
Design via Root Locus



After completing this chapter the student will be able to:

 Use the root locus to design cascade compensators to 
improve the steady-state error

 Use the root locus to design cascade compensators to 
improve the transient response

 Use the root locus to design cascade compensators to 
improve both the steady-state error and the transient 
response

 Use the root locus to design feedback compensators to 
improve the transient response 

 Realize the designed compensators physically 

Chapter Learning Outcomes



In Chapter 8, we saw that the root locus graphically displayed 
both transient response and stability information. 

The locus can be sketched quickly to get a general idea of the 
changes in transient response generated by changes in gain. 
Specific points on the locus also can be found accurately to give 
quantitative design information. 

The root locus typically allows us to choose the proper loop gain 
to meet a transient response specification. As the gain is varied, 
we move through different regions of response. Setting the gain 
at a particular value yields the transient response dictated by the 
poles at that point on the root locus. 

Thus, we are limited to those responses that exist along the root 
locus.

Introduction



Introduction



Flexibility in the design of a desired transient response can be 
increased if we can design for transient responses that are not on 
the root locus.

Figure 9.1(a) illustrates the concept. Assume that the desired 
transient response, defined by percent overshoot and settling 
time, is represented by point B. Unfortunately, on the current 
root locus at the specified percent overshoot, we only can obtain 
the settling time represented by point A after a simple gain 
adjustment. Thus, our goal is to speed up the response at A to 
that of B, without affecting the percent overshoot. This increase 
in speed cannot be accomplished by a simple gain adjustment, 
since point B does not lie on the root locus. Figure 9.1(b) 
illustrates the improvement in the transient response we seek: 
The faster response has the same percent overshoot as the 
slower response.

Improving Transient Response



Lead Lag compensators



One way to solve our problem is to 
replace the existing system with a 
system whose root locus intersects the 
desired design point, B. 

Unfortunately, this replacement is 
expensive and counterproductive. 

Most systems are chosen for 
characteristics other than transient 
response. 

For example, an elevator cage and 
motor are chosen for speed and power. 

Components chosen for their transient 
response may not necessarily meet, for 
example, power requirements.

Improving Transient Response



Rather than change the existing system, we augment, or 
compensate, the system with additional poles and zeros, so that 
the compensated system has a root locus that goes through the 
desired pole location for some value of gain. 

One of the advantages of compensating a system in this way is 
that additional poles and zeros can be added at the low-power 
end of the system before the plant. 

Addition of compensating poles and zeros need not interfere with 
the power output requirements of the system or present 
additional load or design problems. 

The compensating poles and zeros can be generated with a 
passive or an active network.

Improving Transient Response



A possible disadvantage of compensating a system with 
additional open-loop poles and zeros is that the system order can 
increase, with a subsequent effect on the desired response. 

In Chapters 4 and 8, we discussed the effect of additional closed 
loop poles and zeros on the transient response. 

At the beginning of the design process discussed in this chapter, 
we determine the proper location of additional open-loop poles 
and zeros to yield the desired second-order closed-loop poles.

However, we do not know the location of the higher-order 
closed-loop poles until the end of the design. 

Thus, we should evaluate the transient response through 
simulation after the design is complete to be sure the 
requirements have been met.

Improving Transient Response



In Chapter 12, when we discuss state-space design, the 
disadvantage of finding the location of higher-order closed-loop 
poles after the design will be eliminated by techniques that allow 
the designer to specify and design the location of all the closed 
loop poles at the beginning of the design process.

Improving Transient Response



One method of compensating for transient response that will be 
discussed later is to insert a differentiator in the forward path in 
parallel with the gain. We can visualize the operation of the 
differentiator with the following example. 

Assuming a position control with a step input, we note that the 
error undergoes an initial large change. Differentiating this rapid 
change yields a large signal that drives the plant.

The output from the differentiator is much larger than the output 
from the pure gain. This large, initial input to the plant produces a 
faster response. As the error approaches its final value, its 
derivative approaches zero, and the output from the 
differentiator becomes negligible compared to the output from 
the gain.

Improving Transient Response



Compensators are not only used to improve the transient response 
of a system; they are also used independently to improve the 
steady-state error characteristics.

Previously, when the system gain was adjusted to meet the 
transient response specification, steady-state error performance 
deteriorated, since both the transient response and the static error 
constant were related to the gain. The higher the gain, the smaller 
the steady-state error, but the larger the percent overshoot. On the 
other hand, reducing gain to reduce overshoot increased the 
steady-state error. If we use dynamic compensators, compensating 
networks can be designed that will allow us to meet transient and 
steady-state error specifications simultaneously. 
* The word dynamic describes compensators with non-instantaneous transient 
response. The transfer functions of such compensators are functions of the Laplace 
variable, s, rather than pure gain.

