
Stability



In Chapter 1, we saw that three requirements enter into the 
design of a control system: transient response, stability, and 
steady-state errors. Thus far we have covered transient 
response. 

We are now ready to discuss the next requirement, stability.

Stability is the most important system specification. If a system is 
unstable, transient response and steady-state errors are moot 
points. An unstable system cannot be designed for a specific 
transient response or steady-state error requirement.

What, then, is stability? There are many definitions for stability, 
depending upon the kind of system or the point of view. In this 
section, we limit ourselves to linear, time-invariant systems.

Introduction



we can easily control the output of a system if the steady-state 
response consists of only the forced response. But the total 
response of a system is the sum of the forced and natural 
responses, or

Using these concepts, we present the following definitions of 
stability, instability, and marginal stability:

 A linear, time-invariant system is stable if the natural response 
approaches zero as time approaches infinity.

 A linear, time-invariant system is unstable if the natural 
response grows without bound as time approaches infinity.

 A linear, time-invariant system is marginally stable if the natural 
response neither decays nor grows but remains constant or 
oscillates as time approaches infinity.

Definitions - stability



Thus, the definition of stability implies that only the forced 
response remains as the natural response approaches zero.

These definitions rely on a description of the natural response. 
When one is looking at the total response, it may be difficult to 
separate the natural response from the forced response. 
However, we realize that if the input is bounded and the total 
response is not approaching infinity as time approaches infinity, 
then the natural response is obviously not approaching infinity. If 
the input is unbounded, we see an unbounded total response, 
and we cannot arrive at any conclusion about the stability of the 
system; we cannot tell whether the total response is unbounded 
because the forced response is unbounded or because the natural 
response is unbounded.

Definitions - stability



Thus, our alternate definition of stability, one that regards the 
total response and implies the first definition based upon the 
natural response, is this:

A system is stable if every bounded input yields a bounded 
output.

We call this statement the bounded-input, bounded-output 
(BIBO) definition of stability.

Similarly, our alternate definition of instability, one that regards 
the total response, is this:

A system is unstable if any bounded input yields an unbounded 
output.

Definitions - stability



Let us summarize our definitions of stability for linear, time-
invariant systems.

Using the natural response:

1. A system is stable if the natural response approaches zero as time 
approaches infinity.

2. A system is unstable if the natural response approaches infinity as 
time approaches infinity.

3. A system is marginally stable if the natural response neither 
decays nor grows but remains constant or oscillates.

Using the total response (BIBO):

1. A system is stable if every bounded input yields bounded output.

2. A system is unstable if any bounded input yields an unbounded 
output.

Definitions - stability



Physically, an unstable system whose natural response grows 
without bound can cause damage to the system, to adjacent 
property, or to human life. 

Many times systems are designed with limited stops to prevent 
total runaway. 

From the perspective of the time response plot of a physical 
system, instability is displayed by transients that grow without 
bound and, consequently, a total response that does not 
approach a steady-state value or other forced response.

An unstable system



How do we determine if a system is stable? 

Let us focus on the natural response definitions of stability. 

Recall from our study of system poles that poles in the left half-
plane (lhp) yield either pure exponential decay or damped 
sinusoidal natural responses. 

These natural responses decay to zero as time approaches 
infinity. 

Thus, if the closed-loop system poles are in the left half of the 
plane and hence have a negative real part, the system is stable. 
That is, stable systems have closed-loop transfer functions with 
poles only in the left half-plane.

A stable system



Poles in the right half-plane (rhp) yield either pure exponentially 
increasing or exponentially increasing sinusoidal natural 
responses. 

These natural responses approach infinity as time approaches 
infinity. 

Thus, if the closed-loop system poles are in the right half of the s-
plane and hence have a positive real part, the system is unstable. 
Also, poles of multiplicity greater than 1 on the imaginary axis lead 
to the sum of responses of the form 

where n = 1, 2, . . . which also approaches infinity as time 
approaches infinity. Thus, unstable systems have closed loop 
transfer functions with at least one pole in the right half-plane 
and/or poles of multiplicity greater than 1 on the imaginary axis.

An unstable system



Finally, a system that has imaginary axis poles of multiplicity 1 
yields pure sinusoidal oscillations as a natural response. 

