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*  Mepkn Arapopikn E€lcmon ¢ omoiac emilvon avaAvTikd dgv eivot ekt
Y10, TIC TEPIGCOTEPEC YEMUETPIES

o  Xpewaleton n apOuntikn exilvon 6mov 1 Avon dev eivon drabéciun oe kabe
onueio aAAd og Eva GHVOLO O10KPITMV GTUEL®V

*  Yrdpyel tAnbmpa aptOuntik®dv pebdomv yio v ENiALCT LEPIKDV O10LPOPTKDV
eElooE®V oav TNV €EI0MON LETAPOPAS



Iemepaopéives Alopopés : Baoiletal 6Ty mpocEyyion LEPIKOV TOPAYDYDV
ue ypnon avonrtoyudtov Taylor - ATAN dladikacio O10KPITOTOINGN G AAAN
TPOPANUOTIKT N EMIAVON TEPITAOK®V YEOUETPLUOV

Iemepaopévor Oykor : AvomtoyOnke TpoTn Yo TNV ETIAVCT ATA®V
TPOPANUAT®V POTIC GTNV OAOKANPOTIKN LOPPT) TOV 160LVYimV Opunc,
Oepuorog & pdlog, mov TpokvITEL Otd TNV avticTowyn dapopikn — Etval
EVPEMC OLAOEUEV] AOY® TNC TPOYEVESTEPTC YPNONS TNS O TPOPANUOTO POTIC
Iemepaopéva Xrovyeia : OLOKANPOTIKY TPOGEYYIGT] TOV KOTOANYEL GTNV
KOVOToinon g acfevoig LopPTC TV LOPOPIKAOV EEIGOGEMV OLUTNHPNONG —
H avdivon tov ayvootov yiveton LEGH GLVAPTNGEMV BACTC LE TOTIKT
KaAoyn - [davikn yio TpoPAnuoto eAeVBep®V ETLPAVEIDY

Yovoproka Xroyyeia : ExiAvon oA okANpmTIKNG LOPPNS TOV LEPTKDV
OLOLPOPIKAOV EEIGOGEMV LE OIKPITOTOINGT TOV GLVOP®Y TOL TEOIOV OPIGLOV
0V TTpoPAnuatog — Idavikn HEB0OOC Yo YpOUUIKA TPpoBANLOTO LLE N
YPOLUUIKES GLVOPLOKEC CLVOTKEC

Daopatikéc M£Oooot : Bacsilovtal otnv avdivon TV ayvOoTOV GE
10106VVOPTNOELS TOL opilovTol 6E OAO TO TEDIO OPIGUOV TOL TPOPALOTOC —
[davikn nEBooOC e TayLTATN CLYKMOT Y10 TPOPANUOTO LE GYETIKE OUOAN
GLUVOPO,

H emioyn ¢ katarlinrioTepns nedodov e€aptdtar oo TNV Vo1 TOV
TPOPANNOTOS KOl TNV 6y ETIKI €€0IKEL®MON TOV YP1GTY
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e Otivmoroyiouol yivovtor e mAeypatikeg 0€6€16 Kol 01 LETAPOAES TOV PUCIKMV
neyebmv peTacy TV mapamave 0Ecewv vToAoYILovTol TPOGEYYIGTIKE LE YPTION TV
avortvoyudtov Taylor

e Avdamtvoyuo Taylor pe vroAouro yio Tov VITOAOYIGUO TNG GLVAPTNONC @ 6TV BEoN
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e O 0poc VTOAOITOV, TOL E0M AEITOVPYEL KO (O GOAALLN ATTOKOTMNG Y10, TOLG OPOVC TOV
AVOTTTUYLLATOC TTOV eppoviCovton pHetd tov n-1 dpo, umopet va avtikataotadel pe tnv
BonBeia Tov supPoiicuov e Taénc neyEbovg O(AxM)

* O ovpuPorouog O(AX™) €xel TV Evvola OTL Yo TO AOPOIGHA OADV TOV OP®OV TOV
VTOAOITOL amd TOV V-06TO Opo Kot uetd vdpyel K nenepacuévn Betikn otabepd t€Toa
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* O ovpuPoiouog avtd pumopet va ypnotpomombet yio 1o cQEAALO OTOKOTTC OTOUGOTTTOTE
TAENS N ®OC TPOG TIC UETAPANTES X KAl Y

o IIpénel va onueiwBel 6t 0 cvpuPoitcouoc m.y. O(AX) dev pog AEEL KATL Y10 TO ATOAVTO
LEYEBOC TOL CEAAUOTOC AMOKOTNG OALG Yol TNV TACT OV £YEL avTO KBS T0 AX—0
O10TL 0V AUPAVEL LTTOYN TOV GLVTEAEGTY] TOV TOV TOAAATANGLALEL
'Etot av &xovue £va opdipa tédéng O(Ax?) avtd dev onuaivel kot ovayknv ot Oo eivan
UKpOTEPO amtd avTo TS TAENS O(AX) Yoo 0TO1ONTOTE TAEYUOTOTTOIN G
Enuoivel 0t amd va AX kol KOTo o o@aiua taEne O(Ax?) Oa givon Tpdrypott
ukpotepo and to O(Ax) — Oumg oo Ba eival avtd T0 KOTAAANAL LUikpO AX dev elvan
YVOOTO Kol yperaletor OlepevVNOT Kot dokiun yio va Ppebel

o  Xpnowomowmvtog o avantuyud Taylor kot kdvovtag xpnon Tov SKpLITOV HETARANTOV j,
n, yo cuvropio Mmopovue va mapdyovue TANOOP TPOCEYYICEDMY TOV UEPIKDOV TOUPAYDYDV
OV EUTAEKOVTOL GTOL LOVTEAQ TMV POLVOUEVOV LETAPOPAS TOV EYOVLE TAPBAYEL



* Katdvin diapopég yia v mpocEyyion g Tipng oty 0éon x,tAx :
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OLLPOPAOV Y10l TNV
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TPOTN TOPAYDYO
H axpifeta tov oynuoatog kabopiletal omd Tov Kupiopyo 0pO TOL GOAALATOS OTTOKOTNC
Ev npokepévm mpoxettal yio oynuo akpipetog tpmtne taéne 1 O(AX)

* Avavn SlopopEG Yo TNV TPOGEYYIOT) TNG TIUNG GTNV TPOYEVESTEPT 00N X(-AX
Xpnon Taylor yio apvntiko Pruoa —Ax :
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e  Me Bdon 1o mAeyHaTiKd onueio j,n Ko TOV OPIoUd KATOL0G KOteLBLVON G GTOV
YDPO 01 OPOL AVAVTT KO KATAVTI 0PpOPOVY TPOGEYYIOT TAEYUATIKOV CTUEI®V TOV
Bpiokovtaol TpoyeEVESTEPQ 1 LETAYEVESTEPQ, OVTIGTOLYO, TOL OTUEIOL BAong o€
oYECT UE TNV €V AOY® KaTteLOLVON

o Xt0o TOpUTAV® Tapadeiypata n katevBovon avtn ivon 1 OeTikn tov dEova TV X
2€ CUYKEKPUEVO TPOPANUA 1| KaTELBLVOT AT TPOKVATEL IO TNV PLGIKN TOV
wpoPAnuoartoc ko B pmopovoe va gival o) ToL SLVOCUOTOG TNG TOYXVTNTOG

» 2vvovalovtog Ti¢ la kot 20 TapdyeTol GYNUA KEVIPIKOV SL0LPOPDV Y10, TV TPMTN
TOPAYDYO :
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* [IpocBétovtag T1c 1a ko 20 TPOKVTTEL GYN UL KEVIPIKOV OLOPOPAOV Y10 TNV OEVTEPN

TOPAYDYO :
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e 2vvovalovtag aplBuod avartuypdtov pe BAcn TAEYUOTIKO GUEL0 j,n lvol dSuVaATOV
va, Tapay o0V O1KOYEVELEG GYMNUATOV OVAVTT, KOTAVIN Kol KEVIPIKDOV O0POPOV
av&avouevn akpifetog