Improving Steady-State Error



We no longer need to compromise between transient response and 
steady-state error, as long as the system operates in its linear range.

In Chapter 7, we learned that steady-state error can be improved by 
adding an open-loop pole at the origin in the forward path, thus 
increasing the system type and driving the associated steady-state 
error to zero. This additional pole at the origin requires an 
integrator for its realization.

In summary, then, transient response is improved with the addition 
of differentiation, and steady-state error is improved with the 
addition of integration in the forward path.

Improving Steady-State Error



Two configurations of compensation are covered in this chapter: 
cascade compensation and feedback compensation. 

These methods are modeled in Figure 9.2. 

 With cascade compensation, the compensating network, G1(s), is 
placed at the low-power end of the forward path in cascade with 
the plant. 

 If feedback compensation is used, the compensator, H1(s), is 
placed in the feedback path. 

Both methods change the open-loop poles and zeros, thereby 
creating a new root locus that goes through the desired closed-loop 
pole location.

Configurations



Lead Lag compensators



Compensators that use pure integration for improving steady-state 
error or pure differentiation for improving transient response are 
defined as ideal compensators.

Ideal compensators must be implemented with active networks, 
which, in the case of electric networks, require the use of active 
amplifiers and possible additional power sources. An advantage of 
ideal integral compensators is that steady-state error is reduced to 
zero. 

Electromechanical ideal compensators,

such as tachometers, are often used

to improve transient response, 

since they can be 

conveniently interfaced with the plant.

Compensators



Other design techniques that preclude the use of active devices 
for compensation can be adopted. 

These compensators, which can be implemented with passive 
elements such as resistors and capacitors, do not use pure 
integration and differentiation and are not ideal compensators. 
Advantages of passive networks are that they are less expensive 
and do not require additional power sources for their operation.

Their disadvantage is that the steady-state error is not driven to 
zero in cases where ideal compensators yield zero error.

Thus, the choice between an active or a passive compensator 
revolves around cost, weight, desired performance, transfer 
function, and the interface between the compensator and other 
hardware.

Compensators



In this section, we discuss two ways to improve the steady-state 
error of a feedback control system using cascade compensation. 

One objective of this design is to improve the steady-state error 
without appreciably affecting the transient response.

Improving Steady-State Error
via Cascade Compensation



In this section, we discuss two ways to improve the steady-state 
error of a feedback control system using cascade compensation. 
One objective of this design is to improve the steady-state error 
without appreciably affecting the transient response.

 The first is ideal integral compensation, which uses a pure 
integrator to place an open-loop, forward-path pole at the 
origin, thus increasing the system type and reducing the error 
to zero.

 The second technique does not use pure integration. This 
compensation technique places the pole near the origin, and 
although it does not drive the steady-state error to zero, it does 
yield a measurable reduction in steady-state error.

Improving Steady-State Error
via Cascade Compensation



While the first technique reduces the steady-state error to zero, 
the compensator must be implemented with active networks, 
such as amplifiers.

The second technique, although it does not reduce the error to 
zero, does have the advantage that it can be implemented with a 
less expensive passive network that does not require additional 
power sources.

The names associated with the compensators come either from 
the method of implementing the compensator or from the 
compensator’s characteristics. 

 Systems that feed the error forward to the plant are called 
proportional control systems.

Improving Steady-State Error
via Cascade Compensation



 Systems that feed the integral of the error to the plant are 
called integral control systems. 

 Finally, systems that feed the derivative of the error to the plant 
are called derivative control systems. 

Thus, in this section we call the ideal integral compensator a 
proportional-plus-integral (PI) controller, since the 
implementation, as we will see, consists of feeding the error 
(proportional) plus the integral of the error forward to the plant. 

Improving Steady-State Error
via Cascade Compensation



 The second technique uses what we call a lag compensator. The 
name of this compensator comes from its frequency response 
characteristics, which will be discussed in Chapter 11. Thus, we 
use the name PI controller interchangeably with ideal integral 
compensator, and we use the name lag compensator when the 
cascade compensator does not employ pure integration.

Improving Steady-State Error
via Cascade Compensation



Steady-state error can be improved by placing an open-loop pole 
at the origin, because this increases the system type by one. For 
example, a Type 0 system responding to a step input with a finite 
error responds with zero error if the system type is increased by 
one. Active circuits can be used to place poles at the origin. Later 
in this chapter, we show how to build an integrator with active 
electronic circuits.