These responses neither increase nor decrease in amplitude. 
Thus, marginally stable systems have closed-loop transfer 
functions with only imaginary axis poles of multiplicity 1 and poles 
in the left half-plane.

As an example, the unit step response of the stable system of 
Figure 6.1(a) is compared to that of the unstable system of Figure 
6.1(b). The responses, also shown in Figure 6.1, show that while 
the oscillations for the stable system diminish, those for the 
unstable system increase without bound. Also notice that the 
stable system’s response in this case approaches a steady-state 
value of unity.

An unstable system



Closed-loop poles and response: 
A stable system



Closed-loop poles and response: 
An unstable system



It is not always a simple matter to determine if a feedback control 
system is stable. Unfortunately, a typical problem that arises is 
shown in Fig 6.2. Although we know the poles of the forward 
transfer function in Fig 6.2(a), we do not know the location of the 
poles of the equivalent closed-loop system of Fig 6.2(b) without 
factoring or otherwise solving for the roots.

Under certain conditions, we can draw some conclusions about the 
stability of the system: If the closed-loop transfer function has only 
left–half-plane poles, then the factors of the denominator of the 
closed-loop system transfer function consist of products of terms 
(s + ai), where ai real and positive, or complex with positive real 
part. The product of such terms is a polynomial with all positive 
coefficients. No term of the polynomial can be missing, since that 
would imply cancellation between positive / negative coefficients 
or imaginary axis roots in the factors, which is not the case.

Equivalent closed-loop system



Closed-loop poles and response: 
Equivalent system

FIGURE 6.2 Common cause of problems in finding closed 
loop poles: a. original system; b. equivalent system



Thus, a sufficient condition for a system to be unstable is that all 
signs of the coefficients of the denominator of the closed-loop 
transfer function are not the same. If powers of s are missing, the 
system is either unstable or, at best, marginally stable. 
Unfortunately, if all coefficients of the denominator are positive 
and not missing, we do not have definitive information about the 
system’s pole locations.

If the method described in the previous paragraph is not sufficient, 
then a computer can be used to determine the stability by 
calculating the root locations of the denominator of the closed-
loop transfer function. Some hand-held calculators can evaluate 
the roots of a polynomial. There is, however, another method to 
test for stability without having to solve for the roots of the 
denominator. We discuss this method in the next section.

Equivalent closed-loop system



In this section, we learn a method that yields stability information 
without the need to solve for the closed-loop system poles. Using 
this method, we can tell how many closed-loop system poles are in 
the left half-plane, in the right half-plane, and on the jω-axis. 
(Notice that we say how many, not where.)We can find the number 
of poles in each section of the s-plane, but we cannot find their 
coordinates. The method is called the Routh-Hurwitz criterion for 
stability (Routh, 1905).

The method requires two steps: (1) Generate a data table called a 
Routh table and (2) interpret the Routh table to tell how many 
closed-loop system poles are in the left half-plane, the right half-
plane, and on the jω-axis. You might wonder why we study the 
Routh-Hurwitz criterion when modern calculators and computers 
can tell us the exact location of system poles. 

Routh-Hurwitz Criterion



The power of the method lies in design rather than analysis. For 
example, if you have an unknown parameter in the denominator 
of a transfer function, it is difficult to determine via a calculator 
the range of this parameter to yield stability. You would probably 
rely on trial and error to answer the stability question. We shall 
see later that the Routh-Hurwitz criterion can yield a closed-form 
expression for the range of the unknown parameter.

In this section, we make and interpret a basic Routh table. 

In the next section, we consider two special cases that can arise 
when generating this data table.

Generating a basic Routh table



Look at the equivalent closed-loop transfer function shown in 
Figure 6.3. Since we are interested in the system poles, we focus 
our attention on the denominator. We first create the Routh 
table 6.1

Generating a basic 
Routh table

The remaining entries are 
filled in as follows. 
Each entry is a negative 
determinant of entries in 
the previous two rows 
divided by the entry in the 
first column directly above 
the calculated row.



The left-hand column of the determinant is always the first

column of the previous two rows, and the right-hand column is 
the elements of the column above and to the right. The table is 
complete when all of the rows are completed down to s0.