*  Yrdpyelt tAn0opa oynuUAT®V O10KPITOTTOINGNG Kot 1) ETAoyN Yivetal ue Bdomn v
(PLOIKT TOL TPOPANUATOC KOt TIG OLOECIUES VITOAOYIGTIKES VITOJOUES (PBEATIOTOC
GLUVOLOGLOC VUG KO DTTOAOYLIGTIKOD YPOVODL Y10l TNV EMITEVEN 0EOOUEVIC
akpifetog)

e ILy. cuvdvalovtog Tnv 20 LE TNV TOPUKATO SO TOPAYOVTOL GYULOTO OLVAVTN
OLOLPOPAOV AVAOTEPNG TAENC Y10, TNV TPDTT TAPAYWOYO
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o Tlaipvovtag ypauukd covovacud tov (2a) kot (5a) £tot wote va eEainebel | 0evTEPN
TOPAYWYOS TPOKVTTEL AVAVTT) CYNLO Y10l TNV TPOTN Topdymyo akpifetag 21 tdéng
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e Tlaipvovtag ypaukd covovacud tov (2a) kot (5a) £t61 wote va, eEaineBel  TpdT
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e Avdloya maipvoviac YpouuKo cuvovacuo tov (2B) kal e tapakdto (5f) £to1 wote va,
e€aAneOel | 0e0TEPN TOPAYDYOC TPOKVTTEL KATAVTT GYT O YOl TNV TPOTI TOPAYDYO
akpifelac 21 tdEng
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e Avdloya maipvovtog ypouuko cuvovacuod tov (2p) kot (5B) étot wote va EaAnebel n
TPOTY TAPAYOYOS TPOKVITTEL KATAVTT CYNUO Y10 TNV de0TEPT TOPAYWYO axpifetog 1MS

TaENG
(5B) > o7, = ¢ + 2 2Ax+a(|2) 4AXT | O0) BAX | O) 164X +O(AX°)  (100)
: '0x|, ox’|, 2 8X3j 6 8t4j 24
oo’ o0l 2Ax*> &' 2Ax° &'l 2Ax* .

2B8)x2 > 20" =2¢" + —| 2AX + + + +0O(A 10

(2P) P =20 ox|, x| x| 6 o' 24 (ax7) (10B)
ool . o . o 00 0T =200 400, ol :

20" —0" . =0¢" — AX" — AX+O(AX" ) > = L AR AX+O(A 10
bin =452 =) 8x2j 6X3j ( ) 6X2j AXx’ 8x3j : ( A )( )




EnitAvon Movoowdotatng E€lcmong Xuvvayoyns: AplOuntikad
%, 9
ot

20VOLALoVTOG TO TPOTYOVUEVA, aplOUNTIKA GYTLOTO Y10 TNV aplOUNTIKY] TPOGEYYIoT TNG
TPOTNG TOPAYDYOL MG TPOS TOV YPOVO KOl TOV YDOPO UTOPOVUE VO SLOUKPLITOTO|COVUE TNV

TOPOTAV®D LEPTKT] O10POPIKT EEICmON

u—=0 ¢(x,t=0)=Ff(x),

Ox

¢(X=O,t)

N (I)(X :O,t):(l)(x :L,t)

AOY® TOV O1OVOGUOTOC TNG TAYVTNTOS VITAPYEL TPOTIUNTEN KATELOVVOT] GTOV YDPO Kol
€101 KAVOovE YpNon oyNuUatog 11 avévtn dapopnv GTov YMPO

['o TV ¥poviKY| S10KPLTOTOINGT €0’ 0G0V EXOVUE TPOPAN U APYIKOV TULDOV
YPNOLOTOLOVUE KATAVTT OLOPOPES Y VO, VITOAoYicov e TNV €EEMEN TNC AYVOGTNG

GLVAPTNONG O€ ETOUEVA YPOVIKA Brinata,

Kavovtag ypnon ™mg (1B) yua v ypovikn mapdymyo kor g (2B) yio tnv yopikn
mopdywyo maipvooue to Xynuo FTBS (Forward in time backward in space)

oo o -9 AL_OON AU _O0FAL  o(ar) (o)
atj At j 4!
oo -0, Ax 00 Ax | OOFAX |, o(ax*) (11p)
6Xj AX ax4j 24




e Xuvovalovtag Tig dV0 TEAEVTAIEG GYECELC TOUPVOLLLE TO TAPATAVE® APIOUNTIKO GYYLLOL:

[Ip®dTN TpomoTOIMUEVN ZPAALO OTTOKOTG
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n
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To ap1OunTIKd oYU avTd £YEL TIC TOPAKATM 1OIOTNTES
Etval cuvenéc vmo tnv Evvola 0TL Kabwg At, Ax—0 10 ZeaAua ATOKOTTNG TEIVEL VO,
unoevieBet ko to apBuNTIKG oynua teivel otnv Mepkn Atapopikr E€locmon g
omoiac Tnv Avon tpoomafovue va Bpovue
‘Exet axpifera 116 Taénc pio ko To GEAALN AmoKOTNS vl TpMTNG TAENC O TPOC TOV
YDPO KO TOV YPOVO
H pepikn d1opopikn eEicmon mTov TPOKOITEL LETE TNV ATTOAOLPT) TOVL APLOUNTIKOD
oynuotoc Aéyeton 1M Tpomomotnuévn Kot OTav VAOTOIOVLE TO €V AOY® aplOunTtikd
oynua ival cav va Abvooue tnv 11 Tpomomomuévn avti g apyikne Meptkng
Awapopiknc E€icmonc
2OUTEPLPOPa ApLOunTIKov Xynratog

uAt

I
J Ltu—""=0—>¢"=0¢"(1-Cr)+¢" Cr, Cr=—
At AX 0" =i )+ AX

H Ty ¢ dyvootng suvdptnong eival Evog YPOoUUIKOC GLVOLACUOS LETOED TMV
TILAOV TNG TPOTYOVUEVNC YPOVIKNG TIUNG TNV 1010, KaBMDS Kol GTNV TPONYOVUEVT
B¢om
Otav Cr=1 t0te ¢" = ¢, ko1 n Aon dwadideton pe TNV TadTNTa TOL TPOPAEMETOL
OVOALTIKA




n+1

* Ortav Cr<l n 1iun ™mg @ otV Kovovpyla YpOoVviKn otiyun ivarl mopeufoin
HETaED TNG @; Ko @y Ko 1 aptBuntiky toydTa peta@opas Ax/At
LEYOAVTEPT TNG TPAYLATIKNC, U

* Ortav eivar Cr=1 n véa tiun otnv 0€om j etvon n oA tiun oty Béon j-1
Ko 1 oaplOuN Tk ToyvTnTo LETAPOPAC AX/At elvon 1010 LE TNV TPOYLLATIKT U

* Otav Cr<l n 1iun T¢ @ 6TV KovoOpylo YPOVIKT GTIYUN EIVOL YPOUULIKT
TPOEKPOAT TEPAV TNG TOALAG TIUNG @y KoL 1 optOpunTikn tovTnta
LeTaPopdc Ax/At LikpOTEPN TNG TPOYLLOTIKNG, U



Awadwcacio cvykMong yio Cr=0.5 kabwg At, Ax—0, Yo cuvapTnom UE apy Ko
000VTMTO GYNUO, TEPLOOKEC cLVONKEC 6TO draotnua Xx=0,L kot TayvTNnTa O1dd06MC U
Katd v ypovikn otryun t=L 1 popen tov kopatog Ba tpemet eivon idta pe tnv
aPYIKN, UNOEVIKO CQAALO TTAATOVE Y10 EEI0MOT GLVAYMYNG, Kol Vo, £XEL ETOVELDEL

exel amo Omov Eexivnoe, Yol UNOEVIKO GOAALO O10GTOPAG
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At, Ax — 0, Cr=0.5