To see how to improve the steady-state error without affecting 
the transient response, look at Figure 9.3(a). Here we have a 
system operating with a desirable transient response generated 
by the closed-loop poles at A. If we add a pole at the origin to 
increase the system type, the angular contribution of the open-
loop poles at point A is no longer 180, and the root locus no 
longer goes through point A, as shown in Figure 9.3(b).

Ideal Integral Compensation (PI)
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To solve the problem, we also add a zero close to the pole at the 
origin, as shown in Figure 9.3(c). Now the angular contribution of 
the compensator zero and compensator pole cancel out, point A is 
still on the root locus, and the system type has been increased. 

Furthermore, the required gain at the dominant pole is about the 
same as before compensation, since the ratio of lengths from the 
compensator pole and zero is approximately unity. 

Thus, we improved the steady-state error without appreciably 
affecting the transient response. A compensator with a pole at the 
origin and a zero close to the pole is called an ideal integral 
compensator. 
Next, we demonstrate the effect of ideal integral compensation. An open-loop pole 
is placed at the origin to increase the system type and drive the steady-state error 
to zero. An open-loop zero will be placed very close to the open-loop pole at the 
origin so that the original closed-loop poles on the original root locus still remain at 
approximately the same points on the compensated root locus.

Ideal Integral Compensation (PI)
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PI Controller



Lag Compensation



Lead Lag compensators



What is the effect on the transient response? Figure 9.10 shows 
the effect on the root locus of adding the lag compensator. The 
uncompensated system’s root locus is shown in Figure 9.10(a), 
where point P is assumed to be the dominant pole. If the lag 
compensator pole and zero are close together, the angular 
contribution of the compensator to point P is approximately zero 
degrees. Thus, in Figure 9.10(b), where the compensator has been 
added, point P is still at approximately the same location on the 
compensated root locus.

Lag Compensation



Lead Lag compensators



What is the effect on the required gain, K? After inserting the 
compensator, we find that K is virtually the same for the 
uncompensated and compensated systems, since the lengths of 
the vectors drawn from the lag compensator are approximately 
equal and all other vectors have not changed appreciably.

Now, what improvement can we expect in the steady-state error? 
Since we established that the gain, K, is about the same for the 
uncompensated and compensated systems, we can substitute Eq. 
(9.3) into (9.4) and obtain

Lag Compensation
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From Table 9.1, the previously designed lag compensator has a fourth closed-
loop pole at – 0.101. Using the same analysis for the new lag compensator with 
its open-loop pole 10 times as close to the imaginary axis, we find its fourth 
closed-loop pole at - 0.01. Thus, the new lag compensator has a closed-loop pole 
closer to the imaginary axis than the original lag compensator. This pole at – 0.01 
will produce a longer transient response than the original pole at – 0.101, and the 
steady-state value will not be reached as quickly.

The Control System Problem



Lead Lag compensators



Lead Lag compensators



Since we have solved the problem of improving the steady-state 
error without affecting the transient response, let us now 
improve the transient response itself. 

In this section, we discuss two ways to improve the transient 
response of a feedback control system by using cascade 
compensation. 

Typically, the objective is to design a response that has a 
desirable percent overshoot and a shorter settling time than the 
uncompensated system.

Improving Transient Response
via Cascade Compensation



The first technique we will discuss is ideal derivative 
compensation. With ideal derivative compensation, a pure 
differentiator is added to the forward path of the feedback 
control system. 

We will see that the result of adding differentiation is the 
addition of a zero to the forward-path transfer function. This type 
of compensation requires an active network for its realization. 

Further, differentiation is a noisy process; although the level of 
the noise is low, the frequency of the noise is high compared to 
the signal. Thus, differentiating high-frequency noise yields a 
large, unwanted signal.

Improving Transient Response
via Cascade Compensation



The second technique does not use pure differentiation. Instead, 
it approximates differentiation with a passive network by adding 
a zero and a more distant pole to the forward-path transfer 
function. 

The zero approximates pure differentiation as described 
previously.

Improving Transient Response
via Cascade Compensation



As with compensation to improve steady-state error, we 
introduce names associated with the implementation of the 
compensators. 