Generating a basic Routh table



Example: creating a Routh table

Figure 6.4 a. Feedback system; b. equivalent closed loop system



Example: creating a Routh table (continued)



Example: interpreting a Routh table (continued)



Routh-Hurwitz Criterion: Special Cases

Two special cases can occur: 

(1) The Routh table sometimes will have a zero only in the 
first column of a row, or 

(2) the Routh table sometimes will have an entire row that 
consists of zeros. Let us examine the first case.



Zero Only in the First Column

If the first element of a row is zero, division by zero would be 
required to form the next row. To avoid this phenomenon, an 
epsilon, ε, is assigned to replace the zero in the first column. 

The value ε is then allowed to approach zero from either the 
positive or the negative side, after which the signs of the entries 
in the first column can be determined. 

Let us look at an example.



Example: (epsilon method)



Example (epsilon 
method) continued



Example 
(epsilon 
method) 

continued



Example (epsilon method) continued



Entire Row is Zero

We now look at the second special case. 

Sometimes while making a Routh table, we find that an entire 
row consists of zeros because there is an even polynomial that 
is a factor of the original polynomial. 

This case must be handled differently from the case of a zero in 
only the first column of a row. 

Let us look at an example that demonstrates how to construct 
and interpret the Routh table when an entire row of zeros is 
present.



Entire Row is Zero



Entire Row is Zero



Entire Row is Zero



Entire Row is Zero



Entire Row is Zero



Entire Row is Zero



Generate an entire Row of Zeros
We now summarize what we have learned about polynomials that 
generate entire rows of zeros in the R. table. These have a purely 
even factor with roots symmetrical about the origin. The even 
polynomial appears in the R. table in the row directly above the row 
of zeros. Every entry in the table from the even polynomial’s row to 
the end of the chart applies only to the even polynomial. Therefore, 
the number of sign changes from the even polynomial to the end of 
the table equals the number of right-half-plane roots of the even 
polynomial. Due to symmetry of roots about the origin, the poly-
must have the same number of left- and right–half-plane roots. The 
remaining roots are on the jω-axis. Every row in the R. table from 
the beginning of the chart to the row containing the even poly-
applies only to the other factor of the original poly-. For this factor, 
the number of sign changes, from the beginning down to the even 
polynomial, equals the number of right–half-plane roots. The rest  
are left–half-plane roots. (No jω roots contained in the other poly-).



Generate an entire Row of Zeros
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Generate an entire Row of Zeros



Zero in first column (continued)



Zero in first column (continued)



Entire row of zeros



Entire row of zeros



Entire row of zeros (continued)



Routh-Hurwitz criterion in Design

The Routh-Hurwitz criterion gives vivid proof that changes 
in the gain of a feedback control system result in 
differences in transient response because of changes in 
closed-loop pole locations. 

The next example demonstrates this concept. 

We will see that for control systems, such as those shown 
in Figure 6.9, gain variations can move poles from stable 
regions of the s-plane onto the jω-axis and then into the 
right half-plane.



Routh-Hurwitz criterion in Design
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Routh-Hurwitz criterion in Design



Routh-Hurwitz criterion in Design



Routh-Hurwitz factoring



Laplace Transform Solution
of State Equations



Laplace Transform Solution
of State Equations



Eigenvalues and Transfer Function Poles
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Eigenvalues and Transfer Function Poles



Similarity Transformations

We have seen that systems can be represented with different 
state variables even though the transfer function relating the 
output to the input remains the same.
The various forms of the state equations were found by 
manipulating the transfer function, drawing a signal-flow 
graph, and then writing the state equations from the signal-
flow graph. These systems are called similar systems. Although 
their state space representations are different, similar systems 
have the same transfer function and hence the same poles and 
eigenvalues.
We can make transformations between similar systems from 
one set of state equations to another without using the 
transfer function and signal-flow graphs. The results are 
presented in this section along with examples.



Similarity Transformations
A system represented in state space as

can be transformed to a similar system,

where for 
2-space and

Thus, P is a transformation matrix whose columns are the 
coordinates of the basis vectors of the z1z2 space expressed as 
linear combinations of the x1x2 space.



Stability in State Space
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Diagonalizing a System Matrix



Definitions
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Finding Eigenvectors
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Finding Eigenvectors
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