Apeintéo ZQUAL0 Al0oTOPAg

<% 9

2OUTEPIPOPA TNG
P(t+AD/ (1)
[Tapovcidleton
AVOALTIKE GTNV
avaAvon Kotd von
Neuman

Aoctabnc owémn)?ﬁq ™G Avong yio. Cr=2 pe kupiopyn ELEAVION KPOV UNKOV KOUATOG,

~2AX, LETA oo Ol TOAD UEYAAO aplOUO YPOVIKOV Pnudtmv

Agv glvan yyevig cuumeplpopa s eEIcmONG cLVAY®YNG OALE ATOTEAEGLLO OPLOUNTIKOV

COAALOTOC



Hopayoyn 2 Tporomomuévng ESiocmong

2] +u@ :_G(ZI) At_8(3|) At +O(At3)+a(|2) qu_8(|3) uAx +O(Ax3)+
ot |, ot, ot’|, 2 ot 3! ox'|, 2 ox'|, 6
1n Tpomomompuévy MAE

O¢_ofopy_of ob)_  d(ap)_  Of ) _ .0¢
o atlat) al  ox ox \ at S
a¢:g(a¢j:§(uza¢j:uz 0 (@j:uz 0 [_u@j:_waq)
o atlor ) o\ o)  axlat) el ox ox’

* MetaoynuotiCovpe Toug Kupiapyovg 0pouc AaBovc mg Tpog Tov YpOVo GTO ZPAALOL
Amoxonng (XA) pe v Ponbela mapay@ymv mg TPOC TOV YOPO Kol LE XPNoN TNG
Mepunc Arapopiknc EEicmwonc 1 g 1M Tporomompévng E&iocmong

* AvtikaOistooue otnv 1n Tporomomuévn E€icmon

* AvotTOGGOLE TOVG OpoLG ToL 2A ov Ba. e€dyoupe, Kat’ avEovoa TAEN YOPIKNG
TopUYDYIoNS HLEXPL pia Taén mapoywyov, cuvnlwmg uExpt 3" 1 4" tapdywyo

» E€etdlove TO TPOGMO TOL GLVIEAEGTY] TNG OEVTEPNG YMPIKNC TAPAYDYOV, KOl YEVIKE TV
TOPAYDYOV APTIOG TAENG, YO TNV TEVTOTOINGT CEAALONTOS TOTOV O1dYLGNG TOV
aPOPAd TO TAATOC, KOl TOV GUVTEAEGTI] TOV TEPITTNC TAENC TOPAYDY®V Y10 TNV
TOVTOTOINGN GPAALUATOC OLGTOPAC TTOV APOPA TNV PACT] TNG APLOUNTIKNG AVGNG



n n 2 A2 " 3A42 A3 " 20" 30" 2
a9 +u@ __Atu 8(]2) +uAt 8(]3) +6(|2) uAX_8(|3) uAX +O(At3+AX3):>
ot |, oX|, 2 ox’|, 6 ox'| ox'|, 2 oOx'| 6
21 Tpomomompuévny MAE
n n 2 29 " 3A42 2 30"
2] +u@ _ uAx Atu 8(12) A uAt”  uAx 8(]3) +O(At3+AX3)
ot |, OX|, 2 P 2 Jox’|, 6 R 6 j
Xediuo Xediuo
[TAétove Daong
YVVTEAEOTNG 21G TAPAYADYOV 5 . .
pOpILE TO TAGTOVE TG UAX Atu _ uAx (1 - Cr) >0 Audyvon katl evotdbeio
aprOpunTiKic Aong (6paluo, 2 2 <0 Evioyvon kot actdbera
i‘;ﬁ? ;‘Kmﬂg) Evoradzia Kpupo Evotdbetog : Cr<l

ApvNTIKOC cuVTELEGTNG 2" TAPAYDYOL OETYVEL OTL TO OPIOUNTIKO GYNLLA EICAYEL OVTIOIALYLON
oTNV ETIALGT), KATL TOL 00NYEL GE€ OELVOT TLYOV JATAPAYDV KO G AoTABELN TNG

ap1Oun Tk’ g emilvong ko Enyet v ot GLUTEPLPOPE TOV GYUATOS GTNV APLOUNTIKN
TOVL LAOTOIN oM

3n mapdymyog pvOuiler TV @aon TS aprtOunTIKIS AVONGS KUl TO 6PAANG AOY® dLaoTopdg

EvoAiloKTIKG 0 VTTOAOYIGHOG TOV YPOVIKAV TUAPUYDYOV HEGH TMV YOPLKMOV UTOPEL VO YIVEL pE
ypnon s 11 Tpomomompuévng avti g apyikis Mepung Avagopixkis ESicmong



1 u At uAx At’ uAx’ At =()

2 2 6 6 24
At O At uAt | At’ UAXALt B At =0
2 ot 2 2 4 4 12
uAt 0 UAt u’At UAt’ _ WAxAt UAt’ =0
2 0x 2 2 4 4 12
At* 0 At>  UuAt’ At —0
12 ot’ 12 12 24
_ uAt’ o’ —uAt® —u’At’ —uAt’
3 oOxot 3 3 6
u’At’ _ UAXAt 0 u’At? _UAXAL 3AE2 u2AxAt
3 4 )ox? 3 4 3 4
1 u wAt  uAx uAx? . WA u’AxAt —0
2 2 6 3 2

e IIpocOétovtac Katd HEAN TOVG GUVTEAEGTEC OLLOELOMV TOPAYDYMV KOl
*  Meta@époviac Toug OPOVE TOL TPOKVITTOVY OO TO GPAALLN OTOKOTNG 6TO 0€EL0
HELOG avaKToUuE TNV 2" Tpomomomuévn e&iocmon



2" Tpomomomuévn eEIGMGTM OTMS TOPEYETOUL LLE AVTIKOTAGTOOT] TOV TOV YPOVIKOV
TOPOYDY®V ATO AVTICTOUYES YWPIKES HE xpnomn TS 11 Tpomomompuevng

@n+u@ (qu_Atuzjazcl)

n

2 2 6

| +O(Af +Ax’)

_|_

j

ot Ox 2 2 )ox’

(uzAXAt CUAC uAx J 0’0

J J
O ocvvteleotng TE 2 Tapaydyov givar 1010¢ Kot Tapéyet To 1010 kprrnpro evotdbetag Cr<l
oyxeTKd pe v €EEMEN ToL TAATOVC KOODS awEAVEL 0 apBUOC TV ¥POVIKOV PUAT®V

O ocvvtedleotnC TS 3 TOPAYDYOL TTOL OiVEL TO GPAALO dOCTOPAS OLUPEPEL

Ot 600 oapamdve pLefodoroyiec amoTeLOVV EVPIGTIKEC OLOOTKAGIES Yol TNV OVAALGON
gVGTAOELOG TOV APOUNTIKOD GYNUOTOS Kol TNV TPOPAEYN TNG CLUTEPIPOPAS TOV UETA OTTO
HeYadAo aplOud ypovikmv Pnudtov

[T16 cuoTnuaTIKY ddKaGi TOPEYETOL OO TNV ovaALGoT KaTd von-Neuman tov
aKoAoLOEL oTO ETOUEVOL

Entopaon aprOuntikod c@aipatog A0y® otdyvons Kot o1uomopdg

() () (y)

1 —A)
I N

o o ’ Ap1Ountikn Adon
Axp1pfg Aoon ApOuntikn Ao TopaLopPOUEVT TAPALOPPDUEVT KUPIMC
Kupiwg AOY® O1axvLoNG AOYO S106TOPAC