We call an ideal derivative compensator a proportional-plus-
derivative (PD) controller, since the implementation, as we will 
see, consists of feeding the error (proportional) plus the derivative 
of the error forward to the plant. The second technique uses a 
passive network called a lead compensator. As with the lag 
compensator, the name comes from its frequency response, 
which is discussed in Chapter 11. Thus, we use the name PD 
controller interchangeably with ideal derivative compensator, 
and we use the name lead compensator when the cascade 
compensator does not employ pure differentiation.

Improving Transient Response
via Cascade Compensation



The transient response of a system can be selected by choosing 
an appropriate closed-loop pole location on the s-plane. If this 
point is on the root locus, then a simple gain adjustment is all that 
is required in order to meet the transient response specification. 
If the closed-loop pole location is not on the root locus, then the 
root locus must be reshaped so that the compensated (new) root 
locus goes through the selected closed-loop pole location. In 
order to accomplish the latter task, poles and zeros can be added 
in the forward path to produce a new open-loop function whose 
root locus goes through the design point on the s-plane. One way 
to speed up the original system that generally works is to add a 
single zero to the forward path. This zero can be represented by 
a compensator whose transfer function is

Ideal Derivative Compensation (PD)



This function, the sum of a differentiator and a pure gain, is called 
an ideal derivative, or PD controller. 

Judicious choice of the position of the compensator zero can 
quicken the response over the uncompensated system. 

In summary, transient responses unattainable by a simple gain 
adjustment can be obtained by augmenting the system’s poles 
and zeros with an ideal derivative compensator.

Ideal Derivative Compensation (PD)



We now show that ideal derivative compensation speeds up the 
response of a system. Several simple examples are shown in 
Figure 9.15, where the uncompensated system of Figure 
9.15(a),operating with a damping ratio of 0.4, becomes a 
compensated system by the addition of a compensating zero at     
- 2, - 3, and - 4 in Figures 9.15(b), (c), and (d), respectively. In each 
design, the zero is moved to a different position, and the root 
locus is shown. For each compensated case, the dominant, 
second-order poles are farther out along the 0.4 damping ratio 
line than the uncompensated system.

Each of the compensated cases has dominant poles with the 
same damping ratio as the uncompensated case. Thus, we 
predict that the percent overshoot will be the same for each 
case.

Ideal Derivative Compensation (PD)
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Ideal Derivative Compensation (PD)



Also, the compensated, dominant, closed-loop poles have more 
negative real parts than the uncompensated, dominant, closed-loop 
poles. Hence, we predict that the settling times for the 
compensated cases will be shorter than for the uncompensated 
case. The compensated, dominant, closed-loop poles with the more 
negative real parts will have the shorter settling times. The system 
in Figure 9.15(b) will have the shortest settling time.

All of the compensated systems will have smaller peak times than 
the uncompensated system, since the imaginary parts of the 
compensated systems are larger. The system of Figure 9.15(b) will 
have the smallest peak time. Also notice that as the zero is placed 
farther from the dominant poles, the closed-loop, compensated 
dominant poles move closer to the origin and to the 
uncompensated, dominant closed-loop poles.

Ideal Derivative Compensation (PD)
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Table 9.2 summarizes the results obtained from the root locus of 
each of the design cases shown in Figure 9.15.

In summary, although compensation methods c and d yield slower 
responses than method b, the addition of ideal derivative 
compensation shortened the response time in each case while 
keeping the percent overshoot the same. This change can best be 
seen in the settling time and peak time, where there is at least a 
doubling of speed across all of the cases of compensation. An 
added benefit is the improvement in the steady-state error, even 
though lag compensation was not used. Here the steady-state 
error of the compensated system is at least one-third that of the 
uncompensated system, as seen by e(∞) and Kp. All systems in 
Table 9.2 are Type 0, and some steady state error is expected. The 
reader must not assume that, in general, improvement in transient 
response always yields an improvement in steady-state error.

Ideal Derivative Compensation (PD)
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The time response of each case in Table 9.2 is shown in Figure 
9.16.We see that the compensated responses are faster and 
exhibit less error than the uncompensated response.

Now that we have seen what ideal derivative compensation can 
do, we are ready to design our own ideal derivative compensator 
to meet a transient response specification. 

Basically, we will evaluate the sum of angles from the open-loop 
poles and zeros to a design point that is the closed-loop pole that 
yields the desired transient response. 

The difference between 180o and the calculated angle must be the 
angular contribution of the compensator zero. Trigonometry is 
then used to locate the position of the zero to yield the required 
difference in angle.

