO™N GLVEYELNC:

o(pu) o(pv) v pors 0P oY w' £E_ &
+ =O ,’OlKn > — u, _— V, \IIE OOl]oo + !’ = =2 ’ —55
ox oy ovipTion = gy p Ox o Py Y o, U L v L v L
, u _e_ vV e_ , P e _ oy _ oy  _
u=U_+u, =—u, =—V, =p +p0, =— > "=y, —=-v
- B A 2 A e L PY ox

AxoroVBmc, AapPdvovtog vtdyn 0Tt To AEITOVPYOVV UEGO Elvat 100VIKO OEPLO KOl KAVOVTOGS YPNOM TNG
acTPOPIANG e€lomong opunc, TPOKVTTEL OTL Y10, LIKPEC dLaTaPUyEG Ol OTToleC yapaKkTnpilovtor amod 0<<I,

y y
T > W =C(x)+ [ pudy ¥ = C(x)+ [ p, (14 85)U, (1+57)dy —
0

oy 0

W =C(x) +pwaf[1+ S(p+u)+ 0(52)]dy&>\11 ~C(x)+ pwaf[H 5(1—M;)L7]dy N
0 0

y
¥ =C(x)+pUy+pU,[8(1-MJidy = p,U,y+p,U,57
0

Voo _y Y -
Opec gg‘l’:pway—)C(x):—pono_([5(1—Mi)17dy " >\P(;’yL)=Y+5(1—Mi)hb7dY—!ﬁdY}

Yo AT '
Ko lP()C’)/)=Y—§(1—M2)I%d)/ omov U¢L5¢=5¢7 ue U=V ¢
Y

o0



H televtaio oyéon

XpNGIUOTOLEITOL LETE TOV VTTOAOYIGUO TNG CLVAPTNONS OLVAUIKOD GE OAO TO TTEHIO0 PONG

Ioyvetl yio to eAdeuntikd Kot to vePPoAkd TPOPAN UM He TNV 10 POPA OTL GTO EAALEWTTIKO TPOPAN LA N
eMidpacn Tov gUmodiov yivetor onsOnt Ko Tpv To umdoto, Xx<0, dniadn vrdpyel avavtn enidpoon
AOY® TOVL EAMAETIKOV YOPOKTIPO TOV TPOPANUOTOC, EV® Yo TO VIEPPOAKO TPOPANUA 1] ETidpOoT
TOL EUTOSIOV GTNV POIKY| GLVEPTNGT YiveETal aucON TN LOVO GTO KATAVIN TOL GMUEIOL TPOCTTOGONG,
x=0

To yeyovog antd avtavakAd Kot otV aptiunTtikn eniivon tov avtictotywv tpofAnudtoy Le to
EMEMTIKO TPOPANUO Vo arrottel dtakprtonoinom o e0A0Yo moAlamAdclo unkog nL tpv ko petd to
TTEPVYL0 GE GLVOLAGUO LE TAVTOYPOVT EMIAVCT) TNG GLVAPTNONS OLVAULKOV Y10 OAQ TO CTUEID TOV
TAEYLOTOG EV® TO VITEPPOAKO TPOPANUA amatTel S10KPITOTOINGT LOVO TG TEPLOYNG OTA KATAVTT TOV
onueiov tpoontmong x=0 kot XiAVOT HE GAPOOT TOV TIUOV TNG CLVAPTNONS OLVAUIKOD GE KAOE
ovykekpévn Béon x=x>0 yop1otd, Katd tnv dievbuvon y mov givan kdBetn 610 TTEPVYLO