EniAvon Movooudotatng E€icmong Xvvayoyns: AveAvTikd

Douloo gm0t o 40

ot ox No(x=0,t)=¢(x=L,t)

oo dt dpdx d . N
¢t+u¢x=0—>(1,U)°(¢x,¢y)=a(fds ai)d: di) 0>d-Vp=0 a=(Lu)=t+uk

t,X, upuovodiaion otnv t Kot X kotevbLvVeN  AVTIGTOLYMC

d/ds mopay®ylon oTnv YOPUKTNPLOTIKY KotevOvoven a
dr 1

a: 7 =—t=—+co>x—tu=——c=¢, &=0rabgp0 —> YOPAKTNPIGTIKY] KOUTUAN
X u u

Eoto LETOS)MUATIONOC (1,X)—>(s,E), bote  §//@ (¢ Lad)
MeTaoyNUATICUOS GTPOPNC (sj _{ 1 l/u}(tj _[t+x/uj
katd yovio 0 =arctan(v/1+u’) &) [-u 1 J{x —tu+Xx

ob 0hds b Ok
at:asat+aaat()6¢ 09 o¢
Kavévag ah)ciﬁag/ =(0— )
T 09 as L 00 ag( b "o Os
ox  0s Ox 8&_, ox

—>¢o=¢(x—ut)=f(x—ut): Hroon o onowdnmote Oéon (x,t) TpoKHITEL
ano v {(x,) omov x, = =x—ut

=05 4=4(2)

4




H Mon amotedel kdpa mov
0\ LLETOPEPETOL KOTA TNV
P YOPOKTNPLOTIKT KaTeLOVVO

H xopoartikn eiocmon 2" 1aEnc £xet pia enl TAEOV YOPOKTNPICTIKT] KOUTUAN

0o 0% _, x-ot=8
ot’ ox’ X+ct=n

c: Tayvmra Kopatog



Entivon Kvpoatikig pe Avantoypoata Idwocvvaptiicemv

Kvpatikn E&icoon pe ¢’ a ¢ _ T _X'_ N X"+2X=0
MEPLOJIKEG CUVOPLOKEG 52 8x ST X ~ T+Ac’T =0
cLVONKeC:
%
d(x=0,t)=¢(x=L,t), ¢(x,t=0)=£(x), . —(x,t=0)=g(x)
: : , — X, =A™ +Be™ kaanZO
L.=k? >0 diver 1drotyég oty X drevhbvvon L
KOl TIC OVTIGTOLYEC 1OI0GVVOPTIGELG s T =C e 4+ e o =k ¢
B(t,x) = Z E_eltmon) 4 | oo o =ck Yyéom Suiccmopécg Yo TV
cLVAYOYN

Ot Em ka1 Fm amotelodv cuvovacsud tov apyik®v ctafepov Am, Bm, Cm, Dm, kat
TV oL VYOV TOVG Kot vVIToAoyilovtan pe Ao T dV0 apyIKES CLVONKES, EVD M
TEPLOOKOTNTA EIVAL EVOOUATOUEVT GTIS T|UTOVOELDELC 1010GVVAPTIGELS

O1 600 TopaTAVED ADGELC TTOV TEPLEYOVTOL GTNV ATELPOCGELPE AVTITPOCOTEVOVY KOLOTO,
7oL 01001d0VTaL GTIG 0VO YOPOUKTNPIOTIKEC O1EVOVVGELC TN KLUATIKNG EEIGMONG

‘Eva mov dradidetat mpog ta de&ld mhve otnv gubeia k x-o t=2100epd Kot

‘Eva mov dradidetat Tpog ta aplotepd mdve otny evbeia k x+w t=2t00epd



*  EvoAlokTikd, Kot Y10 OTO100NTOTE YPULUIKO TPOPANUO GE KOPTEGLAVT YEOUETPIA,
umopovue €€’ apyng va vwobécove pio Ao eKOETIKNG LOPPNG OTTMC TOPUKATMD Ko
V0O, T GVTIKOTOGTICOVUE GTNV UEPTKT] O10POPIKT) EEICMOT TPOKEUEVOL Vo, BpovLE
NV o)€on oonopas, o =, (k)

_ 2mm

b, (x,t)~ e k=

m=0,£1,+2,...

e T mapdderypa aviikabiotdvTog 6TV KUUOTIKT TOiPVOULLE

g [(—imm ) —c'(ik, )2] =0— - +(kc) =0>w =tk

* Avokt@vtog £TI61 TNV 6YE0N OoTopdc, o, =+ck , kot yio Ta 600 dddopEVE KOULOTOL
KaO¢ Kot TV Avon pe v Hopen 000 amelpocep®V Yo kAOe pio owd TG AVGELC TG
o£0MG O1oTOPAC

* H oyéon dwoomopdc mepiéyel mAnpoopia yio Ty OGT TOV TPOPANLATOC TOV ETAVOVUE
KaB¢ Kot Yo tnv €EEMEN TOL e TOV YPOVO Kol OVOAOYMS TG LOPPNS TOL O,
TPAYUATIKOG 1 OETIKOC/0pVNTIKOS POVTUGTIKOC 0p1OUOC UTOPOVLE VO LLAGLE Yo
TPOPAN U 010000M ¢ KOUATOG, Yio O1dyvuom, Yo evotddeln, acTddeln KTAT

e Tnv apBuntikn oyéon dacmopdc B avalnTocovue Kot Yio Ta, aplOUnTIKa Gy1UOTo TOL
Oa ¥PNOIUOTOU|GOVUE TPOKEIUEVOL VA, TPOPAEYOLLE TNV EVGTAOELL TOVS GTNV YPOVIKY|
OAOKAT|POGN



Rm(x,t):

XPNOOTOIOVTAC TNV 1010 TPOGEYYIoN Yo TNV KVUaTIKY e€icmwon 1M tdEng Eyovue

% + u—d) = ()bt — st (—1com + 1ukm) =0—> o =uk
oX
Avoktavtog £161 T0 KOP Tov dadideTan mpog ta 0e€1d e oyeon dwomopds o =ck
H cuvolikn Abom dideton mdAl amd Evay YpopuKod cuvovacud OAOV TV

KOULATOLOPOOV ¢, (X,t)

B(EX)= 3 0, (x,t)= > C e o =ck,

H enidpaomn ¢ oy€ong 0106mTopac QOIvETHL Kol GTNV GLVAPTNOT ATOKPIoN G KAOE
LG ortd TIC KUUOTOUOPPES
O (X,t + At) g entent) o i, H popet anth g cuvaptnong andkpiong
d (X’ t) - g kmx=nt) - - 1GYVEL V1o KAOE YpOopKO TpOPAN O Ko 1
" oyéon otacmopdc kaBopilel To kotd TOGOV M
zyion omopisy R (X t) _ ol g itk AXAUAY Cr=" TAPOSOC TOL YPOVOL EMNPEALEL TO TAATOG M

ek, e My @AGT TS KUUOTOHOPPTS 1] Kat T §10

R, (x,t)=e™" a =k Ax, s =0 At

Ta a,, kot s, amwoTeEAOVV aplOUNTIKY €KO0YT] TOL KLHOTAPIOUOV KOt TNG O10CLYVOTNTAS Kot
YPNOLOTOIOVVTOL EVPEMS GTNV AVAALGT) EVOTADELNG OPOUNTIKOV GYNUATOV

H 1dwocuyvotta o, Kot To apuntikd g avaroyo s, etvor v yével pryoadikot aptdpol twv onoiwmv
TO ULYOOIKO UEPOC TOPEYEL TANPOPOPIN YL TNV XPOVIKT EEEAIEN TOV GOLVOUEVOD

To TAdTOg KoL 1| AGT) TNG GLVAPTNONG ATOKPICTS TAPEXOLY TIG 101EC TANPOPOPIEC Y10, TNV
CUUTEPLPOPE. TNG EMIAVONG TNG LEPIKNC OLOLPOPTKNG EEIGMOONC KOL GTNV 0LGIO OVOKTOVV TNV GYECN
OL0.0TTOPAIC



H cuvaptnon andxpiong R, etvar emiong ev yéver pryadtkog aptOpog ko yo tnv
aviivon g opilovpe TNV €IKOVO TAATOVS, TOV £lvol TO pHETPO TG R, Kot tnv
EIKOVOL PAGNG, TOL €lval 0 AOYOG TOL OPICUATOG TNG TPOG TO OPICUA TNG GLVAPTNONG
andkpiong g e€lomwong cvvaywyng Cr a,,