Ideal Derivative Compensation (PD)





Since our evaluation of percent overshoot and settling time is 
based upon a second-order approximation, we must check the 
assumption by finding the third pole and justifying the second-
order approximation. Searching beyond - 6 on the real axis for a 
gain equal to the gain of the dominant, second-order pair, 43.35, 
we find a third pole at – 7.59, which is over six times as far from 
the jω-axis as the dominant, second-order pair. 

We conclude that our approximation is valid. The transient and 
steady-state error characteristics of the uncompensated system 
are summarized in Table 9.3.

Ideal Derivative Compensation (PD)















Table 9.3 summarizes the results for both the uncompensated 
system and the compensated system. For the uncompensated 
system, the estimate of the transient response is accurate since 
the third pole is at least five times the real part of the dominant, 
second-order pair. The second-order approximation for the 
compensated system, however, may be invalid because there is no 
approximate closed loop third-pole and zero cancellation between 
the closed-loop pole at – 2.775 and the closed-loop zero at - 3.006. 
A simulation or a partial-fraction expansion of the closed-loop 
response to compare the residue of the pole at - 2.775 to the 
residues of the dominant poles at - 3.613 ± j6.193 is required. The 
results of a simulation are shown in the table’s second column for 
the uncompensated system and the fourth column for the 
compensated system. The simulation results can be obtained 
using MATLAB (discussed at the end of this example).

Ideal Derivative Compensation (PD)





The percent overshoot differs by 3% between the uncompensated 
and compensated systems, while there is approximately a three-
fold improvement in speed as evaluated from the settling time.

The final results are displayed in Figure 9.22, which compares the 
uncompensated system and the faster compensated system.

We now run ch9p1, where MATLAB will be used to design a PD 
controller. You will input the desired %OS from the keyboard. 
MATLAB will plot the root locus of the uncompensated system 
and the percent overshoot line. You will interactively select the 
gain, after which MATLAB will display the performance 
characteristics of the uncompensated system and plot its step 
response. Using these characteristics, you will input the desired 
settling time. MATLAB will design the PD controller, enumerate its 
performance characteristics, and plot a step response.

Ideal Derivative Compensation (PD)





Just as the active ideal integral compensator can be approximated 
with a passive lag network, an active ideal derivative compensator 
can be approximated with a passive lead compensator. When 
passive networks are used, a single zero cannot be produced; 
rather, a compensator zero and a pole result. However, if the pole 
is farther from the imaginary axis than the zero, the angular 
contribution of the compensator is still positive and thus 
approximates an equivalent single zero. In other words, the 
angular contribution of the compensator pole subtracts from the 
angular contribution of the zero but does not preclude the use of 
the compensator to improve transient response, since the net 
angular contribution is positive, just as for a single PD controller 
zero. 

Lead Compensation



The advantages of a passive lead network over an active PD 
controller are that 

(1) no additional power supplies are required and 

(2) noise due to differentiation is reduced. 

The disadvantage is that the additional pole does not reduce the 
number of branches of the root locus that cross the imaginary 
axis into the right–half-plane, while the addition of the single zero 
of the PD controller tends to reduce the number of branches of 
the root locus that cross into the right half-plane.

Lead Compensation









How do the possible lead compensators differ? The differences 
are in the values of static error constants, the gain required to 
reach the design point on the compensated root locus, the 
difficulty in justifying a second-order approximation when the 
design is complete, and the ensuing transient response.

For design, we arbitrarily select either a lead compensator pole or 
zero and find the angular contribution at the design point of this 
pole or zero along with the system’s open-loop poles and zeros. 
The difference between this angle and 180o is the required 
contribution of the remaining compensator pole or zero. Let us 
look at an example.

Lead Compensation













Once a simulation verifies desired performance, the choice of 
compensation can be based upon the amount of gain required or 
the improvement in steady-state error that can be obtained 
without a lag compensator.

The results of Table 9.4 are supported by simulations of the step 
response, shown in Figure 9.29 for the uncompensated system 
and the three lead compensation solutions.

Lead Compensation





Students should now run ch9p2. MATLAB will be used to design a 
lead compensator. You will input the desired percent overshoot 
from the keyboard. MATLAB will plot the root locus of the 
uncompensated system and the percent overshoot line. You will 
interactively select the gain, after which MATLAB will display the 
performance characteristics of the uncompensated system and 
plot its step response. Using these characteristics, you will input 
the desired settling time and a zero value for the lead 
compensator. You will then interactively select a value for the 
compensator pole. MATLAB will respond with a root locus. You 
can then continue selecting pole values until the root locus goes 
through the desired point. MATLAB will display the lead 
compensator, enumerate its performance characteristics, and 
plot a step response.

Lead Compensation