O, =0, +10_,

o, At —io, At o, At Sm.i

:e N :en’l,l

Ewova ITAdtoug : ‘Rm‘:‘e‘i‘”mm =

s =S +1S .
['a v e€lomon cuvaymyng n eikova TAdtovg ival 1 agob to o, eivor Tporypatikdg
apBuog kot cvvenmg o, =0

[Ipoxepévou va amopevuydel n cuveyng avENom ToV TAATOLS TNG O, KOL O OTEPIGUOG
g Avomg BEdovue 1 ekdva TAGTOVG va givar < 1 1 aAlimg BEAovue s ;<0

Im(R,)
. (R ) —arctan Re(R) o At S
r I4 B g m = — =
Ewovo daong : QR(am): a Cr B a Cr - a ’Cr B a él‘

['a v e€lomon cuvaymyng n eiova eacng eivat 1 a@ov cOuemva pe Tnv oyéon
OLOTTOPAG ® =0, =uk , Kol cLVEn®G o, At=s =a Cr kot tedika Q=1

H ewcdva mAdtoug Ko 1 1KoV @AcNS ¥PNGLULOTOIOVVTOL EKTEVAS Y10l TNV AVAALGN
aplOUNTIKOV GYMNUATOV Kot amd T ToparTdve Kodictatal acagig OTL TNV 0VGia 1
aplOuntikn avdivon evotddelog eivon pio Tpoomdadeia va Bpedel n oyéon dacmopig
TOL aPLOUNTIKOD CYNUATOG

MdéAota 1 avdAvon avt aeopd KABe pia amd TIC KOUATOUOPPES TOV EUTAEKOVTOL
GTNV TEPLYPAPT) TNS AVCNG LLE TNV LOPPT| TNG OMELPOGELPAC



Avaivon Evotafsiog AptOuntikov Xynqpoetos kota von Neumann
['o v peAétn evotdbetac evoc apBuntikov oynuatog Aaufdavooue vroyn to EENG:
Axp1prig Avon MAE, ¢, - Axkpifig Avon AZ, ¢,, = Zedipa Atokonng (ZA)
Yroloyiotikn Avon AL, @, - Akpng Avon A, 9,, = Yrnoroyiotko Adbog, €
H ap1Buntikn Adon, ¢, kabog kot to apBuntuo Adbog, €, tkavomolovv tnv idwa
YPOUUIKT €Elcmon dtopopdv (aplOUNTIKO GYNLLM) TTOV TPOKVTTEL OO TNV
OLOKPLTOTTOINGT] YPOUUUIKDV UEPTKDV SLOPOPIKDV EEIGHGEMV

Mdaiota yio peydho aptfud kOuPwv 6to TAEYIN UTOPOVV VO TEPLYPAPOVV OTTO
ATELPOCELPES TNC 10106 LOPPTG TTOL YopakTnnpiloval amd TV 1010 GLVAPTNOT ATOKPICTG

+M/2 +M/2 (K, x—ot) +M/2 (K J A%, nAL) +M/2 o
ma" WYm m “%m n 1a,.,
d(tx)= X ¢, (xt)= > C.e = 2 C.e = 2, &
m=—M/2 m=—M/2 m=—M/2 m=—M/2
+M/2 +M/2 i(kmx—(umt) +M/2 i(kmij—mmnAt) +M/2 n i
8(t’ X) - Z gm (X’t) - Z Cme — Z Cme — Z dme )
m=—M/2 m=—M/2 m=—M/2 m=—M/2

['o Tnpn oepd Fourier k =2mn/L, m=20,+ 1, £ 2..... £ 00, 6mov L 10 ddotnua
OPIGLLOV TOL X

Opwmc yioo v aptBunTikn emilvon to TEMEPUAGUEVO UNKOG TAEYUOTOS OEV EMTPETEL
TNV GLUUETOYN KUUOTOUOPPOV OGOONTOTE LKPOD UNKOVG KUUOTOG



* k=0 avtiotoryel otnv otafepn) cuvapTnom Kol 0ev exnpedleL TNV evotdbeia

* av ypnoipomomoovue M dwnotiuata, L=MAX, t6te 1<m<M/2 eivan
amodekTOl KLHOTOPIOUOl TOL AVTIGTOLYOVY GE KOUaT unKovg and L émc 2Ax

KvportapOpog k =2mn/L, a_=k Ax pnxog kopatog A =2m/k

m=1, péyioto k,=2n/L a,=2nAx/(MAX)
HNKOG KOHOITOG M=2n/k,=L a,=2n/M

gm a, =0
m, EVOEIKTIKN k =2mm/L a,=2tmAx/(MAX)
nepinTOon A =2m/k_=L/m a,,.=2nm/M
m=M/2, ehdyioto | ky,,=21tM/(2L) ay,=2TMAX/(2L)
uMKog KVpotog | o, =2L/M=2Ax Apyy =T
cuyvotnta Nyquist

e Mnkn xduatoc pikpotepa Tov 2Ax dev gival epiktd vo vIToAoy1s00vV AOY®
TOV TEMEPACUEVOL UEYEDOVC TOV TAEYLOATOG

» Xpealopoaote TV aplOuntikn oxéon owonopds, s,.=s.(a,,) v 0<a_<n



* H dwgpopd peta&d aplfuntiknig Kot VTOAOYIGTIKNG AVONG TPOKVTTEL O1OTL @1
KPOTAEL TEMEPAGUEVO OPLOUO GTNUOVTIKOV YN@imv, 6 yia amdn Kol 15 yio 0urhn
aKpifelo Kot CLVETMC EYEL OIKO TNG GPAALLO OTOKOTNG GTO OO0 GLVLTAPYOLY OAEC
01 dLVATEC KUUOTOLOPPES

* 'Etct av apyikd, t=0, n ¢ yapaktnpiletal omd pio KoUoTocuvapTnon KAmTolov m, m.y.
Etvotr @(x,t)=0¢(J,n) 10T EVO GOLPOVA LLE TNV AVOALTIKT Kot optOuntikn Avon Oa
TOPEUEVE TTAVTO OVTT], O DITOAOYIOTNG TAPBEYEL KOl AAAEC LEG® TOL O1KOV TOV
GPAALOTOG OTTOKOTYC

*  Mog evolapépet n eEEMEN kAOE piog €€ AVTOV TOV KLUATOLOPPDV TOV VILAPYOVY GTO
VTOAOYIGTIKO AdB0GC KaBmS avéavetal o aplBuoc Tmv ypovikav Pnudtov ta onoia
VAOTTO10VVTAL KATA TNV aplOUNTIKT ETIALGT TOL €V AOY® aplOUNTIKOD GY1UOTOG

e To Vv avédivon Tov aplOunTIKoD GYMNUATOS EIGAYOVLE TNV £VOL0 TOV TOPAYOVTO,
evioyvong A,,, 0 orotog opietatl mg e&Ng

€ (X,t + At) B ei(amj_smn_sm) _ € (X,t + At) anﬂelamj ai:l

A, (x,t)= e (51) =~ =™  Evoloktwd: A (x,t)= e (o) T

* O mapayovtag evioyvonc A, etvar emiong pryadkog aptipog ev yEveL Kot Yol TNV
LeEAETN Tov opilove TNV EIKOVA TAATOVS Kol TNV EIKOVA (ACTG TOL KT avaloyio Ue
TNV cuvapTnon anokpions R,



&nmﬂ (Dm - (Dm,r + i('Om,i
S

['a v anoguyn actabeumy B ove ‘Am‘ =

Ewova [TAdTovug : ‘Am‘ =

S =S _+1S__

m m i

gnﬂ
m

=2 <l<¢>s <0 7y kabe KvpoTopOPEN M

Im(A,)
Sm,r

(A ) —arctan[R (A )
—ar A,
Ewoéva Paong : QA(am): agcrm - a Cr - a_Cr

m

e H avdivon g couneprpopdc tov aptBunTikov oynuatoy opopd Kupimg Tov
VTOAOYIGHO TNG EIKOVOG TAATOVGS KO TNG EIKOVOS (PAGTC KOl GUVIGTA KAT  OvGiov
TNV EVPECT] TNG OPOUNTIKNC oYEoNS d0oTOPAS OV AmoTEAEL aAAOI®mON TNG
aVTIOTOYNG OVOALTIKTG GYECNG O1OTOPAS S, =S,,(2,,) ATO TO YPTGULOTOLOVLEVO
aplOUNTIKO GO

*  Evdugpépel n amotiunon avtr yio ke duvotr) KOUOTOULOPPN M OO OGEC
emrpEmovTol LUe PAom TNV TAEYLOTOTOINON

e H dwpopd petacd g ekdvac TAATOVS TS GLVAPTNOTS ATOKPIGTS KOl TOV
TOPAYOVTO EVIGYLON G CUVIGTA GPAALN TTAATOVG,

R, |#|A, | > Zodipa mhdToug
E&aptnon tov cpdApatog and tov kopotopOud — Iapapdpewon mAdtovg

AplOuntikn o1dyvomn 1N avTodLC™ oV ‘Am‘ <1l ‘Am‘ >0, avtictorya



H dtapopd petadd g ekOvag GAGTC TS GLVAPTNONG ATOKPIoNS KOl TOV
TOPAYOVTO, EVIGYLONG GLVIGTA GOAALO PAoNG,

Q.(a,)=Q,(a,) > Zedipa @dong

E&dptnon tov ocedipotoc and tov kopatapdud — Iapapdoppeoncn eacng
[Tapapuopemon edong — ApBuntikn 610emopd

Q,(a,)>Q,(a,)— H apOpuntim @don eivor mo ypriyopn g axppois Aoong
Q,(a,)<Q,(a,)— H apBpntm pdon eivor mo apyn g axpBodg Aoong



Avaivon Evotafswog E€lomong Zvuvayoyng
MAE—'—¢+ u@ 0 (I)(X = O,t) = d)(x = L,t), d)(x,t = O) = sin(zzm Xj

ot ot
H avaAivtikn Avon eivon @(x,t)=sin[(2mm/L)(x-ut)]
ApOunticd Syipe FTBS 077 —¢7 ¢/ —¢], et ,
akpipeiog O(At,AX) At u AX 0——2—¢]" = ¢} (1-Cr)+ Cr¢y,

H Aon mov 0o TpokOdyEL VITOAOYIGTIKA, &)( j,n), amd TNV ETIALOT TOL APLOUNTIKOD CYNUOTOC
ol Tnpel TeEneEPACUEVO aplOUO CNUAVTIKOV Yneimv.

Opilovpe t0 cQaApa & = &)? —¢; AOY® VTG TNG AMOKOTNG KOl OVTIKAOIGTOOUE GTO
TOPOTAVED aPOUNTIKO GO

¢““ —<|> (1- Cr) er) = () Htid >0 +€!" =¢7 (1-Cr)+¢} (1-Cr)+Cr¢!, +Cre}, —>
(o™ — /Cff— CrpT\+¢™ —¢’(1-Cr)—Cre], =0 —>¢&" =g (1-Cr)+Cre’,

2VVENMS TO aplOUNTIKO cQAALO 1KavoTolel TNV 1d1a e€lomon O1POoPOV LE TNV
aplOuntikn Avon



e =¢"(1-Cr)+Cre!,

J
H nopandve eiocmon sivar ypappkn ko, yio peydio aptbuod kopuPov M oty x
KatevBvvon, n Abomn ¢ unopel va avamopoactadei pe menepacuévn oepa Fourier

k=M/2 k=M/2 k=M/2

g(t,x)= > g = > &le™= > ( e™e™, 0<a =kAx<m

k=—M/2 k=-M/2 k=—-M/2

AV OVTIKOTOGTGOVLE TO TOPOTAVED avamtuyuo Fourier 6to apiBuntikd oynua,
AOY® ™G YpOoKOTNTAG TOV KAOE 0pOog €., pmopet va eEgTachel Eexmprotd Kabmg
IKOVOTIO1EL TO TOPATAV®D GYTLLOL

AvtikaOiotovtog v €., 610 apuntiko oynuoe FTBS Bpickovpe tov oyetikd
TOPAYOVTO EVIGYLGNG

n+l
Erle’f =€ e"f(1-Cr)+&e™f'Cr> A_= (g*j =1-Cr+Cre™
n+l m
A = aﬁ‘] =1-Cr+Crcosa_—iCrsina_

m

m

2xomdg glvat 1 €LPECT TG APLOUNTIKNG GYECTG OGTOPAGS S, =S,,(a,,) GOV GLVAPTNON
TOV TOPAUETPOV TOL TPOPANHaTOS, a,,, Cr

Apycd vroroyilovpe TNV 1KOVA TAATOVS TOV TAPATAVED GYTULOTOG

A, | = \/(1 —Cr+Crcosa_) +Cr'sin’a, —

A,

= \/(1 —Cr) +2(1-Cr)Crcosa_+Cr’cos’a_+Cr’sin’a_



A,

= J(1-Cr) +2(1-Cr)Crcosa, +Cr’ =/1+2Cr(Cr—1)(1-cosa, )

o evotabewn Ba mpémet |A | <1—1+2Cr(Cr-1)(1-cosa, )<1—

2Cr(Cr—-1)(1-cosa, )< 0—t==>Cr<1

N Cr=12_—
of —

Cr=0.5
2 a_
2TmAX  21m
a =k Ax = = , O<a_<m
L M

H nepintoon Cr=0.5 eivar evotadng

Kpumpio Fredrichs — Courant — Levy

['a v nepintowon mov Cr=1.2
TO oYU Eival aoTtabé Yo
a,>0.5 Omov 1 eioOvVa TAATOVG
Eemepvaetl aicOntd to 1
MdAota yio TV TEPITTOGT TOL
w.y. M=200 o1 101o0popPES o1
HeyoAvtepeS TOL 15 avapévetot
va, VioyvBohv onuavTiKd Le TV
TAPOOO TMV YPOVIKOV PnudTmv
O1 OOHOPPES LIKPOD UNKOVG
Kopatog, m~100, evieyvovtot
TEPIGCOTEPO ATO OAEC, TPAYLLOL
OV TTPOOLMVILETAL TNV EULPAVIOT
Z1g-zag GTIC TPOGOUOLNGELS



Ewkova @aong

o

) Cr=0.5 Q.| Cr=1.2

o B

o

L
(=
o
o

m -10f
Ooco peyarmver o Cr petodvetron o kopotaptOuog TEpav tTov 0moiov 1 eKova
@aonc eppavilel kabvotépnon o€ oyéomn Ue TV akplpr) Avon



Entlvon pe Xpijon Appnrtov Xynpotog

/S P U SRS ¢ (1+Cr)—Crd" = ¢’ or=9., ¢ =f(x)
At AX J J J J J

AppnTto GYNUATO YPNCLOTOIOVV TIUEC ATO TNV KOVOUPYLO YPOVIKN CTUYUT Y10, TNV
OLOKPLITOTOINGT TOV YOPIKOV TOUPUYDYDV
‘Exovv v 1dta1tepdtnta 0Tl EUTAEKOVY TOAAES OTTO TIC VEEC TIUEC TNG AYVOOTNG
GLVAPTNOTG KOl GUVETMG OTTOLTOVV TNV AVTIGTPOPT] TIVOKA YO TOV DTTOAOYIGUO TOVG
To ev AOy® oynua epumAékel 000 vEEC Kot pia maAld Tiurn o€ kabe elomwon yia v
avavEMOT NG TIUNG o€ pia B€om

n:1,2...N_19N NAt:tﬁnal

e Xpnonmg llayw v
OL0KPLTOTOINGN TNG
YPOVIKNG TOPUYDYOV

e  Xpeldletal Topaymylon g
YOPTKNG TOPAYDYOL GTNV
VEQL YPOVIKT] GTIYUN UE
YPNOT GLVOVAGLEVOD
avantuyuatog Taylor mg
TTPOG TOV YPOVO Kl TOV

XOPO

j=1L2.M-1LM MAx=L

»
»




e Avamrtoypa Taylor ywo 6v0 pertafintég

0(x, +AX,y, +Ay)= Y. 1 0"¢(x,.v,)

Ax'Ay"+E,, E, < L(‘AX‘ +|Ay])" « Ynohouo

e Llm! - Ox'oy” " (n+1)!
(I)(Xo—i-Ax,yo+Ay):(|)(xo,yo)+@ AX+@ Ay_,_a(l) Ax +8(|) Ay N ox0) AXAy+
ox|, oyl ox|, 2! ay| 2! oxay| 1
_I_@(I) AX +5¢ Ay N o' AXAY+ ¢ | AxAy +O(‘AX‘+‘A}7)4
ox’|, 3! oy’| 3! ox‘ay| 211! oxoy| 112!

* T v e€aymyn ¢ Topamdve 6YEoNS AL Kol YEVIKOTEP®V GYECOY TOV JLUTTPOVV
TEPIGGOTEPOVS OPOVS GTO AVATTLYLO YPNOLOTOLOVUE TNV EENG dladKacio
Ewsdryovpe v petapint s étot dote: ¢(X,y)=(X, +8AX,y, +sAy) = ¢(s)

e Anuovpyovpue 1o avamtuyua Taylor e ¢(s) yopm and v tiun s=0 BEtovtog As=1, Kot
EMAVELGAYOVLE TIC X, Y KAVOVTOG ¥PTOT TOV KAvOVa, NG 0AVGIO0G
do d’d| As® d'¢
S)=0(0)+—| As+ +
#(s)=4(0) ds|, ds’ ds’
d¢:8¢dx+8¢dy:8¢AX+8_¢Ay
ds oOxds oyds oOx oy

A6S +O(As4), X =X,+SAX, y=y,+sAy

0 0

¢(O):¢(Xo’y<))’



RETETARE T JOOK: WS YL O YT
ds ds\ds/ dx|ox oy ds dy| ox oy ds

6¢AX2+8¢ a(I)AyAX+
ox’ Ox0y Ox0y oy’

2 2 2 2
g ¢Ay2 _0 (IZ)AX2+2 % AyAx+a d;Ayz
OX OX0y oy
[Ipoywpovue avdroya yia TIG ovAOTEPNS TAENG TAPAYDdYOVS KOl OVTIKOOIGTOVTOS GTO
AVATTUYUO (OC TPOG S AVOKTOVLE TO OPYIKO OVATTUYLLO TNG ¢ MG TPOS TIS X, Y
e Emavepyouevol oto aptOuntikd cynuo wov BEAovUe va LEAETCOVUE £YOVLIE,
XPNOOLOVTOG GUUPBOMOUO HE dLOKPLTEG HETAPANTEG Yl cuvTopia, 1.e. X=JAX, t,=nAt,
Ko pe faon to mieyuotikd onueio j, n :

n n+l n 21 |® 3|0 2 4 3
-0 At At At
o _ 4" -9 _JopAt_00f AU 0 +O(AY)  (lla)
ot |, At ot j 2 ot j 3! ot j 4!
n 2 “AZ 3 nA3 4 nA4
¢?“:¢?+@ At+a(j) t +a<3|> t +aﬂ> : +0(At") (12a)
! ! ot |, ot j 2 ot j 31 ot ; 4!
¢T‘_+f=<|>f‘+a—¢ A=00 px DO AL OOF A OO jiuy 4
j j j an 8t2j 2 axzj 2 8t8xj
8(1) At B 82(1) At AX+ 8(1)2 AtAX _8(13) AX +O(‘At‘+‘Ax‘)4 (126)
o, 6 oJtox| 2 otox”|, 2 ox’|, 6




(120t)—(12B)—>¢?+1—¢?_+11=2—$Ax+§£{ AtAx—gX‘lj AX2+O(\Ax\+\At\)3—>
O 0 0L 0ep 00 2 co(ax|+ay])  a3)

OX |. AX otox

J

8X2j 2

j

I" Tportomomuévn E&icmon . ,
Ypdiuo AToKon
N Garp ne

(1) +ux (13) - g‘fmad’ Do 09l apusd 5

2 : s uAt +O(|at|+]ax|) |+
OX ot 2 ot° 3! ox° 2 otox

MAE — =0 LU T O S0 ApBmTicd Expo

At AX

o IIpoketrton yia dppnto cvvenéc oynua pe axpifeto O(Ax)+O(At)

* T v 2" Tporomomuévn e&icmon vroAoyiLovUE TIC XPOVIKEC TAPAYDYOVS LEGHD TMV
YOPIKDOV TOPOYDYWOV LUE YPNOT TNG OPYIKNG LEPTKNG IAPOPIKNC eEIGMOONC, Y10,
aTAOVGTELOT], KOl £YOVUE

6¢:u28(|)’ oM _u38¢ 8(1)_8(8(1))_6(_11@):_116(1)

ot’ ox’ ot ot Ox’

3

ox’’ Otox O Coax\ o ox
* Avtikabiotovtoag oty 11 Tpornoromuévn E&iocwon maipvovpue tnv mopakdtm 2N
Tporomomuévn e Mepikng Atagpopikng E&icmong

09, 0% _ R (qu CUAt o' u’At®

00, % _ T/ ul )

+u2Atj +




o 2Oupwva ue v 21 Tpomomomuévn E&lomwon to ev Adym dppnrto oynua, Fully
Implicit Euler, eivon wavta evotabés kot yopaxtmpiletonr Kopimg amd ceaiua,
TAATOVG, 0POV 1M aplOUNTIKY O1dYLOT TTOV EIGAYEL Elvan TTAVTO BETIKY) Kol OeV
EMTPEMEL EVIGYLON KOODC TPOY®PAEL 1] APIOUNTIKT] OLOKANP®OT LUE TOV oplOuUo
TOV YPOVIKOV Pnuatmv

* T d avotnp1 AVTILETOTIOT TOL BELATOC TNE EVGTABELNS TPOYDPOVUE GTNV T
Aemtopepelokn ovédivon katd von Neumann

e T tov okomo avtd B€Tovpe Yo pia wxouoc KUpOTO LLOPPT] TOL VIEIGEPYETOL GTO
VIOAOYIOTIKG GOAAUL OTTOKOTHC, €, €, = Ene™ Kot avTikafIoTOOE GTO
ap1OuNTIKO GYNUa, TO OTO10 aVTN smcmc; 1KOVOTOLEL AOY® TNG YPOLLUIKOTNTOC TOV
TpoPAN oG,

n+l1 n+l n+l n+l

Eni &, ‘u €ni ” Em i ~0 eh ~En el &erl ia,, —Ene iy Cr(&ml ia, &Jnﬂ ia, ) 0—>
At AX

S0 4 crln (1-e™)=1>A [1+Cr(l-e™)|[=1>A = : -

e e " " 1+Cr(l-e™)

A = ! - <« Ilapdyovtag Evioyvong

m

1+Cr(1-cosa, )+iCrsina,

A, | = : <1 VCr,a, >0

\/[1 +Cr(1—cosa,, )]2 +Cr’sin’a_

* H awkdva mAdtovg Tov mapdyovia evioyvong npoPfAénel mévta evotdfela acyETMC TG
TIuNG Tov apduov Courant, G€ GLUPOVIO LLE TO ATOTEAEGLLOTA TMOV TPOGOUOUDGEDV



1,20E+00

Cr=2, At=0.25 e To dppnto apBuntikd cynuo
—t1 ayyvaton evoTdeia Ao, Kot
=2 v Cr>1
* Ouwmg, y1d oyetikd apotd TAEY O,
S (80 daotUOTA), £YEL OPKETY
=6 aplOunTtikn owdyvon
e  XpeldleTol TOKVMOGOT Yo VO,
PR S S A amTOYEL IKOVOTTONTIKY aKpiPetor
éo Qéo Qéo & Qéo & & & Qé() & & =10 HSTd oo GHM(IVTlKé apt@u()
YPOVIKOV Pnuatmv

1,00E+00

8,00E-01

6,00E-01

4,00E-01 -

2,00E-01 -

Qﬂ N T ™ h B b AT Y 9 N

ApOuntikn exidlvon Tov dppnTov
oympatog yia Cr=2, At=0.25 ko1 Ax=0.5



Ylomoinon ApiOuntikic ExiAvonc Appnrov LyMquotog

(I)r.1+1 _ (I)I.Hl (1){1+1 _ (I)n:rll uAt
J L +u— = =0—>¢""(1+Cr)—¢'Cr=¢’ Cr=—o
At AX o ( )= 45 % AX

[0 viomoinon Thomas opilovpe: AP, =1+Cr AW =Cr AE, =0 b, =¢’

J

AP —AW | —AE ¢ =b. (14) j=2,3...M+1, M:ApOudg donotnudtov

j+l
Ieprookég Xovoprokés ZovOnkes & Apykn
V ypoviko fpan : ¢ =¢),,, <« Ileprodikdtnra
n=0:¢ = f(xj) <« Apyixn cuvOnkn

e  AdY® TEPLOOKOTNTAC AVVOLLE Yo M ayvidoToug, OnAadT] TIG TIUES TNG @ Yo J=2
g¢wg M+1 kavovtag ypnion g EE(14) yid kdbe Evav amd Toug ayvmdGTOVg

Opoc yj=2: ¢, , =¢; =9¢,,., Koum npotn e&lcwon Taipvel TNV Lope|
j=2, AP —AW,0. =b,=¢. mpokeévov va unv avénbei o aplOpog tov ayvhotov

M+l

YVVETMC KATUCTPEPETOL 1 TPLOILYDVIO LOPPT] TOV TTivaKo Ko ¥PEIACETOL TPOGOYN
otV OtdkaGio ExiAvong Omov vTApPYovVV OVO eMAOYEC (o) art’ evbeiag avTioTpOPN
Ko (B) emidivomn otabfepomoinoT CUVTEAEGTOV KOl ETOVAANTTIKY dlodikacio



A) To mpdPfAnua Tpog emiAvon £xel TNV TOPAKAT® UNTPOELOTN LOPPT) KAl GUVETMG
amoLteiTOn ONUovpYio TAPOLS VUKW, UE OTL GUVETAYETOL AVTO ATO TAEVPAC
ATOOMKEVLTIKNG UVIIUNG, KO TTAT|PT] AVTIGTPOPT KAvovTag y¥priomn amarotpng Gauss 1
nopayovionoinong LU, ue 6t1 cuvendyeton avtd and mAgvupdc ypnong ypovov CPU

[1+Cr 0 o 0 0 0 —Crlfg™] [ ¢
~Cr 1+Cr 0 0 0 0 0 |lgm | | o
0 —Cr 1+Cr 0 0 0 0 || g | | 4
0 0 ; ; ; 0 0 Co=]
0 0 0 -Cr 1+Cr 0 0 |lgt| |
0 0 0 0 —Cr 1+Cr 0 |[g] | &
|0 0 0 0 0 -Cr 1+Cr ]| g | | o |

['la Tov 6K0md AV TO VILEAPYOVV ETOUUES DITOPOVTIVES TTOV AVTIGTPEPOVY EVOV TANPN
nivaka 0 omoiog Ba £xel TPONYOLUEVDS KATACKELAGHEL KATAAANA AN

B) EvoAloxtikd kot Tpokelévou vo omopevyel 1 dracikocio an’svbeiog aviioTpoeng
npoteiveton vo ekTiun0ei 1 Kavovpyta T Tov teEAELTAiOL KOUPOL @)y, AVTIKOOIGTOVTOG
NV UE TNV ToMd TG Tiun ®ote vo Awbel pia aAiniovyia tpdtayodviev TpoAnudtov
LEYPL TEAKNG CVLYKAOTG



'Eto1 10 mpoPAna o€ UnTpoELON LOPPT) TOLPVEL TNV LOPPT

1+Cr 0 0 0 0 0 0 [ [gh+Crayit]
—Cr 1+Cr 0 0 0 0 0 et ¢
0 —Cr 1+Cr 0 0 0 0 i R
0 0 . . . 0 0 . 5
0 0 0 -Cr 1+Cr 0 0 Vi Pus
0 0 0 0 -Cr 1+Cr 0 e o
|0 0 0 0 0  —Cr 1+Crlgi| | 40,

e Omnov topa M GLVEIGPOPE TNG KAVOUPYLOG TIUNG TOV TEAELTOIOVL KOUPOL 6TV
eElomon mov avtictotyel 6Tov 0£0TEPO KOUPO exTipdTOL LE BAOT TNV TOALL Ko
uetatifetal oto 0eEl LEAOC OOV UTAIVOVV O1 YVIOGTES TOGOTNTEG

* Twpa viomoleiton emavoAnTTiKn oldKacio Omov oe KaOe véa emavainyn, k+1,
emMOETOL VoL TPISLOYOVIO TPOPAN L KoL EKTILGTOL 1] KOvovpyte T Ty,

e 'ET01 eKTIULATOL TO AVVUOLO TOV OLYVOCT®V ETOVAADETOL TO TPOPANUA Kot 1] O1o0tKaGia,
cvveyiletal uEypt ot TIHES TOV @ LETAED OVO SLUO0YIKDOV ETAVOANYEDY VO
TPOcEYYIGOVV KUTA MYOTEPO EVOC TPOUTOPAGIGHEVOL AdBovg, T.y. ue Bdon v
Evkeidera vopua, omdte ko Oempeital 0Tt €xel emtevydel o ykAlon Kol 1 d0dKacio
cuveyiletal Yo To ETOUEVO YPOVIKO Briua.

e H dwdkacio avtn avopéveTal voL GUYKATVEL GYETIKA YPTYOPO AOY® TNG 010 YMVING
VILEPOYNG TOL TPLOLOYMDVIOV TIVOKO TTOL TTPOKVTTEL, KOl TOAAES POPES KPIVETAL

TPOTIUNTED GE GYECT e TNV A’ gvBeiag avTioTpoPn



IIwakogonc Mopon Hpopifquatog

i=2 [ AP, -AE, 0 o Me] [,
j=3 |-AW, AP, -AE, 0 0 o] | b
i=4 ~AW, AP, -AE, = | b,
=M 0 0 —-AW,, AP, —AE (I)“M+1 b,
j =M+1 | 0 0 _AWM+1 APM+1 _ _(I)nM+i1 | _bM+1

* Tpwyoviog [Tivakag Zovng,

* Enihvon pe AAyopiBuo Thomas avti yio amarowpn Gauss yia
LLEYOADTEPT TAYVTNTO ETIAVCNG

« H amaiowpn) Gauss omartei mepimov M3 mpdéeic evéd o Thomas M
Y10 TNV OVTIGTPOPN

* AAyop1Bpoc Thomas: ‘Eoto ¢, =P¢,, +Q, (15) j=2,..M+1, P, =0

* Xpetaletat vo Ppodpe ta P;, Q,



(15)> ¢, =P 6.+Q_,  (16) j=3,...M+2

y AE. b +AWQ
(14) (16) )(I).:(I)v+1 J 4 i%i
© VAP -AWP, AP -AWP

(15)

P AL, Q b, +AWR,, i=2,..M+1 (17) Avodpoutkn oyé

. ) _— = ge oo R — G G

' AP-AWP,~ ' AP -AWP ] POLIKT OXEO
* AhyopOpog

* Yroloyiopog tov AP;, AE,, AW, yia j=2 éog M+1 amd v (14)

* Yroroyiopog tov P,=AE,/AP,, Q,= b,/AP,

* YroAoyiopog tov P; ko Q; yio j=3 éog M+1 amd v avaopopikn oyéon (17)
* YoAoYIGpOG TOV @y =Qppey (Pypy=0)

* YroAoyiopog tov ¢;, omd j=M wg 2, amd v avaopopkrn oyéon (15)



